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Experimental Study of the Formation of a Vortex Ring at the Open End 
of a Cylindrical Shock Tube* 


F. K. Exper, Jr., AND N. bE HAas 
Applied Physics Laboratory, The Johns Hopkins University, Silver Spring, Maryland 


(Received March 5, 1952) 


Schilieren spark snapshots spaced at electronically controlled intervals of several hundredths of a milli- 
second show the emergence of the shock wave and the formation of the vortex ring at the end of a cylindrical 
shock tube, open to the atmosphere. The axial positions of the vortex ring and shock front are plotted as a 
function of time for the first millisecond, in which time the vortex forms and is accelerated to about three- 
quarters of the theoretical particle velocity of the mass flow following the initial plane shock. The diameter of 
the vortex ring increases nonlinearly with time and distance. 





INTRODUCTION 


HE study of vortex rings lost much of its glamor 

for physicists with the passing of Thomson’s 
vortex atoms.' The “steady-state” behavior of a vortex 
ring moving with nearly constant velocity in a fluid has 
been treated theoretically in classical treatises such as 
Lamb’s Hydrodynamics,’ as well as in the periodical 
literature. The generation of a vortex ring by an im- 
pulsive pressure acting over a circular area has been 
discussed by von Karman and Burgers,’ who derive an 
expression for the strength of such a ring. However, 
there appears to have been no previous study, either 
experimental or theoretical, of the transient behavior of 
a vortex ring in air during its formation and initial 
acceleration.* This paper presents the results of an 
experimental observation of the formation and accelera- 
tion of a vortex ring at the open end of a cylindrical 


*This research was supported by the Bureau of Ordnance, 
U.S. Navy, under Contract NOrd-7386. 

‘J. J. Thomson, On the Motion of Vortex Rings (Adams Prize 
Essay, London, 1883). 

*H. Lamb, Hydrodynamics (Cambridge University Press, Cam- 
bridge, 1932); sixth edition. 

*T. von K4rm4n and Burgers, Aerodynamic Theory, W. F. 
Durand, editor (1935), Vol. II. 

; interest in this connection, however, are various observa- 
tions of diffraction of shock waves around rectangular obstacles 
in two-dimensional flow in a shock tube. The development of line 
vortices in the course of this diffraction is shown rather nicely, for 
example, in such papers as Bleakney, White, and Griffith, J. 
Appl. Mech. 17, 439 (1950); Hollyer and Hunting, University of 
Michigan, Engineering Research Institute Report 51-4, ONR 
Project M720-4 (1951). 
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shock tube, during the first millisecond after emergence 
of the shock front. 

Gawthrop, Shepherd, and Perrott® in 1931 estab- 
lished the existence of the vortex ring set up at the 
orifice of a tube by an emerging shock wave, the shock 
wave having been produced by the detonation of an 
explosive charge at the opposite end of the tube. Pay- 
man and Shepherd,® investigating in some detail the 
properties of the shock tube, have published some 
interesting schlieren photographs of the structure of 
the pressure effects projected from the end of the tube 
into free air, at compression-chamber pressures of 430 
and 120 psi. No attempt was made in either of these 
articles to study in detail the formation and initial 
acceleration of the vortex ring. A study of the forma- 
tion and propagation of vortex rings in air was reported 
in 1926 by Sadron,’ but his mass-flow velocities were 
less than ours by a factor of the order of 100, and his 
time measurements were taken in intervals of the order 
of tenths of a second. With the benefit of electronic 
timing we have been able to make a number of observa- 
tions at controlled intervals in the first millisecond after 
emergence of the shock wave. We are thus concerned 
with the initial acceleration of a vortex ring formed in 
air behind an expanding shock, whereas Sadron was 


ale Shepherd, and Perrott, J. Franklin Inst. 211, 67 
931). 


(1 

6 Payman and Shepherd, Proc. Roy. Soc. (London) A186, 293 
(1946). 

7 Sadron, J. phys. 7, 76 (1926). 
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Fic. 1. Schlieren snapshots of shock front and vortex ring at 
open end of cylindrical shock tube (40 psi compression). Numbers 
indicate time after shock-front emergence (microseconds). (a) 
Schlieren axis normal to tube axis. (b) Schlieren axis tilted at 15° 
to normal to tube axis. 


concerned with the subsequent deceleration of a vortex 
ring moving through still air. 

Banerji and Barave,* and later Krutzsch,® have ob- 
served a similar phenomenon in liquids—the formation 
of a vortex ring by the ejection of liquid from a sub- 
merged tube. By a suitable coloring method in each 
case, these authors have been able to trace out the 
streamlines in the liquid as the vortex is formed and 
begins to move away from the orifice. By simultaneously 
lightly coloring the entire volume of liquid initially 
within the submerged tube, Banerji and Barave were 
able to show not only the streamlines, but also the 
position of the vortex core in relation to the outer 
boundary of liquid initially within the tube. 





Fic. 2. Schlieren snapshots of shock front and vortex ring at 
open end of cylindrical shock tube (10 psi compression). (a) 
Schlieren axis normal to tube axis. (b) Schlieren axis tilted at 15° 
to normal to tube axis. 


8 Banerji and Barave, Phil. Mag. 11, 1057 (1931). 
* Krutzsch, Ann. Physik 35, 497 (1939). 
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APPARATUS 


The shock tube was made of steel pipe, 4.00 inches jn 
outer diameter and 3.375 inches in inner diameter. The 
compression chamber was 24 inches long, and the ex. 
pansion chamber 176 inches long. A spring-loaded 
needle, released manually, punctured the diaphragm 
when the desired pressure was reached. Diaphragms 
were made of one or more thicknesses of red zip tape, 
the number of thicknesses in each instance being the 
minimum which would sustain the desired pressure 
without spontaneously rupturing. Super-dry tank nitro- 
gen was used to fill the compression chamber, the ex. 
pansion chamber being left open to the atmosphere, 
The tube was flushed with compressed air after each 
shot to remove the pieces of the burst diaphragm. 


TaBLe I. Initial motion and growth of vortex ring. 














10 psi compression 40 psi compression 
Diam- Diam- 
Position> eter of Position> eter of 
Time* of core core Time* of core core 
(usec) (inches) (inches) (usec) (inches) (inches) 
15° 15° 
a aM 
174 0.07 55 0.04 
225 0.10 82 0.10 
276 0.15 106 0.12 
318 0.18 130 0.16 
327 0.20 18i 0.25 0.27 3.70 
378 0.24 232 0.43 
417 0.30 283 0.54 0.51 4.13 
429 0.31 334 0.70 
480 0.38 386 0.82 0.78 4.38 
519 0.42 0.45 4.03 427 1.04 
531 0.47 488 1.20 1.17 4.56 
583 0.53 539 1.43 
622 0.59 590 1.61 1.58 4.67 
658 0.67 4.21 692 1.94 2.03 4.89 
685 0.65 794 2.30 
724 0.73 0.72 4.24 897 2.86 fps 
787 0.82 1101 3.82 3.74 5.07 
863 0.95 4.30 
928 1.05 1.07 4.44 
1067 3.33 4.58 
1133 1.37 1.40 4.62 
1337 1.72 1.75 4.79 








® Time after emergence of shock front from shock tube. Owing to the un- 
certainty in establishing this instant of emergence, there is a possible error 
of the order of 2 usec. The error in time differences, however, should be less 
than 1 usec. 

b Distance from the end of the shock tube. First column is measured from 
normal photographs, second column measured from 15° photographs used 
to obtain diameters. 


The schlieren system made use of a pair of 8-inch 
parabolic mirrors, of focal length 80 inches. The knife- 
edge and slit were vertical. A spark source of about a 
microsecond duration supplied the illumination, a 
4X5 view camera being used to take the pictures. 

Timing was accomplished with the use of an elec- 
tronic time-delay circuit’? adjustable to the nearest 
microsecond, which initiated the illuminating spark 
for the photograph. The delay circuit was triggered 
with an electric pulse from a pressure switch, mounted 
at the end of a vertical one-quarter-inch i.d. tube which 
tapped the shock tube 43 inches from the open end. A 
pressure pulse generated by the shock wave passing 
this point in the shock tube actuated the pressure 
switch. 


1 See Edmonson, Gayhart, and Olsen, Phot. Eng. 3, No. 3 
(1952). 
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VORTEX RING AT OPEN END 


EXPERIMENTAL RESULTS 


As the shock tube was of a conventional type, a 
reasonably accurate estimate of the strength of the 
plane shock within the tube can be derived from the 
initial values of the compression-chamber and expan- 
sion-chamber pressures." From this one can also esti- 
mate the theoretical mass-flow velocity behind the shock 
in the tube, which is approximately the initial flow 
velocity of the air jet’? out the open end of the tube. 
Initial conditions at the end of the shock tube were 
investigated for two values of compression-chamber 
(gauge) pressure : 10 psi and 40 psi. These produce shock 
velocities of approximately 1250 and 1480 ft/sec, re- 
spectively. The corresponding mass-flow velocities are 
about 210 and 525 ft/sec. Within the limits of experi- 
mental error, the observed shock velocities are in 
agreement with these predicted values. 

A brief survey of the first millisecond after emergence 
of the shock front is given for 40 psi in Fig. 1 and for 
10 psi in Fig. 2. The numbers on the individual snap- 
shots represent the time delay in microseconds (see 
Table I) measured from the instant of emergence of 
the shock wave. Each snapshot represents a separate 
firing of the shock tube. It should be noted that these 
particular snapshots do not correspond to transition 
points in the observed phenomena but are merely 
representative of successive phases. Sequence (a) was 
photographed normal to the tube axis, and sequence 
(b) is a corresponding set photographed at 15° to the 
normal in order to give a three-dimensional effect. At 
30 microseconds (40-psi compression, Fig. 1) the 15° 
picture shows the shock front emerging from the end 
of the tube. At 82 microseconds (normal picture) the 
vortex ring developing at emergence of the shock front 
is already clearly in evidence. At 283 microseconds the 
shock front has nearly left the field of view, while the 
vortex ring is beginning to detach from the tube. At 
1101 microseconds, the detached vortex ring appears 
at the head of a well-defined turbulent jet. At the lower 
pressure (10-psi compression, Fig. 2) it is observed that 
the vortex ring travels much more slowly. That the 
ting exists from the instant the shock emerges, even at 
this lower pressure, is evident in Fig. 3, whose first three 
shots precede in direct sequence those of Fig. 2(a). 


Conditions Ahead of Vortex Ring 


Although the shock front begins immediate three- 
dimensional expansion upon emergence from the tube, 
the axial portion of the front remains effectively plane 
for a distance approximately equal to the tube diameter, 
or until the rarefaction from the edge of the tube has 
caught up with the center of the shock front. The 

"See, for example, Bleakney, Weimer, and Fletcher, Rev. Sci. 
Instr. 20, 807 (1949). 

"In our experiments there is no nitrogen jet, but only the jet 
of air from the expansion chamber. The ratio of expansion- 
chamber length to compression-chamber length is sufficiently large 


that at our operating pressures the nitrogen-air contact surface 
never reaches the open end of the tube. 





OF CYLINDRICAL SHOCK 


TUBE 
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Fic. 3. Initial development of vortex ring and spherical shock 
front (10 psi compression). Shock front in fourth picture is 12.1 
inches from end of tube. 


progressive effect of this rarefaction is shown in Fig. 3 
for 10-psi compression. At twelve inches from the end 
of the tube (811 microseconds, Fig. 3) the front has be- 
come essentially spherical, with a radius of curvature 
of about thirteen inches. The axial portion of the front 
retains its initial velocity (viz., 1480 ft/sec for 40 psi 
compression and 1250 ft/sec for 10-psi compression) 
until reached by the rarefaction, when it rapidly de- 
celerates to a constant velocity very slightly greater 
than the speed of sound. The relative positions of the 
vortex ring and the axial portion of the shock front at 
successive instants are shown in Fig. 4. 


Acceleration of Vortex Ring 


The initial motion of the core of the vortex ring is 
plotted in Fig. 4. The ring appears to form with neg- 
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Fic. 4. Initial motion of shock front and vortex ring at 
open end of cylindrical shock tube. 
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ligible axial velocity at the instant the shock front sharp boundary between the dark and bright region, 


rec 
emerges from the tube and undergoes continuous axial occurs at the core of the vortex. At slightly higher seng. ro 
acceleration as it increases in size and detaches from tivity than (a), the transition occurs between th | sion t 
the tube. After detachment, it undergoes acceleration phantom and ordinary schlieren vortex photographs. | we h 
at a diminishing rate, approaching the theoretical The rather faint dark region in (b) is to be identified wig, | certai 
particle velocity of the initial mass flow of the air the more intense dark region observed at higher seng. | the p 


emerging from the shock tube, but not reaching it in _ tivity, but there is at the lower trailing edge a circuly | yeloci 
the first millisecond of its life. At 1000 microseconds the arc suggestive of the phantom ring cross section. Com. } would 
velocity is still increasing slightly, having reached parison of (c) and (d), which were taken at the same | trans 
about 385 ft/sec in the 40-psi case and about 135 ft/sec time-delay, indicates that the apparent outer boundary | persis 
in the 10-psi case. The original position-time data of of the vortex ring is a function of schlieren sensitivity, plicat 


Fig. 4 are summarized in Table I. In the 15° photographs (Figs. 1(b) and 2(b)) the bright F vorte 
region does not appear as clearly as the dark region, by | altho 


the core shows up clearly as the rear inner boundary | under 
of the dark ring. This identification of the core is con. } Meas 

The appearance of the vortex ring in schlieren photo- firmed by the fact that the position of the vortex cor} helpf 
graphs depends very strikingly on the sensitivity of the aS determined from the 15° photographs agrees well} theor 
schlieren system, as shown in Fig. 5. With the exception With the results from the normal photographs as shown 
of (b), all the photographs in this figure were taken at ™ Fig. 4(b). Also plotted in Fig. 4(b) are measurements 


essentially the same phase of the development of the of the positions of the front and rear edges of the basic Th 
structure of the ring at various instants, obtained from 


Identification of Vortex-Ring Components 


vortex ring, and hence portray nearly identical condi- McC 
tions. The snapshots are arranged in order of increasing the phantom photographs. encot 
sensitivity. At extremely low sensitivity (a), one ob- Size of Vortex Ring of sh 
tains a “phantom” photograph showing clearly the Faro, 
basic structure of the vortex ring. At medium and high The diameter of the vortex core as a function of time} of th 
sensitivity (c), (d), the ring appears as a very dark 3S given in Fig. 6. These measurements, recorded in Labo 
region followed immediately by a very bright region— Table I, were derived from the 15° pictures. In the} facili 


40-psi case, the inner and outer diameter of the vortex} schlie 
ring as determined from the phantom snapshots are , were 
plotted for comparison. It is evident that the diameter} Edm 
of the ring is a nonlinear function of distance as well} —— 
as time. 6S 

An interesting phenomenon occurs in the 133/- 
microsecond shot in Fig. 2(a); the evidence of a mush- 
room-shaped head surrounding the vortex ring. Con- 
parison with photographs of the formation of vortex } 
rings in liquids suggests that this represents the outer 
boundary of the air previously within the shock tube. 
Furthermore, the axial position of its leading edge is 
within about three percent of the calculated position 
of a particle originally just inside the end of the tule, 
moving with the theoretical mass velocity after the 
shock. This head is not evident in all of the schlieren 
photographs, but appears sufficiently often that it 
certainly exists, although its visibility must depend 
rather critically on test conditions. 


as observed by previous investigators.** The rather 





DISCUSSION 


There appears to be no simple theory directly ap- 
plicable to the transient phenomena we have observed. 
The classical expression for the velocity of a vortex 
ring" in terms of its dimensions and vorticity assumes 
an isolated vortex ring whose cross-sectional diameters 
very small compared to its core diameter. Even if 





Fic. 5. Effect of schlieren sensitivity on observed details of §=———— 
vortex ring (40-psi compression). Photographs are in order of 13 See particularly reference 8, Plate XIII, photographs 14; 
increasing sensitivity. The first two pictures, (a) and (b), have been _ reference 9, Figs. 4-7, p. 501. 
retouched to offset loss of detail in reproduction. 4 See reference 2, Eq. 163 (7). 
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correction were made for the finite cross section of the 
ring, it would appear unreasonable to apply this expres- 
sion to the initial acceleration phase of the vortex ring 
we have observed, because during this phase it is 
certainly not isolated but is abstracting energy from 
the persistent air jet which formed it. The intrinsic 
velocity which the ring, at each successive instant, 
would have if isolated is perhaps superimposed on the 
translational velocity acquired from the jet. The 
persistence of the jet appears to prohibit also the ap- 
plication of the simple expression’ for the strength of a 
vortex ring produced by a single impulsive pressure, 
although the origin of the vortex ring may perhaps be 
understood qualitatively in terms of this concept. 
Measurement of the vorticity of the ring would be very 
helpful in determining the extent to which the simple 
theory obtains during this transient period. 
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15 See reference 3, Eq. E-III-(3.4). 
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A Property of Bessel Functions and Its Application to the Theory of Two Rheometers' 


HERSHEL MARKOVITZ 
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A method of expanding expressions of the type J(£) ¥(¢)—J(¢) Y(é) and J’(£) ¥(¢) —J’(a) Y(£) is given. 
Here J and Y are Bessel functions of the first and second kind. These forms occur frequently in physical 
problems with cylindrical symmetry. The type of expansion used here can be used with other functions that 
are solutions of second-order differential equations. The use of these expansions allows the development of 
theories for two rheometers used for determining dynamic mechanical properties of liquids. In these mathe- 
matical treatments, the inertia of the sample is taken into account. 

































I. INTRODUCTION 


N the rheological work of this laboratory two instru- 
ments are used to study the response of liquid sys- 
tems to sinusoidal stresses. The determination of the 
mechanical properties of the sample from the primary 
data requires knowledge of the motion of the moving 
parts of the instrument and of the sample itself. Both 
instruments have cylindrical symmetry: In one a cylin- 
drical rod is caused to vibrate along its axis in a coaxial 
tube containing the sample; in the other a cylindrical 
bob is suspended coaxially in the liquid sample con- 
tained in a cup which is oscillated with a definite fre- 
quency and amplitude. It is frequent practice in the 
use of such instruments to so design them, or to assume, 
that the inertia of the sample has no effect on the motion 
or can be adequately accounted for in a comparatively 
simple way. Considerable simplification in mathematical 
treatment is usually thus achieved. The original de- 
signer of the vibrating rod instrument considered this 
problem and concluded, though an exact treatment was 
not carried out, that the mass of the sample need not be 
considered for those conditions for which the instrument 
was designed. The designers of the prototype for the 
suspended bob instrument ignored the problem in 
most of their applications and suggested a rough ap- 
proximation for cases where the mass of the sample 
might become important. 

Early experience with a modified form of the latter 
apparatus showed that in a large fraction of the situa- 
tions to which the instrument was applicable the mass 
of the sample could not be ignored and that spurious 
results were obtained from application of the simple 
equations of motion. An exact treatment of the problem 
for each instrument was therefore undertaken. 

Such an exact analysis is not difficult to perform. 
However, the solution is of inconvenient form since the 
equations of motion in each case are Bessel equations 
and, in the result, the desired mechanical properties 
are part of the complex argument of Bessel functions. 
In both cases combinations of the type J(c)Y(é) 
—J()¥(e) and J’(c)Y(é)—J(&)Y"(c) appear in the 
solution. Here J and Y represent Bessel functions of the 


* This work was supported by the Reconstruction Finance 
Corporation, Synthetic Rubber Division, at Mellon Institute. 
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first and second kinds, respectively, whose arguments, 
and é are in general complex and contain the unknow 
quantities sought. The problem thus becomes that ¢ 
devising a method of freeing the desired quantiti« 
from the complex arguments of Bessel functions in th 
above combinations. This is done by the use of Taylor 
series expansions, the Wronskian, and other properti« 
of these functions. With this mathematical treatmen 
a restriction on the planning of this kind of apparatus 
is removed in that the design need no longer be suc 
that the inertia of the sample exert a negligible effect. 
The properties of the Bessel functions develope 
here should be useful in other physical problems. The 
approach of using Taylor expansions and the Wron. 
skian, as is done here, is of sufficient generality so that 
it should be applicable to other types of functions whic 
are solutions of second-order differential equations. 


II. MATHEMATICAL SECTION 


The Bessel functions of the mth order of the first 
and second kind, usually indicated by J,(z) and Y,,(2) 
respectively, are two independent solutions of the 
differential equation 


d*y m? i dy 
-(=-1)--2 (1 
dz? z dz 





~ 


Here z may be complex. 
Upon differentiation of both sides, (1) becomes 


2m? m?+-1 1 
z 2? 2 


where, in general, the symbol y” stands for the mth 
derivative of y with respect to z. If (1) is substituted 
into (2) in order to eliminate y®, the latter can be 
written as 


ty = [—3m?+2*]yt[(m?+2)2—2% Jy. 





On continuing this process one can also find that 
zy = [ (m*+ 11m?) — (2m?+-3)2?+-2' Jy 
+[—(6m?+6)z+22*}y®, 
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zy) =[— (10m*-+ 50m?) + (12m?-+ 12)2?— 224 ]y 
+[(m4+-35m?+ 24)z— (2m?+-7)z?+25]y™, (5) 
cfy(6) = [ (m6-+85m*+ 274m?) — (3m*+78m?+ 60)2" 
+ (3m?+9)z*—z® }y+[ — (154+ 225m?-+ 120)z 
+ (18m?+ 33)z'—325]y™. (6) 
In general, one can write 
gry” = o> On, 2327) y+ O2 On, 24127*1)yM, (7) 
j=0 j=0 


where an,s is the coefficient of z* when z"y™ is put in 
the form (7). From looking at the above samples of 
this form, it is clear that 


Qn2=O0 s>n and s<0O, (8) 
a,o = 1, (9) 
a;9 =0, a41=1. (10) 


In addition to the cases treated in this paper, many 
physical problems, especially those with cylindrical 
symmetry, where conditions are given on two bound- 
aries, lead to solutions where Bessel functions ap- 
pear in combinations such as J(£)V(o)—J(o)¥(&) and 
J'()¥(0)—J(o)¥'(é). If the functions with argument 
¢ are expanded in a Taylor’s series about &, the first 
combination can be written 


J()¥(0)—J(o) ¥ (&) 


- (o— &)"LJ (EV (E)-I™ (EV () Jn. 


Since (7) holds for both J and Y, which are solutions of 
(1), one can deduce that 


xz x 


1 
JO¥(e)-—J(o) V(H=> —(o—£)" > giti-n 


n=0 1! 7=0 


x LJ (é) V’(é)—J’(&) V(E) Jorn, 2j+1 
2 « x 1 /o—é\" 
=-2 #2 —( ) @n,23+1, (11) 


T 1=0 n=0 n! E 


where the order of summation has been interchanged 
and the fact! that 


T(E) V"(E)—I(E)V (&) =2/ a8 (12) 


has been used. Similar expansions can be made for the 
second combination mentioned above and for others. 

If the value of (o—£)/€ is sufficiently small, the series 
will converge rapidly and a good estimate of its value 
can be made by using values of a,,, obtained by inspec- 





'G. N. Watson, A Treatise on the Theory of Bessel Functions 
(Cambridge University Press, Cambridge, 1945), p. 76. 
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tion of (3) through (6) and perhaps a few higher deriva- 
tives. In some cases it is possible to perform the sums 
exactly. Examples of this for Bessel functions of the 
zeroth and first orders are shown below. 

This type of expansion is especially convenient when 
the arguments of the Bessel functions are of inter- 
mediate size so that one can use neither the power 
series valid for small arguments nor the asymptotic 
expansion which is valid for large arguments. 

Before proceeding to the evaluation of the sums 
indicated in (11) it is convenient to obtain certain 
relations between the coefficients corresponding to two 
successive derivatives. 

If (7) is differentiated the result, after use of (1), is 


grtlylat) = [ man, im NQAn, 0 


HD. (mon, 2543— (M— 27 —2)aen, 2342— On, 2541} 2°? Jy 
j=0 


+{Z, { an, a (n— 27) an, 2541} 227t! Jy®, 
j=—0 


From the definitions of a,+;,,, one can then write 
On41,25 = Mtn, 2541— (n— 27) an, 27 — Bn, 23-1) (13) 


Qn+1, 2441 — (n—2j)an, 2j41 + On, 2j- (14) 
The above equations are valid for Bessel functions of 
any order m. We shall now consider the special cases of 
orders zero and one. 


A. Bessel Functions of Order Zero 


To avoid confusion, the symbol a;,, will be used to 
refer to Bessel functions of the zeroth order to corre- 
spond to a;,, which refers to the mth order; i.e., in this 
subsection, we shall put m=0 when using the above 
equations. 

For the value 7 =0, (13) becomes 


An+1,0= —N4n,0 


with the use of (8). From (9) and (10), it then follows 
that 


a,,9=0. n>O0. 


(15) 
With the substitution 7 =0, (14) becomes 
Qn+1,1> ~1N0n,1 


with the aid of (15). The solution of this difference 
equation is 


Gni=(—1)""(n—1)! n>1. (16) 
When j=1, (13) becomes 


Gn41,27 — (n—2)a,, 2—4n1,; 
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from which one can see that one finds that wher 
a3,2= — de, (173) 2 Z and ¢ 
” ” YS ag et/n!=—¥ (—1)"(n—1) lx"/n! if Ec 

44,2 = — 43,2 — 3,1 (174) ™? n=l \ 
- n+l, | 
Sere “a hy) =—2 (-1)""/n=In(1+). | 
° . A ° vot n+l, | 
o%, secs Y—3)a;- 12 ~ G51. ! (173) Equations (19), (20), and (22) can be used to yield en 

An, 2= —(n—3)an_-1,2 —Go8 % n> 3. (17,) > dp, x"/n!=$[In(1+x)—x«—2? ]. (24) 
n=0 i 

If (173) is multiplied by (—1)""*(n—3) !/01, (174) by Usin 


(—1)"-“*(m—3)!/1!, ---(17;) by (—1)""4(n—3)!/ (j—3)!, To evaluate the corresponding sum for @,,3, it is con. — prot 
etc., and the resulting »—2 equations added together, venient to notice that integrating both sides of (22) 


the result is between 0 and x gives oni 
> (—1)" nl z (1+) In(i+x)—x= i (—1)"x"/n(n— 1), (25) 
y=3 (j-3) ! n=2 
P (n—3)! while a repeated integration reveals that 
an S (~{)t———_(j~She,.; 
2 (1) (j—-3) U—S)arns 12(1-++x)? In(1+-x) — 2x— 322] 
" n—3)! e . 
-> a tha i cc opad =—> (—1)"x"/n(n—1)(n—2). (26) 
j=3 (j-—3)! _ If (3 
This can be reduced to With this result and (21) it can be shown that 
n (n—3)! , toge' 
Gn,2=—D (—1)"" —daj-141 n>3. (18) ¥ ay gx*/n! 
}=3 (j—3)! n=0 
With the use of (16), (18) becomes =[— (2+ 2x+2*) In(1+-x)+2x-+27)/4. (21) : 
SS Also it can be shown that or 
Gn, 2=(—1)"*"(n—3)! >> (j—2) 
7=3 L boj4m 
=(—1)"*"(n—1)!/2 n>3. (19) > an, sx"/n! 
n= 
By inspection of (1), it is seen that =[ 6(6+ 12+ 10x°+ 403+ x‘) In(1+2) 
d22=—1. (20) — 36x —54x?— 36x*—9x4]/384. (28 if 
Rie “aan similar to those used in deriving (19), It is clear that the sumes in (23)-(28), oll of whichen | ™ 
a based on (22), are valid only for the condition |x| <1. be: 
Gn, 3= (—1)"((m—1)!4+2(n—3)!]/4 n> 3, Using the sums here obtained in (11), one obtains the si 
. . a desired expansion. 
Gn, a= (—1)"[ (n—1) !+4(n—3)!]/16 n>5, (21) 
r( B. Bessel Functions of Order One 
Gn. s= —(—1)" (n—1)!4+8(n—3)! ; 
. With the substitution m=1 in Eqs. (13) and (14) we a. 
+24(n—5)!]/64 n2>5 can write For 
can be obtained. 
With the aid of the above formulas, certain useful bnito = bni—nbao (2% 
sums may be evaluated. | 
», =— 9 } 
From (9) and (15), it is clear that Ont. Mn FOr, M; 
x bnst.2 -_ by, 3 (n—2)Dn,2— dn, 1 (29, en 
Gn. ot" /n!=1. ane 
, bast, 3 = —(n—2)b,, stone (29; 
By using (8), (16), and the Taylor expansion ; 
bins, y = by, a1 (n—27)bn, 23— bn, 25-1 (29s 


In(i+x)=— 3 —1)"x"/n,  |x|<1, 22) ; 
x ( ( bn41, 2341 — (n—27)bn, 241+ On, 2, (2941 Equ 








(23) 


con- 
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(25) 


(26) 


(27) 


“h are 
| <1. 
is the 


4) we 
(2%) 
(29,) 
(29; 


(29, 
29 9i+1) 





PROPERTY OF BESSEL 


where the 5;,, refer to Bessel functions of the first order 
and correspond to the a;,, which refer to the mth order. 
If Eqs. (29) are added together in pairs, the result is 


= —(n—1)(bn 1 +bn,0) (305) 
= —(n—3) (bn, 2tbn,3)—bn1 (30;) 


Da+1.0 +bn41,1 
Dn+1,2 +bnyt 3 


7 ot bugs, 2341= — (N— 27-1) (bn, 257-5», 2441) 
—bn-1. (30,;) 


Using the symbols 7, =6,, 2;+bn, 2441 and Sn =p, 2}1, the 
prototype equation (30;) becomes 


raga = —(n—2j—1)ra—Sy 


and 
12542 = — $2541 (312) 
¥2j+3 = —12j+2 — Soj+2 (313) 
Voj+k = —(k— 2) oj+k—1 —~ S2j+k—1 k>2 (31x) 
Foism= — (M—2)r 954 m- 1— $2j4+m-1 m> 2. (31m) 


If (312) is multiplied by (—1)"-?(m— 
(-1)"-*(m—2) 1/11, «++, (31K) by 1 m—k(m— 2) !/ 
(k—2)!, etc., and all the resulting equations added 
together, the sum is 


1/01, (313) by 


m—1 
roism= D, (—1)"—*50544(m—2)!/(R—-1)! m>2 
k=1 
or 
boi4.m, 23+ 0 254m, 2j+1 
(m—2)! 
= z (—1)"- ‘Q-pr 2j~-1 m> 2. (32) 


If Eqs. (29) are subtracted in pairs and a similar 
treatment followed, it can be shown that 


boj4m,25— Daim, 2541= (—1)"*?m! 


m> 1. 


= > (— 1)"-*m 1D 0544 1, 2j—1/ k! (33) 
k=] 


We can now proceed to the evaluation of the }; ,. 
For 7 =0, (32) and (33) become 
bm, ot bm, [= 0 


bm. o— Om, 1= (— 1)"m! 


m> 2, 
m> 1, 


with the use of (8). The solution of these two simul- 
taneous equations is 


bm,o= (—1)™m!/2 
bm, =—— (— 1)"m 1/2 


Equations (9) and (10) can be used for m<2. 


m>2 
(34) 
m> 2. 
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For 7 =1, (32) becomes 








m—1 _ (m—2)! 
Dm+2,2+bmy2,3= 2 (—1)"* bey21 
k=l (k—1)! 
(m—2)! m1 (k+2)! 
= (~ 1)*+! 
2 km (R—1)! 


=(—1)"4(m42)!/8 m>2 (35) 


after the use of (34) and the results of Appendix I to 
evaluate the sum. If the substitution m+2=n is made, 
(35) becomes 


bnotbns=(—1)"n!/8 n>4. (36) 


For 7=1, (33) with the use of (34) and Appendix I 
becomes 


bn, 2— bn, a= (—1)""[2(n—2)!+n!]/4 n>. 
The result of adding (36) and (37) is 


bn, 2=(—1)""[3n!+4(n—2) 11/16 


(37) 


n> 4, 
while subtracting (37) from (36) gives 
bn, s=(—1)"[m!+4(n—2)!1/16 n>4. 


The following useful results can be obtained in a 
similar fashion: 


bn, 5=(—1)"*"[n!4+12(n—2) !4+-72(n—4)!]/384 n>6, 
by, 7=(—1)"[n!4+-24(n—2) !4+-432(n—4)! 
+ 2880(n—6)!]/18432 n>8. 


For use in (54) it is necessary to obtain the following 
sums in a way similar to that used in Sec. IIA. These 
sums are all taken from m equals zero to infinity. 


ebnx"/n! =x(x+2)/2(x+1) (38) 
yb ngs, 14"/n!=(14+(1+2)-7]/2 (39) 
Dbn, sx"/n! =[4(1+2%) In(i+x)—4a—222 
~2x34aK(1+2)7/16 (40) 
Ybnss, 3"/n!=[4 In(i+x)+1—6x—32 
—(1+«)?J/16 (41) 
dbp, sx"/n! =[—12(24+4x+32?+2%) 
X In(1+x)+ 242+ 36x?+ 20x 
4-4axt+ 2x5— x6(14+-x)-1]/384 (42) 
Y bass, 5x"/n!=[—12(4+6x+ 32?) 
< In(i+«)— 1+50x*+ 452? 
+ 203+ 5xt+ (14%)? ]/384 (43) 
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Yb, x"/n! =[24(1+2x)(5+10x+ 922+ 403+ 24) 


X In(1+x)— 1— 119x— 3012" 
— 315x*°— 175x*— 4925 — 7x6— x’ 
+(1-+«)-']/18432 (44) 
Db ngs, 2x"/n!=[24(15+ 38x+ 3122+ 20x°+ 52x) 
X In(1+2)+1—362x—729x? 
— 604x*— 221x*— 42x5— 7x® 
— (1+)? ]/18432. 
Ill. APPLICATION TO INSTRUMENTS 


A. The Coaxially Vibrating Instrument 


One of the instruments used is of the type first de- 
scribed by W. Philippoff? but bears a greater resem- 
blance to that of T.L. Smith, J. D. Ferry, and F. W. 
Schremp.* The latter consider the question of whether 
the inertia of the sample can be neglected and use a 
rough approximation to arrive at an affirmative answer. 
Here we shall attempt to get a quantitative answer to 
this problem. Aside from this inclusion, the treatment 
here follows theirs in many details. 

In this apparatus a cylindrical rod of radius r is 
vibrated along the axis of a coaxial cylindrical vessel 
(of radius R) which contains the liquid being investi- 
gated. A cylindrical liquid lamina of height 4, arbi- 
trary radius z, and thickness dz will experience a force 
due to the shearing at z, equal to — 2xrhy(dV/dz), where 
V is the instantaneous velocity in the vertical direction 
at z, ) is the complex dynamic viscosity (sometimes 
called the mechanical impedance function) and is 
equal to 7’—i(G’/w), n’ is the usual dynamic viscosity, 
G’ is the dynamic rigidity, and w is 27 times the fre- 
quency. At z+dz the shearing force in the lamina will be 
2azhy(dV /dz)+[0(2ezhydV/dz)/dz\dz. The excess 
pressure P at the level of the bottom of the rod will 
exert a force of 2xzPdz on this element of volume. As 
a result of these forces the lamina of material will have 
an acceleration of dV /d! such that 


2rhzp(dV /dt)dz = 2xzPdz+([0(2rzhydV/dz)/dz |dz, (46) 


where p is the density of the investigated material. 

Since the system is being driven at a frequency of 
w/2mx, we can write V =v exp(iw/) and P=p exp(iw/), 
where v and p are independent of time. With these 
definitions of » and p, (46) leads to the differential 
equation 


(45) 


—+ 
dz zdz y hy 
whose solution can be written as 
v=AJo(az)+ BY (az)+ p/(iwph), 


? W. Philippoff, Physik. Z. 35, 884, 900 (1934). 
* Smith, Ferry, and Schremp, J. Appl. Phys. 20, 144 (1949). 


(47) 
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where Jo and Yo are Bessel functions of the zeroth order 
of the first and second kind, respectively, a? = —iwp/y, 
and A and B are constants whose values can be de. 
termined from the boundary conditions. Since the outer 
wall at s=R is fixed, V(R)=0(R)=0. At z=r, the 
liquid will have the same velocity (V,) as the vibrating 
rod. Upon application of the boundary conditions, 4 
and B can be evaluated and (47) becomes 


— p{ Yo(ar)Jo(az)—Jo(ar) Y o(az) —Jo(aR) Yo(ar) 
+Jo(ar)¥ o(aR)} — (iwphv,— p) 
X {Vo(aR)Jo(az) —Jo(aR) V o(az)} 
= v(iwph){Jo(aR)V o(ar)—Jo(ar)Yo(aR)}. (48) 


Since the volume of liquid forced down by the rod must 
be equal to that moving upward in the annular space, 


R 
0 ,7-+ f v(2rz)dz=0. (49) 


Before substituting (48) into (49) in order to solve 
for P, (48) can be expanded by using (11), (23), (27), 
and (28) of the mathematical section of this paper to 
obtain the expressions 


Y o(ar)J (az) — Jo(ar) Y o(az) 


2 z iwp 2z 
=— -{in(=) -—| — (2?-+1r?) in(=)+2--x| 
7 r 4y r 


wp” 





2 
| (2r*+-82?r?+- 224) in(~) —3z!+3r! 


Tr 


128y° 


+000} (50) 
It then turns out that 
p= —4hyv,(1+iwpy/y)/[(R?+r’) In(R/r)— R+r°], 
where 
a R+57* | r‘ In(R/r) 
16 4(R?—r?) 





y= 


(R?—r2)? In(R/r) 
24[ (R?-+-r?) In(R/r)— R’+?') 





and where, as in the later work in this section, terms of 
higher order than (iwp/y) have been dropped in the 
expansion. 

The experimental quantity which is conveniently 
determined with this apparatus is the mechanical im- 
pedance Zy which is defined as the ratio of the comple 
driving force (F) to the velocity (V) of the system. In 
this apparatus the rod is driven electrically by passing 
an alternating current through a rigidly attached col 
located between the poles of a loud speaker magnet. 
The rod is held in position by four wires so that for 





small 
perie 
2erhi 
and 
these 
the v 


wher 
Since 


Zu= 


By u 
it ca 


Zu= 


whel 


This 
the | 
by I 
cm’, 
and 
nific 
vise 
resu 


larit 
In t 
pen 


ver) 
find 
the 


whe 
of ¢ 
exar 
the 


rder 
py, 
, de- 
Uter 

the 
iting 
s, A 


solve 
(27), 
er to 


ae r) 


ms of 
n the 


iently 
al im- 
mplex 
m. In 
ASsiNg 
d coil 
agnet. 
for 4 





PROPERTY OF BESSEL FUNCTIONS 1075 


small displacement s in the vertical direction, it ex- 

riences a force of — ks. It is also acted on by the forces 
Ixrhy(OV /dz), due to the shearing action of the liquid 
and mr’P from the excess pressure. As a result of all of 
these forces the rod acquires the acceleration dV,/dt in 
the vertical direction such that 


F—ks+2nrhy(dV/d2),+2°P =mdV,/dl, 


where m is the mass of the moving system and V =ds/d:. 
Since the force is sinusoidal, we can also write 
F=f exp(iwt). We thus find that 


Zy=F/V,=f/0,=iwm+k/iw 
oe 2arhy(dv/dz) r/Vr— arp/v,. 


By using the results obtained previously in this section, 
it can be shown that 


Zy=iwm+k/iw+ 2rhy(R’+?r’) 
X (1+-iwpB/y)/[(R?+9r’) In(R/r)—R?+r7], (51) 


where 


=—r/2(72+ R?)—9? In(R/r)/2 
+ (R?—9?)8/24(R?-+-r)[ (R2-+7%) In(R/r)—R?+?")]. 


This result is just that previously obtained* except for 
the factor (1+-iwp8/y). For the apparatus as described 
by Ferry, r=0.16 cm and R=0.28 cm, and 6 =0.00061 
cm’. Thus as long as the frequencies are not too high 
and y is not too small, this correction will not be sig- 
nificant. However, if the instrument is to be used for less 
viscous liquids at higher frequencies or if more precise 
results are wanted, the full equation (51) must be used. 


B. The Torsionally Oscillating Rheometer 


Another instrument used in our laboratory has simi- 
larities to one described by Goldberg and Sandvik.‘ 
In this rheometer, a cylindrical bob of radius r is sus- 
pended coaxially to a depth / in a liquid contained in a 
cup of radius R. The cup is caused to oscillate through a 
very small fixed angular amplitude 6p. It is desired to 
find a relationship between the mechanical properties of 
the sample and the amplitude and phase angle of the 





motion of the cup relative to that of the suspended 
cylinder. A paper’ which has been published recently 
in another journal contains details of the construction 
of this apparatus and results obtained with it. 
Consider a cylindrical lamina of the liquid of height 
h with inner radius z and outer radius z+dz. The torque 
acting on the cylindrical surface of the sample at z is 
— 2nz’yhz(dd/dz), where # is the angular velocity of the 
liquid at z. At z+dz, the torque on the surface is 


2x2 yh(dd/dz)+{ d[2re*hy(dd/dz) ]/dz}dz, 


and the net torque on the lamina is 
{ 0[24z*hy(dd/dz) ]/dz}dz. 


As a result, the element of volume will acquire an 
angular acceleration 3 such that 


2xehpidz = { A 2re*hy(dd/dz)]/dz}dz. (52) 


Since the motion is a forced oscillation with frequency 
w/2m, the substitution 3 =@ exp(iw!) can be made, and 
(52) can be reduced to 


@6/dz?+- (3/z)(d0/dz) —ipw6/y =0, 


the solution of which is 


6=[AJ;(az)+ BY,(az) ]/z, (53) 


where J; and Y;, are Bessel functions of the first order, 
A and B are arbitrary constants to be determined by 
the boundary conditions, and a is (—iwp/y)}. 

At the surface of the cup containing the liquid, the 
motion can be represented by #(R) =z exp(iwl) since 
the liquid is following the forced motion of the cup 
which has the amplitude @z. The suspended cylinder 
experiences a shearing torque equal to 2mrhy(dd/dr), 
due to the liquid, and a torque —k#, due to the sus- 
pension wire which has a torsion constant k. As a result 
the bob acquires an angular acceleration such that 


2xhnr(dd/dr),—kd,=18,, 


where J is the moment of inertia of the cylinder. Putting 
the boundary conditions into (53) one can arrive at the 
equation of motion for the inner cylinder 


ab@ gr*[_J'(ar) ¥ \(ar)—J,(ar) Y 1’ (ar) } 





6,= ’ 
(1+-br*)[Y 1(ar)J (aR) —J1(ar) Y1(aR) ]— abr®LJ (aR) V1’ (ar)—J,'(ar)V1(aR) ] 


where 6= —i2rhyw/(Iw*—k) and J,'(ar) is the value 
of dJ,(az)/d(az) at z=r. Although (54) represents the 
exact relationship between the desired quantity y and 
the measured quantities @,/@r, it is in an inconvenient 





‘H. Goldberg and O. Sandvik, Anal. Chem. 19, 123 (1947). 


(54) 





form since y is buried in the complex argument of the 
Bessel functions. 

However, making a Taylor expansion of the functions 
with argument ar about @R as indicated in (11), and 


5 Markovitz, Yavorsky, Harper, Zapas, and De Witt, Rev. Sci. 
Instr. 23, 430 (1952). 








It 
th 


S¢ 


1076 

























HERSHEL 


using (12) and (38)-(45), it then follows that 


iy Tw” “ao wp (R?—r*)? 


y Sales Rx s R? 


sn (* — -) 
— —__ n-— —_—_—— -——— 
yl 32h R Pr R 


R 
— | (R®—r?)(R!— 5 R*r?— 2r') + 12R* In- {| 
r 








+ Toor 
(1w*— k) wp? R 
+ [ --— | 12R?r?(R?+-7r?) In— 
y*L 768rhR?r' r 


— (R?—r*)(R*+ 10R*r?+7r*) 





wp* R 
-— | 24R?r4(3.R?+ 2r?) In— 
9216R? r 


+ (R?—r*)(R®— 11R*r?—47R?r*— 3r8) }- 


turns out that in all cases studied in this laboratory, 
e term in 1/y’ and all higher terms can be neglected, 


but that terms lower than this make an appreciable 
contribution. As a result y can be obtained from the 
experimental quantities by solving a quadratic equa- 
tion with complex coefficients. In this connection the 
tables® for (1+ix)! for 0<x<1 are convenient to use. 


The author wishes to thank Dr. T. W. DeWitt and 


Dr. John R. Bowman for checking the manuscript and 
for helpful discussions. 


APPENDIX I 
We seek to evaluate sums of the type 
m =k! 


2» (k—n)! 





For this purpose it is convenient to examine the equality 


= 1—x™*t! 


S=> x= 


k=0 1—x 





which when differentiated » times yields 


aS = ki 


»)>-—_ = 


dx” 





— zk —n 


» (k—n)! 
n n! d? , ” 
>> i\(n— rem aie | 


thew 


n(  (m+1)! 
-E {| 
i=1 | 7 !(m+1—7)! 
SE. Jahnke and F. Emde, Tables of Functions with Formulas and 








(1 —ayiemei} (Al) 





Curves (Dover Publications, Inc., New York, 1943), p. 15 of the 
Addenda. 


MARKOVITZ 








since’ 
d"yz on nn! dyd"—'z 
=> en sn a, 
dx" 1=07!(n—j7)! dx! dx" 
di (m+1)! 
—(l—-x™*!)= eo —xymti—) 





dx? 


(m+1—j7)! 


| 1 ) j! 
dxvi\i—x!) (1-2) 


If the substitution x=1—/ is made in (A1) and the 
limit taken as ¢ approaches zero, the left-hand side im. 
mediately becomes 





m k! 
» ee 
k=n (R—n)! 





(A2) 


which is the sum we seek. Applying the same operation 
to the right side yields 











n! n+1 (m+ 1) !¢? 
sont Fm 
gun i=0 (m+1—j)!7! 
n (m-+1) !t? m+i-3 . t 
-~ ——— z (ty — | 
i= jj! i=0 (m+1—j—1)!1! 


on use of the binomial expansion. After the new dummy 
index 


k=i+j 


is substituted in the last term of (A3), the rearranged 
result can be written 








. n'(m+1) { n (—1)*e 
pw t= (m+1—k) !k! 
k (—1)*k! m+1 (— 1)" 
+2 ———) - 
imi 7 !(R— 7)! k=n+l1 (m+1—k) IR! 


x( +2 = ae 


which, due to the fact that 


(-)}F=0-55 — - cos 
i+(—1) Podef ——— 1+] ——_5 
[ i=0 j \(k—j)! int j\(k—9)! 


7See for example: B. O. Peirce, A Short Table of Integeds 
(Ginn and Company, Boston, 1929), Eq. 858. 
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PROPERTY OF BESSEL FUNCTIONS 


becomes 

ni(m+1)! mer  (—1)*tI¢ 
(n) — —____- 

: tnt! kent (m+1—k) Ik! 


» (~1P" 
«(14 2 ). (A4) 
=1 j(k—j)! 


When the limit of (A4) is taken as ¢ approaches zero, 
one finds that 


(m+1)! n (—1)"t-i 
lim S™ = (—1)*— (142 =o), 
1-40 (m—n)!(n+1)! =1 j!(n+1—7)! 








1077 


which, when the observation is made that 


n+ (n+1)!(—1)? 
[1+(—1)}*"'=0=> — 
i=0 (n+1—7)!7! 








n (—1)"*- 
= (rtf +(—4+E 7 —|, 
i=1 7 \(n+1—7)! 


becomes simply 


(m+1)! mk! 


(n+1)(m—n)! t=» (k—n)! 





by using (A2). This is the desired sum. 





JOURNAL OF APPLIED PHYSICS 


VOLUME 23, 


NUMBER 10 OCTOBER, 1952 
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A generalization of ordinary circuit theory which enables one to define impedances in any periodic struc- 
ture is developed, based on the concept of expansion of electromagnetic fields in terms of a set of linearly 
independent basis fields. Techniques for measurement of impedances in a periodic structure are described, 
involving a determination of the parameters of a coupling system by an extension of the well-known nodal 


shift method. 


I. INTRODUCTION 


N a coupling system connecting two different trans- 

mission lines or wave guides it is usually desired 
that a matched line on the load side be reflected through 
the coupling system as a match in the input trans- 
mission line. The obvious way to test for this is to 
install a matched load and then measure the input 
SWR. However, an accurate match may be very diffi- 
cult to obtain ; or if the output transmission line happens 
to be of some special construction, such as the periodi- 
cally disk-loaded wave guides used in particle acceler- 
ators,' there may be no independent method of de- 
termining when the load line is matched, other than 
looking at it through some coupling system. 

It is always easy, however, to produce a pure re- 
actance (i.e., completely reflecting) termination of the 
load line, and if the coupling system is lossless, its 
input impedance must also be a pure reactance. This 
reactance is determined merely by locating the position 


*This work was supported in part by Navy Contract N6- 
onr-25116. 

t We will understand the term “transmission line” to mean any 
structure in which waves may be propagated according to the 
usual transmission-line equations. The term thus includes wave 
guides, coaxial lines, and two-wire lines. 

'W. W. Hansen, Consiglio Nazionale de Ricerche (Tipogra‘ia del 
Senato, Roma, 1948), p. 111; Ginzton, Hansen, and Kennedy, 
Rev. Sci. Instr. 19, 89 (1948); E. L. Chu and W. W. Hansen, 
J. Appl. Phys. 18, 996 (1947); 20, 280 (1949); E. L. Chu, Ph.D. 
thesis (Stanford University, 1951). 


of the extremely sharp node on the input transmission 
line, so that if we can find a way of determining the 
coupling system parameters from the relation of load 
reactance to input reactance, we can expect this method 
to give us a more convenient as well as more accurate 
determination of the coupling system performance. 
Once the parameters of the coupling system are known, 
the relations between its input and output impedance 
may be used backwards to measure impedances in the 
load transmission system. 

In Sec. II we review the well-known theory of the 
nodal shift method as applied to “smooth” transmission 
lines. Sections III, IV, and V are devoted to developing 
the concept of impedance in periodically loaded wave 
guides, and in Sec. VI the theory of the nodal shift 
method is extended to such guides. The resulting meas- 
urement technique was developed and used by the 
writer in 1946, in connection with the design of coupling 
systems for the Stanford linear accelerator tubes.! 


Il. NODAL SHIFT THEORY 


First, we note the familiar fact that the voltage- 
current relationships of any linear, passive, four- 
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Fic. 1. Voltageand \ “@ 
current conventions 
for a four-terminal V' Ve 
network. 
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Fic. 2. Definition of reference planes. (a) The load line is matched; 
(b) the load is a pure reactance. 


terminal network may be expressed in terms of the 
network parameters A, B, C, D, in the form (see Fig. 1 
for notation) 


V; =A Vot+ Bl, 


I= CVet+ DI, 
(1) 


For a lossless network, A and D are real, while B and C 
are imaginary.” The input impedance Z,= V,/J; is thus 
given in terms of the load impedance Z.= V2/J2 by 


Z,=(AZ2+ B)/(CZ2+D). (2) 


We may consider the network of which the coupling 
system is a part as including arbitrary lengths of input 
and output transmission lines. We now show that.for a 
lossless system the reference planes (terminals) may be 
chosen so as to simplify (2). Assume that voltages and 
currents are so defined that all impedances are normal- 
ized, i.e., Z=1 on any matched transmission line; and 
consider the two situations depicted in Fig. 2. In 
Fig. 2(a) the output line is matched. Choose terminals 
(1) at a voltage maximum on the input line. Then the 
impedance Z, is real and greater than unity. This par- 
ticular value of impedance is numerically equal to the 
voltage SWR 7 seen on line 1 when line 2 is matched, 
and may be called the SWR of the coupling system. 
From Eq. (2) we have 


n=(A+B)/(C+D). 


In Fig. 2(b) we have chosen the output terminals so 
that a short there also places a short at the input 
terminals. For this case, Eq. (2) reduces to 


B/D=0, or B=0. 


But since 7 is real, we must have C=0 also. Therefore 
n= A/D, and the general impedance relation (2) re- 


2 E. A. Guillemin, Communication Networks (John Wiley and 
Sons, Inc., New York, 1935), Vol. II. 
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duces, for this choice of terminals, to 
Z1= nZ>. (3) 


In general, the input impedance to a shorted trans. 
mission line of length x is 7Z» tan@, with 0=27x/) the 
electrical length of the line. With normalized im. 
pedances, Zp>=1. From this we see that if a short jg 
placed a distance @, to the right of terminals (2), there 
will be a short a distance 4; to the right of terminals (1) 
(Fig. 3), where 


tan@,;= 7 tan@s. (4) 


If one places a movable short in the load transmission 
line and measures the position of the short in the input 
line as a function of the position of the load short, 
Eq. (4) will enable one to find from these data the 
value of » and the positions of the two reference planes, 
Usually these are the only parameters of the coupling 
system in which one is interested. 


In practice one would plot the difference (8;—62) as | 


a function of 62, or if more convenient, the distances 
(x1—%2) and x2 may be plotted directly. Since the 
reference points are not in general known at this stage 
of the process, one measures position of the nodes from 
arbitrary origins, and the origin of the (#:—86.) vs 4 
graph remains arbitrary. The shape and orientation of 
the plot, however, are determined by the value of ». 
The equation represented is 


6,— 6.= tan—'»y tané.— tan“ tané, 
(n—1) tané, 
= tan~'———_—_—-_ (5) 
1+-7 tan, 
As a function of @) this reaches a maximum of 
AO= (0;— 42) max = tan~!(9!— 1/73) (6) 
at a value of @, given by 
tan*@.= 1/n. (7) 
Solving (6) for », we have 
n= (1+sinAé@)/(1—sinA8), (8) 
and the reflection coefficient is simply 
l= (n—1)/(n+1)=sind. (9) 


Figure 4 is a plot of actual data taken at a wavelength 
of about 10 cm, with a coupling system of reflection 
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CONCEPT AND 
coeficient '=0.466. One finds A@ from the difference 
between maximum and minimum values of (;—-x2) 
and from this determines [ and 4. Then, as is seen 
from differentiating (5) at @.=0, the positions of the 
input and output reference points are determined as 
the point where (x;—.2) is midway between the maxi- 
mum and minimum values, with positive slope. Thus, 
the three parameters of the coupling system are all 
determined from a single plot of data. 


I. THE CONCEPT OF GENERALIZED IMPEDANCE 


When we come to the case of a periodically loaded 
wave guide (see Fig. 6 for an example), it is not immedi- 
ately obvious what is meant by impedance and position 
of a node. In fact, the exact distinction between a 
running wave and a standing wave is none too clear. 
One thing which we need is a generalization of the 
concept of impedance which goes beyond the familiar 
generalization to wave impedance in “smooth” wave 
guides (i.e., wave guides in which all boundary condi- 
tions are independent of the z coordinate). The concept 
of impedance is useful because it gives us a certain 
piece of information about the configuration of electro- 
magnetic fields, and any quantity, however defined, 
which conveys the same information may be called a 
generalized impedance. 

In any guide in which only one mode type is excited, 
there are only two linearly independent possible fields ; 
any type of wave, standing or running, may be ex- 
pressed as a linear combination of any two linearly 
independent fields. This situation exists in the guides 
under consideration in regions far from the local fields 
due to coupling systems, and it is in these regions that 
we must be able to define what we mean by impedance 
or node position. Let (E,,H;) and (E:, H.) be two 
different possible field configurations; then any field is 
specified by two complex amplitudes a, a2: 


E=4,E,+a2E., 


(10) 
H= a,H,+ aH». 

Instead of giving a1, d2, we might specify the product 
(a\¢2) and the ratio (a;/a2); the former quantity is 
essentially a measure of the power level, while the latter 
specifies the field configuration to within a multiplica- 
tive constant and is therefore a generalized impedance. 

The quantities a;,a_, are evidently very loosely 
analogous to voltage and current. This analogy may 
be greatly strengthened by a proper choice of the basis 
fields (E;, H,) and (Es, H;). In the first place, we should 
like to have the power flow given by the usual formula 


P=1Re(VI)=43Re(a,a.), (11) 


where the bar denotes the complex conjugate. This 
power flow is given by an integral of the complex 
Poynting vector across any surface S’ spanning the 
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Fic. 4. Experimental plot of Eq. (5). As explained in Sec. VI, 
these data were actually taken with a periodically loaded guide as 
the output line. 


guide; using the expansion (10) we have 


P=3Re f (EXH)- dS 
Ss’ 


= }Re f [|a,| 2(E, x H;)+a:42(Eix H.) 
s’ 


+ d,a.(E2xH,)+ | de 2(E.X H.)]- dS. (12) 





This will of course be independent of which particular 
surface S’ is chosen, provided losses in the guide can 
be neglected. Now if the equality of (11) and (12) is to 
be an identity in a, @2, it is evident that we must have 


Re (ExH,)-d8=Re f (E.XH)-dS=0, (13) 
L 


Ss’ 


whereupon (12) becomes 


P=Re| asd (E.:x H.+ E.xH,)- 48}. (14) 


Ss’ 


In (14) use has been made of the fact that any term in 
(12) may be replaced by its complex conjugate since 
only the real part is taken. Equation (13) implies that 
we should choose basis fields that carry no power; 
i.e., standing waves for which E and H are everywhere 
a/2 out of phase. The basis fields (E,, H;), (E:, He) 
thus correspond to two different pure reactance termina- 
tions or to two different node positions. They still 
contain arbitrary phase factors, however, and in order 
to reduce (14) to (11) we should choose them so that 
the integral in (14), which is in any event a constant 
independent of the surface S’, becomes real. Proper 
choices of the amplitudes of the basis fields will then 
give us 


f CE.XH.+E,xH,}-dS=1. (15) 
Ss’ 


If we choose the following conditions (sufficient but 
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Fic. 5. Region of integration in Eq. (20). The smooth wave 
guide at the top is coupled to the periodically loaded one through 
a wide iris. 


not necessary) : 


E,, H: real, 


E>, H; imaginary, (16) 


then (13) is automatically satisfied, and with proper 
normalization so is (15). Thus if the conditions (15), (16) 
are imposed on the basis fields, the power flow is given 
correctly by (11). 

It remains to be demonstrated that a, a2 are still 
analogous to voltage and current in the sense that the 
voltage and current (V, J) seen at some other part of a 
complicated network (in particular in a smooth trans- 
mission line on the other side of some coupling system 
to which the periodically loaded guide is connected) are 
related to a; and a, by the equations appropriate to a 
four-terminal network. Merely from the fact that 
Maxwell’s equations are linear, we know that a relation 


of the form 
V A B a 
()-(c DG) 
I Cc D a2 


must exist; it must now be shown that the determinant 
of the transformation is unity: 
A B 
== | (18) 
C D 


and that in the case of a lossless network A and D are 
real while B and C are pure imaginary. The first of these 
follows from the reciprocity theorem; let us consider 


the functions (E,, H,), (E., H.) as standing not only 
for the base functions in the periodically loaded guide, 
but also their analytic continuations through the coup- 
ling system and into the smooth transmission line on 
which V, J are measured. Then at all points inside the 
complete network both of these fields will satisfy 
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Maxwell’s equations 

VXH=jweE VX E=—jwuH, (19) 
in which in general ¢, u are functions of position. If the 
coupling network is lossy, ¢ will be complex at some 
points within it. Because of (19) it is easily shown tha 


Vv: (Ei:x H.— E.< H,)=0 


or 


rf (E,xH.—E.xH,)-dS=0, (20) 
Ss 


where we integrate over any closed surface. Equation 
(20) is an expression of the reciprocity theorem in the 
form given by Lorentz. Let us now carry out this 
integration over the surface S consisting of the surface 
S’ spanning the periodically loaded guide, as used jp 
Eqs. (12)-(15), the metallic walls S’” of the system 
extending from S’ through the coupling system, and 
out to a plane surface S” normal to the smooth guide 
on the other side of the coupling system, as shown in 
Fig. 5. S’” is the reference plane at which the voltage 
and current V, J are measured. The region enclosed by 
this closed surface S=S’+S”+5S”” is shaded in Fig. 5, 

Because of the boundary conditions satisfied by 
E,, E. on the metallic surface, the integral over S”” 
vanishes separately. Then, if the positive normal 
to S’, S” are chosen so that both point in the direction 
of power flow, we have 


f (E,XH.— E.XH,)- dS 
s’' 


-{ (E,X H.— E:XH,)-48 
5 


But with the choice of phases given by (16) the 
integral over S’ is the same as that in (15), which we 
have normalized to unity. (This incidentally gives an 
independent proof that the integral (15) is independent 
of our choice of the surface S’.) Therefore, 


f (E,XH.— E.XH,)- dS=1. (21 
o 


Now at the reference plane S’’ the voltage and 
current are ordinarily defined as proportional to the 
transverse electric and magnetic fields, respectively. 
The transverse fields at S’”’ are therefore expressible a 


E(S”)=VE,(S”), 
H(S”)=7H,(S”), 


where E,, H, are normal mode functions so normalized 
that power flow is given by (11). We consider the 
smooth transmission system to support only a singe 
propagating mode at the frequency of operation ant 
the reference plane S” to be far from the local fields ¢ 
the coupling system. Therefore, 


f (EXH)-dS= V1. (2 
s’’ 
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If the smooth transmission system is a coaxial line, 
it is easily shown that (22) is valid where V and J are 
the actual voltage between conductors and actual 
current flow, respectively. Thus we can put in general 


f (E,x H.— E:XH,)-dS=ViJ.—V2I,;=1, (23) 
s” 


where V; is the voltage at S” when the field E, is 
excited, J, is the current when Hz is excited, etc. But 
reference to (17) shows that 


Vi=A, 
V.=B, 


h=C, 
I,.=D, 


since, for example, A and C are the voltage and current 
when a;=1, a2=0, i.e., when the basis field (E;, H;) is 
excited. Therefore (23) is equivalent to (18). Further- 
more, it is evident that when the entire network is 
lossless, the choice of phases made in (16) for the region 
of the periodically loaded guide applies also to the 
analytical continuation of E), Hy, etc., to the surface S”, 
so that A and D are real; B and C are imaginary. Thus 
all of the properties of the network equations (1) which 
were needed for deriving the nodal shift formulas have 
been shown to hold for the connection (17) in which 
@;, @2 are used in place of voltage and current. 


IV. CHANGE OF BASIS FIELDS 


The conditions which we have imposed on the basis 
fields are merely that E,, E. be linearly independent 
and that (15), (16) be satisfied. Even with these very 
weak restrictions, the analogy between the expansion 
coefficients (@;, a2) and the circuit quantities of voltage 
and current has become so complete that all of the 
relations of general circuit theory remain valid when 
(a;,@2) are used. The basis fields are, however, far 
from being uniquely determined by (15), (16); if 
(E;, H,) and (Es, H2) is any set allowed by our condi- 
tions, then an equally good set is (E;’, Hy’), (E»’, H2’), 
where 

E,'=G2E\—Guk2, HH! =Gx2H\—GruH2, 

(24) 
E,’= —GypE\+GyFs, H,/= —GyH,+GyH2, 


in which the matrix 


("" Gi 
G=- ) 
Goa Gor 


has determinant unity, Gi; and G22 being real while G12 
and Gs; are pure imaginary. These are just the condi- 
tions that the new basis fields should satisfy (15), (16) 
when the old ones do. A matrix with these properties 
will be called a G matrix. A field which has expansion 
coefficients (a, a,) with respect to the old basis fields 
will have coefficients (a,’, a2’) with respect to the new 
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ones, where 


(25) 


a,’ Go Goo a2 


E= a,E,+a.E.= a; E;’+a,'E,’, etc. 


The product of any two G matrices is another G 
matrix, so that the totality of all transformations of 
the type (25) forms an infinite group. Since the matrix 


A °) 
(. D 

of general circuit parameters for a lossless four-terminal 
network is a G matrix, we see that there is a one-to- 
one correspondence between all possible lossless four- 
terminal networks and possible changes of basis fields 
which preserve the analogies of (a1, a2) to voltage and 
current. Any such change of basis fields is equivalent to 
looking at the original voltage and current through 
some particular lossless network. 

Since a G matrix has three independent parameters, 
we may expect in general that three more independent 
conditions may be imposed on our basis fields in addi- 
tion to the above ones before they become uniquely 
determined. Additional conditions which would be con- 
venient in various problems are that the two basis 
fields should represent the same stored energy, that 


the generalized impedance (a;/a2) should equal unity 
when a pure running wave is excited, etc. 


V. APPLICATION TO A PERIODICALLY 
LOADED GUIDE 


Suppose that the wave guide contains regularly 
spaced structures with a repetition distance “‘a’’; in 
other words, the entire system is invariant under 
translations in the z direction through the distance a. 
The guide may be considered as a cascaded line of 
“unit cells’ each of length a, but the boundaries of the 
cells are arbitrary. Now we can choose any two linearly 
independent basis fields E,(x, y,z); E2(x, y,z) which 
satisfy conditions (15) and (16). Suppressing the x, y 
coordinates for brevity, we write the expansion of a 
general field in the periodic structure as 


E(z) = a, E;(z)+a2E,(z). (26) 


We now inquire under what conditions E(z) repre- 
sents a pure running wave. By this we mean that the 
value of E in one cell is a multiple of its value in an 
adjacent one: 


E(z+a)=e—*E(sz), (27) 


where 76 is the propagation constant per cell, which is 
purely imaginary in the passband. This corresponds to 
the condition of impedance match in the theory of 
iterated networks, if we consider each cell to correspond 
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to a four-terminal network.{ To see this, we note that 
the expansion (26), while valid at all values of z, may 
be considered as applying to one section only, say the 
n'th, in which case a;, a2 correspond to voltage and 
current at the output of the n’th of the iterated net- 
works. The fields in the (w+1)th section may be ex- 
panded in terms of new basis fields E,’, E.’ which bear 
the same relation to the (n+1)th section as E,, E. did 
to the n’th; in other words, they are obtained by trans- 
lating E,, E, one section down the pipe: 


E,'(z)= E,(z—a), 


28 
E,'(z)= E,(z—a), ™ 


and the new expansion is 
E(z) = ay’ Ey’(z)+-a2' E,’(z) (29) 


so that a’, a2’ correspond to voltage and current de- 
livered by the (w+1)th network. This is a particular 
type of change of basis fields as discussed above, since 
E,’, E,’ are linearly related to E;, E. through some G 


matrix: 
E, Gi Gi2 E,’ 
(CE DE)  » 
E, Go G22 E,’ 


- 


We now substitute these relations into the condition 
(27) for a running wave. Express E(z+a) by means of 
Eqs. (28) and (29) and E(z) by Eq. (26), and it assumes 
the form 


E(z+a) = a)’ E,(z)+ a2’ E2(z) = e~ *a, Ei(z) + a2E.(z) | 
or, since E;, E: are linearly independent, 
: a;’=e— a), ao’ =e~* ay (31) 
ay’ / a2’ = a;/ a2. (32) 
cel 


























Fic. 6. Electric lines of a possible choice of basis fields for the 
disk-loaded linear accelerator pipe. 


t We are, however, particularly anxious to avoid drawing equiv- 
alent circuits of the sections, because one of the principal pu-poses 
of this analysis is to show that a rigorous treatment of fields leads 
to relations of the same form as the ordinary circuit-theory rela- 
tions independently of any approximate equivalent circuit. 
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The impedance is the same in each cell for a running 
wave, the same situation that one finds in the theory of 
iterated networks. As in the classical filter theory, we 
expect that the propagation constant 78 and the charac- 
teristic impedance (32) are determined by the frequency 
and the structure of the network. The only properties 
of the network that are needed to determine them are 
the elements of the G matrix in (30). This is clear from 
the relation (25) which, using (31), becomes 


fa Gu Gy a 
AOAC. 

a2 Go, Gr a2 
Thus, e~* is an eigenvalue, while aj, a2 are the com- 
ponents of the corresponding eigenvector, of the G 
matrix connecting the original basis fields with their 


translations through one period. By standard methods, 
we obtain the explicit solutions 


e~® = 9{ (GutGo2)+[(Git+G.2)*—4}}, (34) 
a;/a.= (e- co Gee) /Go3. (35) 


The two values of 8 from (34) satisfy the relation 
8’ = — B”’, corresponding to the two directions of propa- 
gation. In the passbands £ is real, and we have 


cosB = $(Gi1+-Ge2) <1. (36) 


We now observe that relations (34), (35) may be 
greatly simplified by a particular choice of basis fields. 
We may choose E; and E,; to differ essentially only bya 
translation of one period down the guide, provided that 
the fields so defined are linearly independent. (In 
general, this will be the case, but the edges of the pass- 
bands are critical frequencies at which E,(z) = + E;(z+a) 
so that linear independence fails.) In addition, we must 
introduce a 90° phase shift as required by condition 
(16). Therefore, let us define E2 by 


E.(z) = —jE,(z—a) = —jE;'(z). (37) 


A possible choice of these fields for the Stanford linear 
accelerator is sketched in Fig. 6. Then the G matrix in 
(30) becomes 


ci 7 Be ' (38) 
-j 0 
while (34), (35), and (36) reduce to 
e~®=G,,/2+[(Giu/2)?—1 }', (39) 
(a, (a2) = je-®, (40) 
cos8=G;,/2. (41) 


The characteristic impedance and propagation constant 
are not essentially different quantities with this choice 
of basis fields. At the edges of the passband, 6=0 or r, 
and the characteristic impedance becomes purely im- 
aginary; while at the center of the passband, 6=2/2, 
and the characteristic impedance is unity. 

To sum up the results found above, there is a com- 
plete analogy between wave propagation in a periodic 
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CONCEPT AND MEASUREMENT OF 
structure and the classical theory of filters composed 
of iterated four-terminal networks. The device of ex- 
panding fields in terms of a set of linearly independent 
basis fields has enabled us to find coefficients aj, a2 
which satisfy the same relations as do voltage and 
current in lumped-constant network theory. This is 
not just a coincidence, for ordinary circuit theory is a 
special case of the analysis presented here. In any 
lumped-constant four-terminal network we can define 
fields (E:, H,) to be those resulting from unit voltage, 
zero current at the output (i.e., open-circuited load), 
while (E2, H»2) are the fields resulting from unit current, 
zero voltage at the same terminals. Then any possible 
state of excitation of the network is described by the 
expansion (26) in which aj, a2 are the output voltage 
and current in the ordinary sense. The G matrix giving 
the rule of translation of basis fields through one section 
then reduces to the matrix of general circuit parameters 
A, B, C, D as treated by Guillemin.? Thus, by intro- 
ducing the concept of basis fields and then allowing 
ourselves a greater freedom of choice in their definitions 
than is usual (the extent of this freedom being precisely 
described by the group of G matrices), we create a 
rather sweeping generalization of ordinary circuit- 
theory, which applies without approximation to any 
periodic structure. 


VI. EXPERIMENTAL MEASUREMENTS 


We are now able to say just what it is that we want 
a coupling svstem to the periodically loaded guide to do; 
when load conditions are so adjusted that we have a 
pure running wave in it, as in the Stanford linear 
accelerator, we want a match to appear also in the 
smooth transmission line on the other side of the 
coupling system. The problem is to find an experi- 
mental procedure, using only pure reactance termina- 
tions of the loaded wave guide, that will tell us what the 
input impedance on the smooth transmission line would 
be if there were a running wave in the loaded guide. 

We may produce all reactive values of the impedance 
(a;/a2) in the loaded guide by sliding a metal shorting- 
plug into it at various distances, as shown in Fig. 7. 
However, we do not at the outset know how this re- 
actance is related to the position of the shorting plug. 
This may be found from the behavior of the impedance 
seen on the other side of the coupling system as follows. 
First we define the input reference plane and the basis 


fields in a manner analogous to the definitions of 
Sec. IT: 


(a) Match the periodic guide: a;/a2=j exp(— 8), 
and choose the input reference plane at a point on the 
input line where the impedance seen looking toward 
the coupling system is V/J=Kjexp(—j8), with K ; 
real. If 8 is very small (i.e., the repetition distance 2 % 


‘very small compared to a wavelength), such a point 


may not exist, in which case we redefine the cell to 
contain » of the small cells, n=2, 3, 4, 


-+, This 
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| 
Fic. 7. Metallic c— 
plunger for varying 
load reactance, with UY U 7 
definitions of quanti- - 
ties used in Fig. 9. | q Y YY, 
The actual plunger is f) q) ~7 
a brass tube with fin- lI 
gers that ensure good . 








metallic contact when 
a disk is reached. 


~~ “os 

3 c 
multiplies 8 by , and a suitable value of m can always 
be found such that this reference plane will exist. 

(b) Find the plunger position which places a voltage 
node at this input reference plane, and define the fields 
in the periodic guide for this plunger position (and 
sufficiently far from the local fields of the coupling 
system and plunger) as (Es, H.). 


Then we have, remembering that A and D are real 
and B and C are imaginary, 


from (b): B=0, 
from (a): C=0, K=4A/D; 


and the impedance relation, for this choice of reference 
plane and basis fields, again reduces to a simple pro- 
portionality 

V/I=K(a;/a2). (42) 


By transmission-line theory, the SWR of the coupling 
system is then 

n=}3(K+K-") csc8+[}(K+K-")? csc*6—1 ]}, 
which, for B= 72/2, reduces to n=K. 

As in Sec. II, the above are definitions of reference 
plane and basis fields, not experimental methods for 
finding them, because by hypothesis we have no experi- 
mental way of knowing when the periodic guide is 
matched until the parameters of some coupling system 
have been found. We can find these parameters as 
follows: First, note that when the plunger is moved in 
through one repetition period (as defined in (a) above), 
the basis fields E,, H, are then excited so that there is an 
infinite impedance at the input reference plane; experi- 
mentally, pushing the plunger in through the distance a 
moves the node in the smooth transmission line just a 
quarter-wavelength. Suppose we measure the node 
position x; on the input line as a function of the plunger 
position x and plot a graph of x;(x)—2,(x+a) versus x. 
At the point where this crosses (X/4), x; is the position 
of the input reference plane, x is the plunger position 
which creates the basis fields (E2, H.), and (x+a) is the 
plunger position which creates (E,,H,). (Note that 
according to Fig. 7, the direction of increasing x is 
opposite to the direction of increasing z as used in 
Sec. V. The reason for this is experimenta! convenience. ) 

The analogy between the relations of this section 
and those of Sec. II may be strengthened if we define an 
effective node position #2 in the periodic guide for any 
plunger position by 


(43) 


J tan#.= (a; a»). 
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Fic. 8. Modification of 
plunger to avoid contact dis- 
continuities. 








Since, as before, the node position on the input line is 
given by jtané,=V/J, Eq. (42) assumes a form 
analogous to (4): 

tan#,= K tan®@e. (44) 


The remaining quantities which we wish to find are 
the effective node position @, (or what is more con- 
venient experimentally, the length x.=a@./8) as a 
function of plunger position x, the impedance magnifi- 
cation constant K, and the phase-shift per section, 8. 
To find these, let us express the fields as functions of 
the longitudinal coordinate z, and the plunger posi- 
tion x: 


E(z, x) = a,(x) E,(z)+-a2(x) E2(s). 


If we pull the plunger out by a distance a;, the new 
fields are just translated in the +2 direction by an 
amount a: 


E(z, x—a)=a,(x—a) E;(z)+a2(x—a) E,(z) 
= E(z—a, x) =a;(x) E,(s—a)+a2(x) E.(z—a). 


From this, using (30), we obtain 


a;(x—a) 0 j a;(x) 
Ceo"G elas 
a2(x—a) j Gut X\a2(x) 
Now calling the plunger position x=0 at the position 
which generates the basis fields (E2, H.), we find that 


(a;/a2)z~0=0 (definition), 
(a;/d2)r~a= © (in agreement with the 


previous discussion), 
2 (@;/d2)2-a=j/Gu, (46) 


(4;/@2) 2-2 = JGu (Gi,?—1). (47) 


Taking the product and ratio of (46), (47) we have, 
using the relation 7 tan6é,= V/J and (42), 


(tan@;)2—-a 1 
——=1-—,, (48) 
(tan@;)2—-~2 Gi" 
(tan0;),—-a* (tan0;)2,--»= K?/(1—Gis*), (49) 


from which G:,;=2cos8 and K may be determined. 
Once K is known, we can use Eq. (42) backwards to 
find the effective node position x2(x) from the data on x; 
versus x already taken. Thus, once more, from an experi- 
mental determination of x; as a function of x, we can 
deduce the SWR of the coupling system [using Eq. 
(43) ], the propagation constant of the periodic guide, 
the position of the reference planes at which the 
impedance relations are particularly simple, and the 
effective node position in the periodic guide as a func- 
tion of plunger position. Most of the work at Stanford 
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has been done at that frequency for which B=2/2, 
where the situation is greatly simplified, as is seen from 
inspection of the above equations for that case. 

The use of a metallic plunger with a flat end as in 
Fig. 7 was found to have a disadvantage that when 
metallic contact is made to a disk in pushing it forward, 
there is a small but annoying discontinuity in the 
function x;(x). However, one can shape the plunger as 
in Fig. 8, and it is possible to find a length for the 
extension (1.3 cm in our case) at which no measurable 
discontinuity in «x;(x) is found. The condition for this is, 
of course, that there should be no rf voltage across the 
gap just before it closes. A theoretical reason why the 
extension should produce this condition has not been 
sought; we merely record it as an experimental fact 
that it is not at all difficult to find the proper length. 

The function x2(x) is a universal one, depending on 
the periodic guide, the frequency, and the plunger, but 
not on the particular coupling system with which it 
was obtained. Therefore, once one has this universal 
curve (Fig. 9 applies to the present linear accelerator 
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Fic. 9. Effective node position as a function of plunger position 


for the Stanford linear accelerator guides. 


guide in use at Stanford) one can return to the method 
of Sec. II and obtain the parameters of a number of 
different coupling systems by plotting (%1— x2) versus x2. 
The data of Fig. 4 were taken in this way. 

One tricky point which nearly everyone finds dis- 
concerting at first sight concerns the direction of motion 
of the effective node position. According to Fig. 9 and 
the definitions in Fig. 7, moving the plunger to the 
left moves the effective node to the right, whereas one 
naively expects the opposite behavior. The direction of 
node motion depends on the details of the fields around 
the plunger, and one can show that the general criterion 
is as follows: Push the plunger in through an infini- 
tesimal distance and consider the fields in the small 
volume that was removed in front of the plunger. If be- 
fore the movement there was more energy stored in 
electric than in magnetic fields in this volume, then the 
effective node moves in the opposite direction to the 
plunger, and vice versa. 

The writer is indebted to the late Dr. W. W. Hansen, 
under whose direction the experimental part of this 
work was done, for many helpful discussions. 
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The Complete Solution of the One-Velocity Diffusion Problem at Intermediate 
and Large Distances 


Lew1 Tonks 
Knolls Atomic Power Laboratory, General Electric Company, Schenectady, New York 


(Received March 10, 1952) 


An approximate evaluation of the branch-cut integral which occurs in the rigorous solution of the Boltz- 
mann equation for intermediate and large distances is of importance in shielding problems. Such an evalua- 
tion leads to Eq. (20) for the point source and Eq. (24) for the plane source. Equation (20) is actually 23 
percent high for zero absorption (f=0) and ra=7, but the error decreases with increasing re and f. It is seen 
that the branch-cut term is not simply the contribution of noncollided neutrons. 

Figure 2 is a plot of the region in the f—re plane where the two terms are comparable. 








NE of the simple and important problems of 

neutron diffusion is the calculation of neutron flux 
at some distance from an isotropic monoenergetic source 
in a medium which scatters and absorbs them but does 
not change their energy. The result of such a calculation 
has two types of application. It can be used for the 
diffusion of thermal neutrons which enter the thermal 
region by moderation from higher energies and whose 
absorption is a true capture by the nuclei of the diffusing 
medium. It also can be used for the diffusion of fast 
neutrons which may come directly from fission and 
whose ‘“‘absorption”’ is their moderation out of the fast 
energy region by elastic collisions and inelastic scat- 
tering. 

An important practical application in the latter 
category is to hydrogenous shields where a single im- 
pact with a hydrogen nucleus can be viewed as an 
“absorption” and a certain fraction of impacts with 
other heavier nuclei, which may be present, result in 





o (1—v*) +(; f 
aaa os Pst ) ‘ 


where ¢(r) is the flux at distance r, f is the ratio of 
capture to total cross section o,/o, g is the ratio of 
scattering to total cross section ¢,/o and 


(1/v) tanh~'y =1/(1—f) =1/g. (2) 
Approximate solutions of Eq. (2) are 
for small f: v~3fl1—(4/5)f], (3A) 
il. 
for large f. v1—2e?/9—2——e“4/9,__ (3B) 
At f=0.45 : 


Eq. (3A) gives x~0.931; 
Eq. (3B) gives »~0.939; 
actually v=0.9355. 


Unfortunately, these approximations are poor for 
evaluating the first bracketed term of the right member 


“absorption” through inelastic collisions. Such a 
medium has high “‘absorption” relative to scattering 
and we are interested in large attenuations. Both factors 
tend to emphasize the importance of a term in the 
solution of the diffusion problem which is not expressible 
in easily interpretable form and is usually omitted as 
negligible. This is the definite integral in Eq. (1) below. 

In this paper this term is evaluated in algebraic form 
in a range of the variables which is useful in shielding 
problems and to a sufficient accuracy for the usual 
purposes of such problems. Also, a direct comparison 
is made of the relative importance of this term and the 
commonly used simple exponential term in the range of 
the variables where the two are comparable. 

The rigorous solution of the Boltzmann equation for 
the one-velocity case of a point source of neutrons of 
unit strength in an infinite isotropic medium with 
isotropic scattering is! 





[:-£ tanh—'(1 ‘| +[4g/(2n) ? | 


oui 4, Z 


j 


n 





of Eq. (1) near f=0.5 because of the (1—v?) factor 
but nearer either zero or unity they are better. 











3[1— (4/5) fJL1—3f+ (12/5) f° 
2 gL1—(6/5)f] 
y?(1—v’) small f (4A) 
y— i 4e-2/a 4— 
g(v— f) E (: “ —Few); large f. (4B) 
g° g 


The ranges for the approximations and the values of the 
quantities mentioned are shown in Table I. 

In the evaluation of the second term in the bracket 
of the right member of Eq. (1), that is, the branch-cut 
term, it is convenient in Table II to tabulate the 


! Marshak, Brooks, and Hurwitz, Nucleonics 4 (5), 10 (1949). 
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TABLE I. Values of v and diffusion term coefficient. 


























v2(1 —v?) 
f v l-yv g(? —f) 
Eq. (3A) Eq. (2) Eq. (3B) 
0.0 0.00 1.500 
0.1 0.525 1.264 
0.2 0.710 1.027 
0.3 0.827 0.827 0.8045 
0.4 0.9075 0.5705 
0.45 0.9355 0.4670 
0.50 0.9576 0.3650 
0.55 0.973 0.2827 
0.60 0.9856 0.0143 0.1857 
0.70 0.002586 0.0581 
0.80 9.09 10-5 0.004549 
0.90 4.1210~° 8.241077 
values of 


k =n tanh-(q~") =1/(2n) In[(n+1)/(n—1) J. 


Also in Table II is tabulated the coefficient C(g, ) of 
the exponential in the integrand for a series of values 
of f. As n approaches unity, i.e., 


n=1+2x (5) 


with «<1 
1—x 





inet In(2/x). (6) 


This family of C(g, 7) curves, shown in Fig. 1, has 


the following characteristics: 


1. All the curves approach unity as 7» approaches 
infinity and lie within 0.05 of unity for n> 3. 

2. For f<1—82*=0.1895 the curves lie wholly be- 
low unity. 

3. As f goes from 0.1895 to 1—4/m*=0.5948 the 
curves lie further and further above unity at larger 
values of », but not at small values. 

4. As f increases further the curves cling closer to 
unity at all but small values of 7, where they reach 
ever higher maxima at ever smaller 7’s. 

5. These maxima, of values approximately 4/7°’g’, 
occur at n~™~1+2e°'2. 


We are interested in intermediate and large distances 
from the source, say 


p=ro>i, (7) 


so that, judging by the exponential factor under the 
integral, the pertinent range for x probably does not 
extend very much beyond 1/7. Thus, unless C(g, 7) is 
increasing there more rapidly than approximately e’?, 
we can confine attention in the branch line integration 
to, Say, 


0<n-1=x<e =0.368. 


Using Eq. (5), an obvious expansion using 


I+-x~e*—2x7/2 
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gives for the second bracketed term in Eq. (1) 
e2-P)=(1 — x°e-*) dx 


e7P l/e 
B.T.~— f ’ 
240 [gf 2 «x re 
(=-+5)-1-# [=] 
2 x 2 2 


We now neglect all x’s except in In(2/x) and in e@-»z. 











2e7P el e2-P)tdx 
B.T.~ f . (9) 
g” 0 2 2 2 
(in-—-) +7 
x g 
The substitution 
2 2 
y=In-—- (10) 
x g 


simplifies the denominator and results in 


4 x 
BT e+ [ 
g" 1+1n2—2/g 


exp[ — y— 2/g—2(p—2)e-¥-?/9 (dy) 
x 








y+ x 
Then, to simplify the numerator, the substitution 
2 
w=y+——In(2p—4) (11) 
g 
leads to 
2e-° ‘ exp(—w—e-") 
B.T.= — ——__———de. (17) 


g’(p— 2) 


The numerator of the integrand is a special case of the 
integrand of the “after-effect function,” whose integral 
from minus to plus ~ is unity.” To find the effect of the 
denominator we shall first perform the indicated inte- 
gration by a Gaussian approximation and then use the 
correction factor arising from the denominator to cor- 
rect the exact integration of the numerator alone. 


1—In(p—2) 


yr 











TABLE II. Values of k and C(g, 7). 





(n—1) Clg, n) 
logue n k f=0 f=0.2 f=0.5 f=08 f=09 
0.978 20 0.0025 0.998 1.000 1.000 1.000 1.0004 
0.653 10 0.01003 0.995 1.000 1.004 1.003 1.004 
0.301 85 0.0405 0.982 1.0013 1.015 1.012 1.007 
0 3 0.1153 0.949 0.9997 1.046 1.036 1.021 
—0.301 2 0.274 0.875 0.996 1.112 1.090 1.050 
—0.602 1.5 0.537 0.763 0.973 1.234 1.189 1.104 
—1,.000 1.2 1.00 0.584 0.88 1.475 1.411 1.209 
—1.301 1.1 1.382 0.458 0.76 1.653 1.652 1.310 
— 1.602 1.05 1.77 0.353 0.623 1.746 1.974 1.430 
—2.301 1.01 2.62 0.364 1.43 3.092 1.758 
=3 1.002 3.44 0.984 5.110 2.198 
4 1.0002 4.60 0.433 9.524 3.162 
-5 1.042 8.224 4.883 
—6 1.052 8.313 
—7 1.062 16.041 
a 1.072 32.35 
~§ 1.082 38.49 
—10 1.052 21.03 
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* Jahncke and Emde, Tables of Functions III, p. 5. 
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Since the lower integration limit was set only by a guess 
at the range of validity of our approximation, it can be 
abandoned for minus infinity if this does not make the 
approximation too crude. This we shall try. 

We write the integrand as e~/™ with 





f(w)=w-+e+ In(y(w)?-++ #2), (13) 
2y 
f'o)=1-e~-——, (14) 
r+y 
i'eerr4a (15) 
w)=e" . 
(3?+-")? 


We denote the root of f’(w)=0 by wo. To a first ap- 
proximation wo=0, and more exactly 


20 
wee—In( 1+ ) (16) 
1+ Vor 





with (from Eq. (11)) 
yo™ln(2p—4)—2/g. (17) 
The approximate integration gives 
2(27)*e-* exp(— f(wo)) 
B.T ae 
g?(p—2)Cf’"’(wo) }! 


2(27) bee Vo ~" 
B.T.~ (142 ) . (18) 
g°(p— 2)(m?+ yo") T+ yo" 


It is readily seen that a primary effect of the Gaussian 
approximation is the introduction of the factor (27)!/e 
in place of unity—we therefore replace this factor by 
unity—and the denominator in (12) contributes the 
factors containing yo, which we therefore retain. We 
have, then, 


Ze? Yo 
T2Y (:- ) (19) 
8°(p— 2)(2?-+ yo") mt yo? 


with yo given by Eq. (17). 
Thus Eq. (1) becomes 

















o [*(1—>*) 2(1—yo/ (m+ y0")) 
| rng en] (20) 
2arl g(v?— f) §°(p— 2)(a°-+ yo?) 
when p>7. 


In the case of an infinite plane source of unit strength, 
the flux V(z) at a distance z from the source is! 





v(1— vy?) 
N(s)0————-g-=" 
g(v’— f) 
- e—"dn/n 
ie f _ (21) 
27; 


1\2 smgy? 
(:-£ tanh) +(=) 
n n 2n 
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Fic. 1. C(g, n) as a function of », the Laplace inversion variable, 
for various absorption/scattering ratios. 


The same integration methods as before can be used, 
and it turns out that the only difference is that where 
p—2 appeared explicitly before it is to be replaced by 
p—1. Thus 





2e-° Vo 
(B.T.-plane)~ (- ) (22) 
g’(p—1)(4?+ 20") T+ v9" 
vowIn(2p— 2)—2/g. (23) 
Thus Eq. (21) becomes 
v’(1—v*) 
gf) 


whenp> 7. 

The consistency of the second term of this with 
Eq. (19) through the point-plane relation is readily 
verified if the difference between yo and vp is neglected 
and the variations of these quantities with distance are 
also neglected. To transform from plane-to-point source 
we have 


d eP e? 1 eP 
ae et ae 
pdp\p—1/  p(p—1) p—-1/  p(p—2) 


with 


2[1 sae vo/(m2?+ v7) | 
e-*" (24) 
g°(p— 1) (2+ 20”) 





N(z) 


—zov 
€ 








which is the dependence found for the point source. 

To investigate the accuracy of Eq. (19) we note first 
that from Eqs. (10) and (17) the value x» of x corre- 
sponding to yo is 1/(p—2). Second, the exponential in 
the integrand of Eq. (12) shows that the effective range 
of w, defined by a reduction of the integrand by a 
factor of about e~ from the maximum, is —1.2<w<3, 
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Fic. 2. Region in ro—f (i.e., distance—absorption) plane where 
ratio R of branch-cut term to diffusion term is not far from unity. 


which entails a range in x from xpe~* to xoe'*. For 
p=7, x9=0.2, and the range of x is from 0.01 to 0.66. 
The approximations leading to Eq. (9) are thus seen to 
be rather crude. For p=7 and g=1 numerical integra- 
tion of the branch term as given in Eq. (1) in the form 


ee? “ x(2+2x)*e-°"dw 
B.T.=-— f eneinianamnnce 
2g” w=—D 2+ 2x , 


(—- In(24+3)-+Ine ) + r 
g 





(25) 


gives 

2(B.T.)e? =0.0316 
compared to 0.039 from Eq. (19), a 23 percent dis- 
crepancy. This will be less for larger values of p because 


xo(p— 2) =1 and it will be less for smaller values of g 
because, from Eqs. (16) and (17) 


2/g—In(2p—4) 
w+[2/g—In(2p—4) 





wo~2 


(26) 


so that wo increases and x» decreases for smaller g. 


TONKS 


A naive approach is to regard B.T. as arising from 
those neutrons which have made no collision. In that 
case for the point source we should have 


e? 
(B.T.)nc=—, (27) 
<p 
so that 
(B.T.)nc p-2 
Orage me 
BT) ; g°( 4+ yo?) (28) 


~(1—2/p) {2.47g°+0.25[¢ In(p—2)—1.3}. (29) 


Accordingly the true value of B.T. at large p is greater 
or less than the naive according as g is small (large ab- 
sorption) or near unity. It thus bears little relation to 
the uncollided neutrons. If the naive view were correct, 
then C(g, 7) would be constant at unity. 

We have now to compare the relative magnitudes 
of the diffusion and branch terms. Referring to Eq. (20) 
we note that 1—yo/(m’+ 0") has extreme values so 
close to unity—namely, 0.84 and 1.16—that we neglect 
the discrepancy. A little analysis shows that for p>7 
equality of the two terms occurs in the range of f for 
which Eqs. (3B) and (4B) are valid, and that actually 
the last approximation can be omitted. We then obtain 
for the ratio of the two terms in Eq. (20): 


B.T. exp(2/g—2pe'*) 





~ Diff. 2(p—2)(a2-+-y0?) 


Figure 2 is a plot of constant R in the ra—f plane 
for ro>7 and R=0.5, 1.0, and 2.0. It shows that at a 
constant ro increasing absorption favors the impor- 
tance of the branch cut term and that in a particular 
absorbing medium, i.e., for constant f, the diffusion 
term predominates at the greater depths, as is well 
known. 
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A small, stainless steel, two-dimensional source flow nozzle supplied with bottled nitrogen was used for 
the condensation investigation. It was found that the nitrogen supersaturates approximately 15°K or 1.2 
Mach numbers when expanded from stagnation conditions of 70°F and pressures of 8.21 and 16.15 atmos. 
A numerical method for solving the equations of motion with the aid of the experimental data allows the 
computation of the fluid temperature during the condensation process. The addition of small amounts of 
carbon dioxide reduced the degree of supersaturation obtainable with bottled nitrogen. 





INTRODUCTION 


HE phenomenon of the condensation or sublima- 
tion of a gas or vapor when expanded in a Laval 
nozzle may be simply explained on a qualitative basis. 
The working fluid undergoes an isentropic expansion 
with an accompanying decrease in static pressure and 
temperature. At low temperatures the saturation vapor 
pressure of the fluid decreases, with temperature, more 
rapidly than does the actual static pressure in the 
nozzle, and thus saturated conditions are approached. 

This condensation of an expanding vapor was first 
noted in 1887 by R. von Helmholtz,' who also found that 
steam supersaturated before condensing. The onset and 
degree of steam condensation were later found, by 
Stodola? and Oswatitsch,* to depend on the amount of 
impurities, in the form of small particles, contained in 
the steam. 

The phenomena described above were similar to the 
results obtained when humid air was expanded in 
supersonic wind tunnel nozzles.** In addition, it was 
found that when large amounts of water vapor were 
present in air the collapse of the supersaturated state 
gave rise to a condensation shock. 

When hypersonic wind tunnels were first contem- 
plated, it was realized that the working fluid, usually 
air, could condense or sublimate (hereafter the single 
word condensation will be used for simplicity) at the 
low pressures and temperatures obtained at high Mach 
numbers. In July, 1950, when this research program was 
initiated, the fact that air condensed in hypersonic 
nozzles was generally accepted ; and it had been shown, 
by Becker> and Nagamatsu,® that condensation oc- 


*This investigation was sponsored by the Army Ordnance 
Department and the Air Force. 

t Graduate Assistant, Guggenheim Aeronautical Laboratory. 

t Senior Research Fellow, Guggenheim Aeronautical Laboratory. 

'R. von Helmholtz, Ann. Physik 32, 1 (1887). 

?A. Stodola, Steam and Gas Turbines (McGraw-Hill Book 
Company, Inc., New York, 1927). 

*K. L. Oswatitsch, “Condensation Phenomena in Supersonic 
Nozzles” (February, 1942), Z.A.M.M., Vol. 22, No. 1, (German) 
or R.T.P. Translation No. 1905, (English). 

*R. M. Head, “Investigation of spontaneous condensation 
phenomena,” California Institute of Technology thesis, (1949). 

5 J. V. Becker, J. Appl. Phys. 21, 7 (1950). 

_ *H. T. Nagamatsu, “Results of recent hypersonic flow research 
in the Army Ordnance-C.I.T. hypersonic wind tunnel” (May, 
1950), Phys. Soc. Meeting, Urbana, Illinois. 


curred, without condensation shock, in the saturation 
region. Later work, by Stever and Rathbun,’ estab- 
lished the fact that the condensation of the components 
of air occurred at modest degrees of supersaturation. 
These experiments were significant, but they did not 
indicate the amount of supersaturation obtainable nor 
the effect of foreign nuclei on the condensation process. 

The Volmer theory had been proposed for the pre- 
diction of the onset of condensation by Wagner*® and 
Charyk and Lees.® However, it had not been definitely 
shown to be capable of predicting the onset of condensa- 
tion for the components of air. Oswatitsch* was able to 
predict, in a step by step computation, the point in a 
nozzle expansion at which supersaturated steam first 
condensed. He also was able to predict the static pres- 
sure and amount of condensed steam present after the 
onset of condensation. In order to bracket the condensa- 
tion phenomena at the other extreme, the GALCIT 
group’® carried out calculations assuming the presence 
of an infinite number of condensation nuclei so that the 
condensation of air occurred when saturation conditions 
were reached. 

The present experimental program was initiated with 
the main purpose of establishing the amount of super- 
saturation that would be practicably obtainable using 
nitrogen in a hypersonic nozzle expansion. In addition, 
experimental information about the fluid properties 
during the condensation process has been obtained, 
and the effect of carbon dioxide on supersaturated 
nitrogen has been irivestigated. 


EXPERIMENTAL EQUIPMENT 


The nozzle assembly, piping, and steam heater 
shown in Figs. 1 and 2 were made of 18-8 stainless steel 


7H. G. Stever and K. C. Rathbun, “Theoretical and experi- 
mental investigation of the condensation of air in hypersonic wind 
tunnels” (October, 1950), Final Report NACA Contract NAw- 
5713, or NACA TN 2559. 

8 C. Wagner, “Berechnungen iiber die Méglichkeiten zur Erzieh- 
lung hoher Machscher Zahlen in Windkanaldiisen” (1942), 
W.V.A., Report No. A-3, Kochel. 

*J. V. Charyk and L. Lees, “Condensation of the components 
of air in supersonic wind tunnels” (March, 1948), Princeton 
Univ. Aero. Engr. Lab., Report No. 127. 

© R. Buhler, “Recent results of the condensation investigation” 
(July and August, 1950), Army Ordnance-C.1.T. Hypersonic 
Wind Tunnel Memoranda. 
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to prevent corrosion and subsequent contamination of 
the fluid. The rectangular cross-section nozzle was one 
inch wide with a maximum test section area of approxi- 
mately one square inch. The throat, with a radius of 
1/16 inch, was adjustable so that the throat area could 
be varied from 0 to 0.125 square inch. A straight wall 
nozzle producing an approximation to a source flow was 
used since, with the proper throat setting, the fluid 
properties before and after the onset of condensation 
could be determined in a single test. 

Glass side walls were clamped over the lapped nozzle 
surfaces on which a thin layer of Silicone grease was ap- 
plied for sealing purposes. The sealing procedure was 
adequate with the exception of the throat side wall 
intersection. There, small leaks from the upstream 
contraction section to the downstream expansion region 
caused two waves originating near the throat from each 
side wall. The waves were in a vertical plane and inter- 
sected on the tunnel centerline, approximately 13-inches 
downstream of the throat. The waves were greatly 
reduced in magnitude when a rubber-padded C-clamp 
was tightened on the glass side walls directly over the 
throat. In no case, with or without clamps, were the 
waves of sufficient strength to be detected after reflec- 
tion from the tunnel side walls. In addition, an impact 
pressure survey to determine the wave angle and 
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Mach number ahead of the waves showed that they 
were of negligible strength. 

The nozzle was supplied with a commercial! grade of 
bottled dry nitrogen (Linde Air Company) which was 
regulated by an externally loaded regulator (Grove 
“Mighty Mite’’). The reservoir pressure was controlled 
by frequent adjustment of the external loading pressure 
to an accuracy of } percent. The reservoir pressure and 
temperature were measured, respectively, by an Ash- 
croft Laboratory Test Gauge and a copper-constantan 
thermocouple mounted in tees just ahead of the nozzle. 
The supply line, at that point, was standard 1/2-inch 
stainless steel pipe so that the nitrogen velocity was low, 
approximately 25 ft/sec. The nozzle was exhausted by 
two Fuller rotary vane compressors producing an abso- 
lute pressure of 15 cm Hg when the nozzle was in 
operation. 

The nozzle static pressures were measured through 
0.040-inch diameter holes staggered along the upper 
and lower nozzle surfaces 1/2-inch apart. The impact 
pressures were measured at various stations on the 
nozzle centerline by a 3/4-inch length of 0.043-inch 
diameter stainless steel tubing, with an inside diameter 
of 0.026 inch. This was mounted in a 1/8-inch brass 
tube which ran through the hole in the wedge at the 
rear of the nozzle. The wall static pressures were com- 





Fic. 1. General view of the experimental equipment. 
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CONDENSATION OF NITROGEN 


pared with those measured by a static pressure probe 
on the nozzle centerline and found to agree within 2 
percent at similar nozzle stations. The wall static pres- 
sures were measured individually on a bank of silicone 
manometer tubes referenced to an absolute pressure of 
100 microns, whereas the higher impact pressures were 
measured on a mercury manometer. The accuracy of the 
pressure measurements was estimated to be within 
2 percent for the lowest pressures encountered. A 
more complete description of the above equipment is 
available." 


FLUID 


As mentioned previously, the fluid used for this in- 
vestigation was bottled dry nitrogen. The choice of 
nitrogen was influenced by a number of considerations, 
hence those of primary importance will be enumerated. 
Nitrogen is diatomic, like air, and is also the main 
constituent of air. It is not toxic or explosive and is 
available in reasonably pure form at low cost. In addi- 
tion, one gas, rather than a mixture, was desirable in 
that the effect of impurities could be readily determined. 
Two analyses, by a mass spectrometer, of nitrogen 
samples taken at the beginning and mid-point of the 
test program are presented in Table I. Since the mass 
spectrometer was not sensitive to small amounts of 
water vapor, a high pressure dew-point meter with a 
chromium plated indicating button, cooled by carbon 
dioxide gas, was used to determine the water content 
of the bottled nitrogen. 


RESULTS 


The onset of condensation was determined by pres- 
sure measurements and a light scattering technique 
used by other investigators.®’7 The pressure measure- 
ments depended upon the fact that the static pressure in 
a condensing flow rises above the static pressure pre- 
dicted by isentropic, perfect gas theory,® whereas the 
impact pressure is almost unaffected by condensa- 
tion,” at least for the conditions herein reported. The 
static pressure rise is due to the heat released by the 
condensing fluid and should, therefore, represent a 
criterion for the detection of the onset of condensation. 
In fact, this is the case as one may verify from the re- 
sults of a typical run for which both light scattering and 
pressure measurements were made (see Figs. 3 and 4). 

In Fig. 3, the light scattered at an angle of 45° from 
a 1/4-inch diameter beam of parallel light was recorded 
at various axial stations in the nozzle. (Five pounds of 
nitrogen passed through the light beam at each station.) 

When no condensation was present, as at the station 
X=3.5 inches, the area between the reflections from the 
glass sidewalls was black, whereas further downstream 


es H. T. Nagamatsu and W. W. Willmarth, “Condensation of 
nitrogen in a hypersonic nozzle,’” GALCIT Hypersonic Wind 
Tunnel Memorandum No. 6 (January 15, 1952). 

hs P. Wegener, N.O.L. Hyperballistics Tunnel No. 4, Results I: 
Air Liquefaction (January, 1951), NAVORD Rep. No. 1742. 
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Fic. 2. Side view of the nozzle. 


an increasing amount of light scattered from the con- 
densed particles caused a fog to be visible. The pressure 
measurements (see Fig. 4) are presented as a plot of 
static pressure divided by impact pressure p/ po’, which 
is affected by condensation, against the ratio’of impact 
to reservoir pressure po /Po, which is only slightly 
affected by condensation. Thus, when condensation 
occurs the experimental points depart from the isen- 
trope and approach the values predicted for a saturated 
expansion.'® From Figs. 3 and 4, Run 9-5, it is apparent 
that condensation occurred between stations X=3.5 
and 4.0 inches at a Mach number of approximately 


TABLE I. Mass spectrometer analysis of the impurities present 
in two samples of dry nitrogen taken at the beginning (No. 1) 





and mid-point (No. 2) of the test program. 








Sample No. 1 Sample No. 2 

Substance % by volume Substance % by volume 
Nitrogen 99.81 Nitrogen 99.82 
Oxygen 0.12 Oxygen 0.09 
Argon 0.07 Argon 0.09 

Not found Detectable Not found Detectable 
Hydrogen 0.02 Hydrogen 0.004 
Helium 0.06 Helium 0.01 
Water 0.02 Water 0.003 
Carbon dioxide 0.007 Carbon dioxide 0.002 
Hydrocarbons 0.004 Hydrocarbons 0.004 
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a. X =3:5 in. 





b. X =4.0 in. 





c. X=4,5 in. 


Fic. 3. Light scattering pictures used for determining the onset 
of condensation for Run 9-5, P»o=8.21 atmos, 7)=295°K, 
A*=0.010 in.,? M,..=4.60. At the station X =3.5 inches from the 


5.84 and that the static pressure and light scattering 
measurements correlate with each other. 

From the above results, nitrogen condensation was 
first detected at a Mach number of 5.84, whereas the 
pressure and temperature at which nitrogen condenses 
on a plane surface, under equilibrium conditions, were 
reached at a Mach number, M,., of 4.60. Thus, the 
nitrogen was supersaturated approximately 1.2 Mach 
numbers. A similar result was obtained with a different 
reservoir pressure, Run 13-2, Fig. 4. 

In order to obtain more information on the state of 
the nitrogen during the condensation process, a method 
based on previous work*:” has been elaborated. The 
method will be briefly presented; however, a detailed 
explanation is available." 

The equations of continuity, 


puA =const, (1) 
momentum, 
udu+dp/p=0, (2) 
energy,§ 
udu-+cpdT —ldg=0, (3) 
and a modified equation of state, 
p=(1—g)pRT, (4) 


govern the flow process in a nozzle expansion where the 
fluid flow may be isentropic, g=0, or condensing, ¢#0. 
Here, g is the mass fraction of fluid condensed, is the 
velocity of the vapor and condensed particles, p is the 
density of the mixture, p and T are the static pressure 
and temperature of the vapor, c, is the specific heat of 
the vapor, / is the latent heat, assumed constant, and 4 
is the effective channel area as determined from the 
impact pressure using the isentropic perfect gas rela- 
tions. Equations (1) and {2) may be combined, to give 
an expression for the velocity ratio, 


u(x) /u* = (y+1)/y—(1/y)0(y+1)/2]" 


x | [(A (x)/A*)(p(x)/ po) J—I 


* ' d(A(x)/A*) 
-f (p(x) / po.)—————dx , (5) 
z dx 


where 
#1 d(A (x)/A*) 
I= f (P(2)/ bo) ds 


{2,2 
{E229 


§ This energy equation is approximate in that the energy of the 
liquid phase has been neglected. The error involved is small and 
has been included in the estimate of the accuracy of the computa- 
tion which is stated below. 











throat, the Mach number was 5.84 and no fog was recorded. At 
stations X =4.0 and X=4.5 inches an increasing amount of fog 
was recorded. 
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CONDENSATION OF NITROGEN 


Here, X; is a station downstream of the throat station, 
X*, but ahead of the condensation zone; hence, the 
velocity ratio and effective area ratio may be determined 


‘from pressure measurements using ordinary channel 


flow equations. Thus, the velocity ratio at any station, 
X, may be determined from Eq. (5), since the area ratio 
is given for isentropic or condensing flow by the impact 
pressure and isentropic, perfect gas relations. It has 
been shown experimentally," by making heated and 
unheated runs, that the impact pressure is almost a 
unique function of the area ratio for isentropic or con- 
densing flow. In addition this result is predicted by 
saturated expansion theory.'°-"! 
Using Eqs. (1) and (4) the temperature ratio is 


T(x)/T* 
=[(p(x)/p*)(u(x)/u*)(A(x)/A*)1/[1—g(x)]. (6) 
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Fic. 4. p/po' versus po'/ po. The effect of condensation 
on static pressure. 


From Eq. (3), the amount of condensed fluid is 


y—l1su(x)\? T(x) y+1 y-1 1 
co) YS Lo 
2 u* i 2 y RT* 
where //R may be determined by fitting the Clausius- 
Clapeyron equation to the saturation curve in the region 
of expected condensation. With the aid of Eq. (5), 
Eqs. (6) and (7) may be solved for T and g. 

The results of the computations, for Runs 9-5 and 
13-2, are presented in Figs. 5 and 6. It should be men- 
tioned that an estimate of the errors in the above 
method" indicated that the computed vapor tempera- 
ture T was accurate to within 2.5°K, whereas the 
amount of condensed fluid g may have been in error 
by 25 percent. From Fig. 5 the temperature after the 
collapse of the supersaturated state parallels the satura- 
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Fic. 5. Measured pressure versus computed temperature 
during the condensation process. 
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tion curve for solid nitrogen.'*:* Since the vapor pres- 
sure and temperature, after the collapse, are approxi- 
mately the equilibrium values predicted for a saturated 
expansion, Figs. 4 and 5, it will be assumed that the 
condensed nitrogen was in the solid phase, although no 
other evidence can be advanced to support this assump- 
tion. The displacement of the experimental points in 
Fig. 5 to the left of the saturation curve may be due to 
errors in the computed temperature and the saturation 
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Fic. 6. g versus X. The computed amount of condensed 
phase present during the condensation process. 








3S. Aoyama and E. Kanda, “The vapour tensions of oxygen 
and nitrogen in the solid state’ (May, 1935), The Science Re- 
ports of the Tohoku Imperial University, Sendai, Japan, Vol. 
XXIV, No. 1. 

4H. J. Hoge and G. J. King, “The NBS-NACA tables of 
thermal properties of gases: The vapor pressure of nitrogen” 
(July, 1950), Table No. 11.50. 
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Fic. 7. p/po' versus po'/ po. The effect of varying amounts of 
carbon dioxide on the onset of condensation. 


curve. Another explanation for the displacement is 
that one or both of the above errors exist and, in addi- 
tion, a correction to the vapor pressure accounting for 
the small size of the condensed particles must be applied. 

The time required for the collapse of the supersatu- 
rated state may also be estimated from the temperature 
computation. Using the average computed velocity 
during collapse, the time required was approximately 
5X10-*° second for Run 9-5 and 2.5X10~-° second for 
Run 13-2. The increase in area ratio for Run 9-5 was 
half the increase in area ratio, during collapse, for 
Run 13-2. Thus, the faster the area ratio increased, 
the faster the supersaturated state collapsed. However, 
the amount of supercooling was essentially the same for 
these two runs, approximately 15°K. 

Since the nitrogen became supersaturated during the 
nozzle expansion, the onset of condensation should 
occur at a lower Mach number when impurities, acting 
as condensation nuclei, are added. The effect of adding 
one impurity, bottled carbon dixode, was investigated. 
The carbon dioxide was injected through a small 
orifice eight feet upstream of the nozzle throat. A 
sample of contaminated nitrogen was withdrawn one 
foot upstream of the throat and its carbon dioxide con- 
centration was measured using a chemical method 
developed by Thomas."® 

The data from four runs with varying carbon dioxide 
concentration and from a run with no carbon dioxide 
added are shown in Fig. 7. The lines faired through the 
experimental points after the onset of condensation 
show the effect of carbon dioxide concentration on the 


saturation Mach number, M,. It can be seen that in- 





‘65M. D. Thomas, “Precise automatic apparatus for continuous 
determination of carbon dioxide in air” (May, 1933), Industrial 
and Engineering Chemistry, Analytical Edition, Vol, 5, No. 3. 
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creasing amounts of carbon dioxide decrease the satura- 
tion Mach number. Additional work has shown that 
larger amounts of carbon dioxide will completely elimj- 
nate nitrogen supersaturation.'® Another effect of 
carbon dioxide addition was to decrease the impact 
pressure slightly in the condensation region."' The cause 
of this decrease is not known. 

From the data of Fig. 7, the critical supersaturation 
pressure ratio, p/p», has been obtained and plotted 
against carbon dioxide concentration (see Fig. 8). 
In this plot, p. is the vapor pressure of a plane surface 
of nitrogen at the temperature of the fluid when 
condensation began, and is the actual pressure of the 
supersaturated vapor at the onset of condensation. The 
onset of condensation was assumed to be the intersection 
of the faired lines and the isentrope of Fig. 7. The dark 
circle plotted on Fig. 8 was obtained from the report of 
Charyk and Lees*® and shows the value of p/p, pre- 
dicted by the Volmer theory for condensation into the 
liquid phase with InJ=7. This low value of p/p., pre- 
dicted by the Volmer theory, will not have any sig- 
nificance if the nitrogen was actually in the solid state, 
Since data on the surface free energy of nitrogen could 
not be found, no statement as to the applicability of the 
Volmer theory can be made. 
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Fic. 8. p/p. versus percent carbon dioxide. The effect of 
varying amounts of carbon dioxide on the critical supersaturation 
pressure ratio. 


 P. D. Arthur and H. T. Nagamatsu, “Effects of impurities 
on the supersaturation of nitrogen in a hypersonic nozzle,” 
GALCIT Hypersonic Wind Tunnel Memorandum No. 7, March |, 
1952. 
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CONCLUSIONS 


The light scattering and pressure measurements used 
to detect the onset of condensation were found to agree 
within the experimental accuracy of the measurements. 
The method based on a plot of the pressure ratios 
p/po’ and po’ / po was considered the most desirable due 
to its simplicity of application. 

Commercial bottled nitrogen becomes supersaturated 
approximately 1.2 Mach numbers when expanded in a 
straight wedge nozzle. This degree of supersaturation 
applies only to expansion from reservoir conditions of 
approximately 70°F and 8 to 16 atmos. With the above 
reservoir conditions, the nitrogen condensed at tem- 
peratures and pressures in the range where solid nitrogen 
ordinarily exists under equilibrium conditions. 

A method for computing the free stream temperature 
of the saturated vapor using the measured impact and 
static pressures has been elaborated. The method as- 
sumes that reversible phase changes occur and, within 
the assumption of reversibility, the temperature com- 
putation has been shown to be accurate to within 5 
percent. 

An attempt to further purify the nitrogen by remov- 
ing carbon dioxide, water vapor, and small particles had 
no appreciable effect on the amount of supersaturation 
obtainable, although the reaction time of the chemicals 
was varied by deepening the chemical bed. The nitrogen 
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may have condensed due to self-nucleation, although 
measurable amounts of oxygen and argon were present. 
It is not known whether the degree of supersaturation 
would have been increased by removing the oxygen and 
argon. 

Various amounts of carbon dioxide were added to the 
nitrogen and were found to decrease the critical super- 
saturation ratio and the Mach number at which the 
nitrogen condensed. The largest amount of carbon 
dioxide added, 0.067 percent by volume, did not de- 
crease the condensation Mach number to the value 
predicted by the saturated vapor data for a plane sur- 
face of nitrogen. Addition of larger amounts of carbon 
dioxide did eliminate the supersaturation of nitrogen as 
found by later investigation.'® The impact pressures 
measured downstream of the onset of condensation were 
found to be decreased by the addition of carbon dioxide 
to the flow. The cause of this decrease is not known. 

Two runs were made with different expansion ratios. 
The degree of supersaturation was independent of the 
time required for expansion when the expansion ratio 
was changed by a factor of two. 

The saturated expansion theory’ closely approxi- 
mates the fluid properties after the onset of condensa- 
tion, even when the nitrogen supersaturates before the 
onset of condensation and then, presumably, condenses 
into the solid phase. 





Announcement 


The tenth annual meeting of the Electron Microscope Society of America will be held at the Statler 
Hotel in Cleveland, Ohio, Thursday through Saturday, November 6, 7, and 8, 1952. Programs and 
abstracts of papers to be presented will be available about October 15 from Dr. Carl E. Willoughby, Program 
Chairman, du Pont Experimental Station, Wilmington 98, Delaware. Information about local arrangements 


may be had from Mrs. Mary S. Jaffe, LDL-85, General Electric Company, Nela Park, Cleveland 12, Ohio. 
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Influence of Initial Velocities on Electron Transit Time in Diodes 


J. T. WALLMARK 
Royal Institute of Technology, Stockholm, Sweden 


(Received March 17, 1952) 


The transit time spread due to difference in initial velocity in a planar diode has been calculated for the 
case of nonhomogeneous velocity distribution. The spread is given as a function of the current for two 
practical cases, the normal diode and an inverted diode (a beam reflected in a diode space). The spread is 
also given as a function of anode voltage within certain limits. The method may be used to estimate the 
influence of transit time spread on transit time devices. A special application is described. 





LECTRON transit times in electronic apparatus 

are of importance whenever the frequencies used 
are so high that the transit time becomes an appreciable 
fraction of the cycle. The spread in transit time: is 
usually of little concern. However, in electronic appa- 
ratus where the transit time itself is directly utilized, 
such as reflex klystrons or Barkhausen-Kurz oscillators, 
the spread in transit time plays an important role. 

Calculations on spread in transit time caused by 
differences in initial velocities have been reported by 
Cockburn! and Barut,” who assume a homogeneous velo- 
city distribution. In practical cases calculations for a 
nonhomogeneous velocity distribution are of more 
interest. The author has undertaken such calculations 
by means of a first-order perturbation method. 

It has been well established that the velocities of 
electrons originating from a thermionic cathode have a 
Maxwellian distribution as in Fig. 1. Practical electronic 
devices are with few exceptions run with space charge 
- limited current to take advantage of the stable condi- 
tions thus obtained. The velocity distribution, however, 
is still Maxwellian, as the presence of a virtual cathode 
just outside the cathode surface has the same effect on 
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Fic. 1. Distribution of initial velocities from an 
oxide cathode at 1160K°. 
!R. Cockburn, Proc. Phys. Soc. 47, 810 (1935). 
2 A. O. Barut, Z. Angew. Math. u. Phys. II:1, 35 (1951). 


the current as a change in work function and does not 
affect the distribution. 


METHOD 


Then a first-order approximation can be made 
assuming a potential distribution corresponding to that 
case in which nearly all of the electrons are emitted 
with the initial velocity 6. The transit time for a number 
of electrons emitted with a velocity that differs from the 
main velocity by the amount A can then be calculated if 
we assume that the number is so small that the electric 
field is not disturbed. For the velocity 6 was chosen the 
average velocity 0.1 volt which is characteristic of an 
oxide emitter at 1160°K. In a preliminary publication® 
the maximum of the distribution curve was chosen with 
nearly the same results. 

To calculate the spread in transit time let us neglect 
the few electrons with very high and very low initial 
velocity and consider only the main part. Let us as 
arbitrary boundaries for this main part take the half- 
values of the distribution function of Fig. 1. This gives 
as boundaries 0.0135 and 0.185 v. The spread in 
transit time calculated for-these boundaries has to be 
taken as a minimum value, as there are still 30 percent 
of the electrons with wider spread. 


CALCULATIONS 


Assume two infinite parallel planes with an electron 
flow perpendicular to them as in Fig. 2. The electric 
field strength, potential, etc., may be calculated from 
published data on partial space charge.'?--* Consider 
a small number of electrons with a velocity that differs 
from the main velocity by the amount A. The transit 
time for those electrons is 


f dx 

o v 

By introducing 
v=[(V+A)2e/m }} 


16_s/V\i _ 7 
zax=av /|—1/( ) +62] 
9 \v, 


3 J. T. Wallmark, Phys. Rev. 84, 598 (1951). 

4H. F. Ivey, Phys. Rev. 76, 554 (1949). 

5 J. T. Wallmark, Proc. Inst. Radio Engrs. 40, 41 (1952). 
6 W. M. Brubaker, Phys. Rev. 83, 268 (1951). 
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INFLUENCE OF 
where E=V4/d is the electric field strength without 
space charge, E.E the electric field strength at the 
cathode, and L=J/Imax the relative current where 


Inax is the space charge limited current, dashed letters 
representing relative values, we obtain 


m\*+ YA 16_/V+é6\3 
(2) 0 /EE) 

2e 0 9 Vat6 

} 
+82] (V+o+a)}| 

m\* pYA 16 V3 
i -/Aste 

2e 5 9 ~ Va 


4 
+82] v+a)'. (1) 





The integral is elliptic and an exact solution leads 
to fairly complicated expressions. However, an approxi- 
mate solution with satisfactory accuracy can be ob- 
tained by a series expansion of (1+A/V)~* in the 
interval A— V4, and (1+V/A)~? in the interval 0—A, 
and integration of the resulting expression term by 
term. The series are uniformly convergent within the 
interval of integration, but not at the boundary A. 
However, the integration can be carried as close to A 
as desired, say to Ate, where ¢€ is a voltage small 
compared to A. After integration’ A+e is also expanded 
into a series and ¢€ is made to approach zero. 

This general method to calculate the transit time 
spread cannot be expected to be more accurate than 
+10 percent with the simplifications made. Conse- 
quently, terms in the integral (1) which influence the 
final result less than 10 percent may be neglected. 

We obtain for the interval 0O—A 


774° 2 A 1 A \} 
AGE) 
8AVa 7 Va 8 \XVa 


and for the interval A— V4 





4C | 1/(k+1)4 1 
n= —- |-— (+64) 
k 1/{k(/V4)4 4134 x 
2x 1+x 9x?— 5 
XxX ( — log ) — A*zi__— » & 
1—x? i—<z (1—x?)8 
where 


C=d/[E.(V42e/m)*], A=Ak/8Va, 
X=1/[R(V/V4)'+1]}, k=161/9E2. 
The method outlined has been used to obtain the 


spread in transit time for the two practical cases 
following. 


and 


PLANAR DIODE 


Figure 3 shows the conditions for a planar diode with 
the data d=5 mm, V4=100 volts. The diagram gives 
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Fic. 2. The two cases considered; a diode and an 
inverted diode (reflected beam). 
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transit time as a function of initial velocity with the 
current as parameter. Both transit time and spread in 
transit time for J=1 are calculated for the distance 
between the virtual cathode and the anode, and the 
additional transit time within the virtual cathode has 
not been dealt with. Figure 5 gives the spread in transit 
time as defined above. As can be seen the spread in 
transit time increases with current and amounts to 
approximately 7 percent at space charge limitation. For 
comparison also the distribution curve of Fig. 1 has 
been redrawn in connection with Fig. 3. 


REFLECTED BEAM 


Figure 4 shows the half-transit time for a reflected 
beam in a planar diode space with the same data as 
above and as shown in Fig. 2. The electric field beyond 
the turning point for the main part of the electrons has 
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Fic. 3. Transit time vs initial velocity with current as parameter 
in a planar diode with d=5 mm, V,=100 volts. 
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Fic. 4. Half-transit time vs initial velocity with current as param- 
eter in an inverted diode with d=5 mm, V,=100 volts. 


been assumed constant and equal to the field at that 
point. 

The transit time spread at low currents is vanishingly 
small. At J=1, space charge limitation, and for positive 
values of A the method indicates infinite spread. This 
would mean that electrons with high velocity should 
penetrate to the other side of the turning point for the 
main part of the electrons, where the electric field 
strength is zero, and get lost. In the practical case this 
is not possible. However, an approximate value of the 
transit time spread has been obtained by assuming 
5=0.185 volt and calculating the spread for negative 
values of A. This gives a spread of 13.5 percent. The 
results are shown in Figs. 4 and 5. 

It is to be noted that a high velocity gives a long 
transit time in contrast to the previous case of a planar 
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Fic. 5. Transit time spread in a diode and in an inverted diode. 
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Fic. 6. Influence of anode voltage on spread in transit time 
for a diode with d=5 mm. 


diode where a high velocity instead gives a short transit 
time. 

Although the foregoing results are valid for fixed 
values of anode voltage and cathode-anode distance, 
it is of interest to study the influence of a variation in 
these parameters. From the expressions (2) and (3) it 
is clear that an increase of V4 or a reduction of d 
reduces the spread in transit time. For comparison the 
spread has been calculated in the planar diode case for 
anode voltages from 10 to 1000 volts as shown in Fig. 6, 
but for constant space charge conditions (J=0.7). If 
instead the current is kept constant the curve becomes 
much steeper. 


A SPECIAL APPLICATION 


The results obtained here have been used to estimate 
the influence of initial velocities in the special case of a 
new electron tube utilizing space charge beam de- 
flection‘ and characterized by a very high transconduc- 
tance-to-current ratio. The principle may be stated the 
following way. 

Consider a beam of electrons ejected at an arbitrary 
angle from a plane at positive potential towards another 
plane parallel to the first and at a negative potential. 
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Fic. 7. Beam width caused by initial velocities 1s beam 
current for a reflected beam. 
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The beam is reflected and returns to the first plane in 
a parabolic path. Increased beam current and con- 
sequently increased space charge increase the transit 
time. This results in a wider arc, or in other words, a 
longer traveled distance parallel to the planes, as the 
velocity parallel to the planes is not changed. The in- 
crease in traveled distance parallel to the planes is 
converted to an additional transconductance in the tube 
by arranging the anode so that the percentage of beam 
current reaching the anode varies as the beam current. 

However, initial velocities of the electrons cause 


differences in transit time and, consequently, spreading 
of the beam. As the transconductance of the tube is 
proportional to the current density of the beam, it is 
reduced by the spreading. 

At the same time spreading is introduced by the 
cosine distribution in space of the initial velocities. 
This spreading is directly proportional to the transit 
time and rises from 36 percent at J=0 to 54 percent 
at J=1 with the same data on the reflection space. 

The resultant infiuence of initial velocities on the 
spread is shown by Fig. 7. 
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On a Multiple Scattering Theory of the Finite Grating and the Wood Anomalies* + 


V. TWERSKY 
Mathematics Research Group, New York University, Washington Square College, New York, New York 


(Received April 10, 1952) 


The formal multiple scattering solution obtained previously for 
the scattering of a plane wave by an arbitrary configuration of 
parallel cylinders is applied to the finite grating of cylinders and 
to the reflection grating of semicylindrical bosses on a perfectly 
conducting infinite plane. A far field solution in closed form for 
spacing large compared to wavelength and radius is obtained on 
neglecting the “end effects.” It is found that for the transmission 
grating both polarizations may be markedly affected by multiple 
scattering; for the reflection grating, however, the effects are 
much more pronounced for polarization perpendicular to the 
elements. The case of radii is investigated in detail; the \’s for 


I. INTRODUCTION 


HE scattering of a plane wave by a finite grating 
of parallel circular cylinders of infinite length was 
treated by Schaefer and Reiche! by means of the single 
scattering approximation, i.e., they neglected excita- 
tions of each cylinder arising from the waves scattered 
by the remaining cylinders. To obtain a criterion for 
this approximation, the writer considered each cyl- 
inder as excited by the incident plane wave plus the 
waves scattered by its nearest neighbors as a result of 
plane wave excitation.? It was shown that each term 
arising from these additional excitations approached 
zero more rapidly with decreasing radius or increasing 
spacing than did the single scattered terms. The rapid 
increase of the number of terms as more neighbors 
and more involved multiple scattering processes were 
taken into account, however, indicated that a more 
thorough investigation should be undertaken. In this 
*This work was performed at Washington Square College of 
Arts and Science, New York University and was supported in 
part by Contract No. AF-19(122)-42, with the U. S. Air Force 
through sponsorship of Geophysics Research Division, Air Force 
Cambridge Research Center, Air Materiel Command. 
t This material is part of the writer’s “Multiple Scattering of 


Radiation, Part II,” Research Report EM-39, Mathematics Re- 
—_ Group, New York University, Washington Square College, 
5 


1, Schaefer and F. Reiche, Ann. Physik 35, 817 (1911). 
*V. Twersky, J. Acoust. Soc. Am. 22, 539 (1950). 





which the effects are greatest are determined, and various in- 
tensity curves are presented. The bright and dark bands appearing 
on these curves (overlaying the usual continuous spectra observed 
with broadband radiation) are similar to the “grating anomalies” 
discovered by Wood in 1902. The present analysis provides a 
simple physical interpretation of their presence in terms of the 
magnitudes and phases of the various orders of scattering. Simple 
relations for their dependence on the parameters are derived which 
agree in general with experimental results. Both the electromag- 
netic and acoustic cases are treated. 


paper the scattering of electromagnetic and acoustic 
waves by the finite grating will be treated by special- 
izing the formal multiple scattering solution we have 
since obtained for an arbitrary configuration of parallel 
cylinders. 4 

In Sec. II, the complete expression for the scattered 
wave is given and specialized to grating width small 
compared to the distance of observation and spacing 
large compared to wavelength—the case of practical 
interest. The “end effects” are then neglected to obtain 
a closed form representation involving only the known 
solution for the single cylinder and the sum analogs 
of the Fresnel integrals. Approximate solutions for radii 
very small compared to wavelength are obtained and 
investigated in detail in Sec. III. In Sec. IV we con- 
sider the analogous grating of semicylindrical bosses on 
3 V. Twersky, J. Acoust. Soc. Am. 24, 42 (1952). In this paper a 
general expression for an arbitrary configuration, satisfying any 
of the usual prescribed boundary conditions simultaneously at 
each cylinder, was obtained by explicitly taking into account all 
multiple excitations of each cylinder arising from the radiation 
scattered by the others. The scattered wave was expressed as the 
sum of an infinite number of “orders of scattering,” the first being 
the usual single scattering approximation. 

*V. Twersky, J. Appl. Phys. 23, 407 (1952). In Sec. II of this 
paper the result of reference 3 was specialized for an arbitrary 
planar configuration, and in Secs. III-V, scattering by two 
cylinders was treated in detail. The sections and equations of this 


paper will be indicated by the superscript 4 in the text, this 
material being referred to wherever feasible to avoid repetition. 
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Fic. 1. Plane wave incident on a finite grating of 
N= 2N+1 parallel cylinders. 


a perfectly conducting (or rigid) infinite plane, and in 
Sec. V the extension of the present theory to gratings 
with elements other than cylinders is discussed. 
Employing the approximate solutions of Sec. III we 
obtain an analytic criterion for the range of validity of 
the single scattering approximation and determine the 
wavelengths for which the effects of multiple scattering 
are ‘“‘maximal”’ (i.e., give rise to the greatest departures 
from the predictions of single scattering theory). It is 
of interest to note that the predicted maximal effects 
are in many respects similar to the “grating anomalies” 
or “Wood anomalies” observed by Wood,° Strong,° 
Ingersoll’ and Palmer® in the white light spectra of 
certain reflection gratings. The present analysis, based 
on the magnitudes and phases of the various orders of 
scattering, provides a simple and physically plausible 
interpretation of the pronounced bright and dark bands 
observed for certain wavelengths; this analysis also 
correlates more of the observed phenomena than does 
Rayleigh’s “dynamical theory of the grating.”® Fre- 
quent references to and comparisons with these experi- 
mental results will be found in the following sections. 

Because of the complexity of the solution, an intui- 
tive analysis of the intensity-wavelength curve, based 
on an analog of the vibration curves of diffraction optics, 
is provided to supplement the results of numerical 
calculations. The “vibration curve” is also used to 
derive simple, if approximate, relations for such meas- 

5 R. W. Wood, Phil. Mag. 4, 396 (1902); 23, 310 (1912); Phys. 
Rev. 48, 928 (1935). 

6 J. Strong, Phys. Rev. 49, 291 (1936). 

7L. R. Ingersoll, Astrophys. J. 51, 129 (1920); Phys. Rev. 17, 
493 (1921). 

®C. H. Palmer, Doctoral Dissertation, The Johns Hopkins 
University, 1951. 

* Rayleigh, Proc. Roy. Soc. London A79, 399 (1907); Phil. 
Mag. 14, 60 (1907); see also W. Voigt, Géttinger Nachr. 41 
(1910); Nachr. Math. Phys. K1, 40 (1911). U. Fano, Phys. Rev. 
50, 573 (1936); 51, 288 (1937); Ann. Physik (5) 32, 393 (1938). 
K. Artmann, Z. Physik 119, 529 (1942). These writers analyze 
reflection from a corrugated surface whose cross section is repre- 
sentable by a Fourier series. Artmann also presents an intuitive 


interpretation based on Huygens’ principle and multiple scatter- 
ing—an approach first suggested by Wood (see reference 5, 1935). 
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urables as the positions of the peaks of the bands, the 
ratio of band widths for different wavelengths, their 
resolution, etc. 


Il. THE FINITE GRATING OF PARALLEL CYLINDERs 
Complete Solution 


Consider a plane wave ¥;=exp[iKr cos(6+ a) }- 
the velocity potential for acoustics or the scalars of 
the Hertz vector potentials for electromagnetics (se 
Appendix*)—incident on a grating of t42N+1 cyl. 
inders of radii a.and spacing 0 as in Fig. 1. For symmetry 
purposes the reference origin of coordinates r, 6 is taken 
on the axis of the central cylinder at its intersection 
with the xy plane. 

The scattered wave is obtained by specializing oy 
previous result for an arbitrary planar configuration (3) 
to the case where the cylinders are identical, the s’th 
cylinder lies a distance sb from the reference origin, 
and the separation of any two cylinders is |s’—s|p, 
Thus we obtain 

i) N 
at PE sated? PED Phy 
m=1 


s=—N m 


an A nt” p H,,(Kr,)e'®—#4 s *B,", 


n 


(m—1) 
B.n=| Il =A Santa expLin™—Y a], 


u=(1) np 
Snu—l n= expli(n*—n*—!) 2/2] 
X20" A nu—1-nu(| s*—s*-"| Kb) 


3K 


X exp{ i€su—1su[_| s*—s*—!| A+ (n*!— n*) x /2]}, (1) 


where the A, are the scattering coefficients of the single 
cylinder (e.g., An=—J,(Ka)/H,(Ka) for ~+y; to 
vanish at each cylinder, etc.), the H’s are the Hankel 
functions of the first kind corresponding to outgoing 
waves for the suppressed exp(—iw/), and r, and @, locate 
an observation point P in the coordinate frame of the 
s’th cylinder; A= Kb sina, >)’ indicates that s*=s*~ js 
to be excluded from the sum, and €—-1.44=1 for 
s#=s*-', For m=1, the first order of scattering, the 
formal product over yw (yu indicating the number of 
primes distinguishing the indices) reduces to unity, and 
the sum over m (m indicating the orders of scattering) 
reduces to exp(ina). This expression when added to 9; 
constitutes a formal solution for the problem of the 
grating. 

We split the sums over s* into two partial sums corre- 
sponding to s#>s#—!, s*<s*-!, and introduce the posi- 


tive separation index o*~!= | s*—s*—'| to obtain 
S nu —1nu= expli(n*—!— n*) x] 
N-—su—1 
X 2 Anw-1—nu(o*—') exp(—io*1A) 
o#— le} 
N+su—1 
+ Zz HB yu—1—nu(o*—") exp(io*—1A), (2) 
olny 
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where Kb has been suppressed for brevity, and where 
yN in the first sum and s*~'+ —N in the second. 
The quantity Snu—1n,, the “multiple excitation factor,” 
consists essentially of two finite Schlémilch series for 
which, unfortunately, no explicit representations exist. 
The present problem is therefore much more compli- 
cated than the two cylinder problem‘ which involved 
only the first term of a series of this type. 

It can be seen that the first order of scattering com- 
prises 2.V-+1 terms corresponding to the waves singly 
scattered by each cylinder; the second order comprises 
2N(2N+1) terms, each of the 2.V+1 cylinders scatter- 
ing 2V waves as a result of excitation by the waves 
scattered by the remaining 2.V elements; and similarly 
the m’th order comprises (2.V)™~!(2.V+-1) terms. Differ- 
ences arise in the upper limits of the corresponding 
sums over s and o* of the various orders as a conse- 
quence of the finite number of elements, i.e., of the 
“end effects” of the finite grating. Thus the exclusion of 
a term s=.V from y? merely indicates that the V’th 
cylinder has none above it to contribute to its excita- 
tion. Similarly in ¥*, certain terms for s=.V—1 are ex- 
cluded, since s=N—2 is the highest cylinder whose 
tertiary excitations arise from the second order of 
scattering of a cylinder lying above it, which in turn 
possesses a secondary excitation from a still higher 
cylinder. 


Far Field Solution 


We proceed as Schaefer and Reiche! to the far field 
for distance of observation large compared to grating 
width. For Kr>1, Kr>|n| (the second condition im- 
plying that the A, decrease rapidly with increasing 7), 
we can employ H,(Kr,)—(2/irKr,)‘i-” exp(iKr,) 
=H)(r,)i-", where we have suppressed K and where it is 
understood that Ho is the asymptotic form. In addition, 
for r>Nb we have r,~r—sbsindb=r—sT and 6,~86 
—(sb/r,) cos8—0, so that Ho(r,)—Ho(r) exp(—isT) 
when we neglect s7<r, in the denominator of the square 
root in Ho(r,). Hence (1) reduces to 


¥=H(r)> A wad at) 3 a3”, 


y=T+A=Kob(siné+sina). (3) 
Thus the first order of scattering is 
V'=Ho(r)> nA nei ?> —»e6-*7=H CA(M), = (4) 


where the argument of Hy has been suppressed, C is 
the “single cylinder factor” }€,A, cosn(6+ a) [n=0 to 
n*=x-+2; x= Ka or |v| Ka, where » is the index of re- 
fraction; ¢,=1 for n=0, ¢,=2 for n>0], and 


A(N) = Ye-*7=sin(Ny/2)/sin(y/2) ; (4’) 


A() is the usual Fraunhofer “grating factor.” To this 
order of scattering the solution is of the form obtained 
in elementary treatments of a finite grating of slits, 
the far field solution of the single cylinder taking the 
place of the “single slit factor” as the “envelope” of the 
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rapidly oscillating A(Jt). Equation (4) for normal 
incidence is treated in detail in reference 1. 

The principal maxima of y' (neglecting the envelope) 
occur when 


g=0, +1, +2,---, (5) 
for which values A(Jt) reduces to Jt, the g’s being the 
spectral orders of the grating. Physically these occur 
when the path difference of the primary excitation at 
adjacent cylinders plus their path differences to the 
observation point equals an integral number of wave- 
lengths. The minima of A(Jt), equaling zero, occur 
when Yty=2g7, y#2q7; hence there are J{W—1 minima 
and Jt—2 small secondary maxima between two prin- 
cipal maxima. We employ the notion of a ‘‘A-function 
in Yt” to indicate this behavior, and will concern 
ourselves only with the principal maxima in following 
discussions. When white light or other broadband radia- 
tion is incident on a grating governed by A(t), the 
central maximum at 6=—a (or at 06=7+a) appears 
white, while on each side appear the various orders of 
continuous spectra. Although the situation differs if 
(3) obtains, we still accept y=2gmr as a labeling 
device to associate a particular wavelength with a set of 
angles of observation (or an interrelated sequence of 
wavelengths with a particular angle). We consider the 
terms in y appearing in all y” as yielding the angular 
distribution of the total scattered radiation, the remain- 
ing factors being essentially only source strengths whose 
values can modify the magnitude of a particular an- 
gular component but not alter its position. 


7* 2qr, 


Spacing Larger than Wavelength 


It is evident from (5) that the spacing must be large 
compared to wavelength for several spectral orders to 
appear; we now introduce this restriction explicitly. 
For Kb>1, Kb>|n*-'—n*| (or essentially b>a, A 
so that each element is in the far field of all the 
others), we employ H,_,'(¢)—H(c)i"’—", etc., where 
H(a)=h(c) exp(ic) is the asymptotic form of Ho(¢Kd). 
On substituting into (3) and summing the terms for 
positive and negative values of “, we obtain 


¥=Hoy.e*(C+Z(s)], 
Z(s)= ps Ca Suat 


ow ee 


xX } (TI Cn uS nunutl JC” nlm —1), 


m=2 4 
N—s# 
Snunut+1= ~ h(o*) exp[io*(1—A) ] 
oh] 


N+sH 


+exp[i(m—n*!)r] > h(o*) 


oKh= 


Xexp[io*(i+A)], (6) 


where 


C,’=€,A,cosn(0+7/2), Cy’ =€,A,cosn(a—7/2), 
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Fic. 2. Schematic of the values of K and sina for the individual 
conditions of (7) and (8) for the first spectral order. The inter- 
sections of the heavy lines yield values for which each order of 
scattering is a maximum, while the intersections of the dotted 
lines correspond to the minima; points on the individual lines 
correspond to partial fulfillment of the conditions. The greatest 
departures from single scattering theory correspond to values 
obtained by shifting the “network” of heavy lines slightly to the 
left (each intersection by a distance of the order of b/Np*), or to 
slightly longer wavelengths. Compare with Wood, reference 5, 
Fig. 1.3 (1935), which corresponds to the above with reversed \ 
axis. 


C,,°=€,A,; for m=2 the formal product over u equals 
unity. 

To this order of approximation in Kd the multiple 
scattered orders are all symmetrical with respect to the 
grating. Hence for the analogous grating of semicylin- 
drical bosses on a perfectly conducting plane, departures 
from single scattering theory will occur only for the 
component polarized perpendicular to the elements. 
(See Sec. 2‘ for a discussion of this for an arbitrary 
planar configuration and also for a discussion of the 
discrepancies in powers of Kb that (6) entails.) 

It can be seen from (6) that for y’, containing 
Snn, the multiple excitations of the s’th cylinder 
possess phase factors of the form exp[io(1+ 4) ] 
=exp[ioKb(1+sina) ]; the term in oKb corresponds 
to the path difference between the s’th cylinder and the 
sources of its excitation s’, while the term in +oK6b sina 
is the phase lead or lag of the plane wave excitation at 
s’ relative to that at s. Similarly for y¥’, possessing 
Snn’S nn’, the phase factors are of the form exp[io(1+ A) 
+io’(1+A)], where any combination of signs is per- 
missible, etc. 

At this point certain interesting conclusions can be 
drawn in regard to the wavelengths yielding the maxi- 
mal effects of multiple scattering. (For that matter 
these follow from rather elementary physical considera- 
tions for a grating with arbitrary identical elements 
subject to the present restrictions on the spacing.) It 
can be seen from (6) that the phase factors of the S’s 
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reduce to unity when 


Kb(i+sina) =2p.t, P+= 5, 2, 3, ate: (7) 


or when Kb sina=2p'x, Kb=2pz, where p’ and p are 
both integers (p, and p_ having even parity), or both 
half odd integers (p, and p_ having odd parity). The 
physical significance of integral ’ is that the primary 
excitation for these wavelengths is in phase at all 
cylinders (essentially as for normal incidence), while p 
integral means that the spacing is an integral multiple 
of the wavelength ; these two conditions insure that the 
multiple excitations of each cylinder arising from the 
remaining cylinders are in phase in any particular order 
of scattering. Similarly for p’ and p both half odd jp. 
tegral, although the primary excitation of neighboring 
cylinders is 180° out of phase, the fact that the spacing 
is an odd half integral number of wavelengths insures 
that the excitations of each element in each order are in 
phase. 

Hence if conditions (7) and (5) are fulfilled simul- 
taneously, then the waves scattered by all cylinders 
in each order of scattering are in phase at P. Thus 
each order of scattering is a maximum for angles of 
incidence, wavelengths, and angles of observation 
specified by sina=(p,—p_)/(pitp_), A=2bsina 
(p+— p_) =2b/(pi+ p_), sind=(2qg— p+ p_)/(pitp-). 
Now since the magnitude of each order of scattering 
must be large for any effects of multiple scattering to be 
appreciable, we expect that the most pronounced, or 
maximal, effects occur in the vicinities of these values. 
Whether the intensity is increased or decreased relative 
to its single scattered value depends on the phase rela- 
tions among the various orders of scattering. Thus were 
it possible for all orders to be in phase they would rein- 
force the first and increase the intensity, while if 
successive orders could be 180° out of phase they would 
partially annul the first and the intensity would be less 
than its single scattered value. In a future section, after 
we have introduced certain approximations, we will 
determine the maximal wavelengths for various boun- 
dary conditions. 

Similarly we deduce conditions for “minimal effects” 
of multiple scattering, i.e., those for which single scatter- 
ing theory is most valid. Thus when 


Kb(i+sina) = (2p,—1)7, (8) 


the total excitation of each element is a minimum, the 
initial phase difference at neighboring elements plus 
the phase difference due to the spacing introducing 4 
total phase difference of 180° between the excitations of 
each element arriving from successive neighbors. Hence 
half of the excitations of each element in each order are 
out of phase with the remaining half. Since this obtains 
for all orders, regardless of the phases of the orders, we 
expect the least effects of multiple scattering for the 
values specified by (8). 

In addition to the maximal effects occurring in the 


vicinity of the wavelengths of (7), we also expect that 
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fairly large effects will occur in the vicinity of wave- 
lengths satisfying only one of these conditions, i.e., 
either 


K+b(1+sina) =2p,7, or K-b(i—sina)=2p_m, (7’) 


for which some reinforcement among the multiple 
excitations of each element occurs; e.g., the first insures 
that waves from successive elements traveling “up” 
the grating as in Fig. 1 are in phase for y’, etc. These 
conditions were first proposed by Rayleigh® after ex- 
amining spectrograms obtained by Wood? which showed 
marked departures from the predictions of Fraunhofer 
theory ; Rayleigh later derived these conditions analyti- 
cally in his dynamical theory of the grating. His inter- 
pretation of their physical significance was based on 
their being the wavelengths having principal maxima 
in the plane of the grating. 

For future convenience Fig. 2 shows the values of K 
and sina for the individual conditions of the sets (7) 
and (8); the heavy lines correspond to the former, and 
the dotted lines to the latter, while the circled inter- 
sections indicate fulfillment of both conditions of either 
set. It will be shown later that the actual maximal and 
minimal wavelengths are displaced only slightly from 
these positions for the cases to be considered. (It 
should be noted that Fig. 2 is essentially a schematic 
of the series of correlated spectrograms obtained by 
Wood,® 1935.) 

Although y is simplified considerably by substituting 
the values of (5) and (7) into (6), the interdependence of 
the limits of the sums over s and o* arising from the 
end effects precludes explicit summation of the y”. 
To further the analysis we employ the artifice of neg- 
lecting the end effects in the following sections. 


End Effects Neglected. Explicit Solution 


For a grating consisting of an infinite number of 
elements, the excitation of each cylinder has the same 
form in any order of scattering regardless of its position 
in the grating, since each element has just as many 
elements below it contributing to its excitation as it has 
above; the excitation of all cylinders are in fact iden- 
tical for normal incidence. The limits of the sums in (6) 
would then be s=— © to +”, o=1 to ~, and would 
be independent of the indices of the preceding sums, 
there being no end effects for the infinite grating. In the 
following we assume that the number of elements is 
very large and take advantage of the simplifying fea- 
ture of the infinite grating by explicitly neglecting end 
effects and allowing the sums over o to range from 1 to 
V. What we do essentially is to consider the effects at P 
of only Mt elements of an infinite grating taking into 
account the contributions to the excitation of each 
element to all orders of scattering from only its N pairs 
of nearest neighbors; V is not necessarily (Jt—1)/2. 
By this procedure we simplify the problem considerably 
but no doubt lose some of the characteristics of the 
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finite grating hinging on the end effects; our motiva- 
tion is the agreement it yields with experiment. 
On neglecting the end effects, (6) reduces to 


¥=HA(M)(C+2Z), (9) 


where Z is formally as in (6) but is independent of s. 
The excitation factor is now 


N 
Snenet1= > H(o){e~*4+exp[i(m— n+l) Jie Ay 
o=1 


=S_+exp[i(nm—n**!)r]S,=(X, VY), (10) 


which equals 2)>H(c) cosoA=X if the indices have 
even parity and —i2)°H(c) sinoA=Y for odd parity. 
The sum over m as in (6) can now be performed ex- 
plicitly. 

Thus for normal incidence the y” form a geometric 
progression; the product over uw reduces to (C,°X)™?, 
where C,°=>-C,,°, n even. Hence, provided |C,°X| <1, 
we obtain 


v= HA(N[C+C/CLX/(1—CX)], 
X=25°H(o), (11) 


where C,’, C,”’ are the sums of C,,’, C,,’’, respectively, for 
n even and where a equals zero in A(Jt), C, and C,”. 
Except for X, hitherto untabulated, (11) is no more 
difficult to employ for calculations than the solution 
for the single cylinder.{ 

It can be seen from the series representation that the 
y™, m> 1, are all in phase to reinforce when arg(C,°X) =0 
and that successive y”, m>1, are 180° out of phase 
and partially annul each other when the argument 
equals 7. Whether the single scattered value is effected 
appreciably, however, depends largely on the magnitude 
of the sum in X (which has its maximum value of 
>o-? when Kb=2p7) and also on the phase of the 
second order relative to the first. Even were the first 
and second orders in phase, each order would be a 
maximum and all orders in phase only for the special 
case where Kb equaled 2pm and arg(C,°) equaled im/4 
simultaneously. In general, however, because of the 
particular physical constants of the cylinders, we expect 
that the greatest effects will be observed when the 
conditions on the excitations (that they be in phase in 
each order) and on the orders (that successive orders be 
in or out of phase) are only partially fulfilled simul- 
taneously. 

For a0 the situation is somewhat more complicated ; 
the orders 


V™=HAMN) YL Cr!SawCy®* 


n,n’ sss 


XK Sp(m—2)n(m-1)C"' p(m-1), m>1, (12) 


t We require |C.°X|<1 for the present approximate series 
representation of (11) to converge. A similar closed form ex- 
pression for the infinite grating of arbitrary identical elements, 
however, was obtained subsequently by Dr. S. Karp (through an 
integral equation approach yielding two linear simultaneous 
equations for the current density on each element), which is 
apparently valid for all values of the corresponding quantity. 
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do not in general reduce to simple products. There are 
four special cases, however, for which the y™ can be 
summed by inspection, viz., when either of the four 
quantities Y, X, S_, or S, vanishes. The first case Y =0, 
or S_=5S,, is physically significant since it obtains 
when the primary excitation is in phase at all elements, 
fulfilling one of the physical requirements we associate 
with maximal effects. (The cases S,=0, S_=0 are also 
of interest since they correspond, respectively, to only 
excitations traveling either “down” or “up” the grating, 
as in Fig. 1, being present. These cases, while not par- 
ticularly realistic for symmetrical elements except for 
special values of a, may be the more significant ones 
for gratings with asymmetrical elements or grooves for 
which pronounced shielding effects may occur in one 
direction.) 

The original derivation of an explicit representation 
for Z (as in (9)) for arbitrary a was based on the results 
for these four special cases.§ The procedure was -essen- 
tially as follows: we construct a general quotient whose 
terms are polynomials in X, Y which reduces to the 
known result when either X or Y vanishes; similarly 
we construct an analogous quotient in $,, S_. From the 
requirement that these two representations, or quo- 
tients, be equivalent and by comparison of their corre- 
sponding terms, we obtain the closed form for arbi- 
trary a: 


Z=C,'0-+C_'0,, 
0x=Sx[Cz"—(CC3"—C*Ce")S4] 
x {1-C%S_+5,)+[(C*—(C*)*]S_S,}-, (13) 


where 
Cy’= > €,A,cosn(0+ 2/2), Cz” => €,A,, cosn(aF2/2), 


C°= VenAn, C7*=>0(—1)"e,An, and provided that the 
absolute value of each of the terms of the denominator 
in S; or S_S, is less than unity. Details will be found in 
Sec. 4.24, footnote f. A more general derivation by Pro- 
fessor W. Magnus is in the present appendix. 

Hence we obtain 


v= HA(N)(C+C,’0_+C_'0,), (14) 


which constitutes the far field for a grating with width 
small compared to distance of observation, spacing 
large compared to wavelength and radius, and subject 
to the approximation that the end effects have been 
neglected. The first term of (14) is simply the single 
scattered wave. The interpretation of the remaining 
two terms is as follows: the factors C,’, or the single 
cylinder factors with a=+7/2, indicate that these 
terms consist essentially of two outgoing waves arising 
from excitations incident on each cylinder in the plane 


§ In the original version of this paper only these cases were 
considered. Equation (13) was obtained after Karp derived his 
for arbitrary a. 
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of the grating; the factors S, indicate the distributio, 
of the sources. Each of these terms contain C,”’, or the 
single cylinder factor with 6=+7/2, indicating tha 
these excitations are the waves scattered in the plane 
of the grating by the remaining cylinders. The presence 
of C° and C*, or the forward and back scattered single 
cylinder factors, merely indicates the intermediate 
effects of intervening cylinders after the plane wave has: 
been scattered by one and before it is finally rescattereq 
Thus each of the two multiple scattering terms of (14) 
arises essentially from two exciting waves, one traveling 
up the grating and the other down. 

For an infinite grating the solution would be of the 
same form as the above but more rigorous in that there 
would be no need to neglect the end effects. Thus we 
have 


y= >. Ho(r.)e~ 4D nA nei™?*(e*"*+-1"0_+ i-"0,), (14') 


where s goes from —* to « and oa from 1 and a, 
Although the sum over s can be performed explicitly, 
we will not consider this case further at present since 
the finite grating, albeit with end effects neglected, 
seems a better model on which to base a theory of the 
Wood anomalies. 


III. MODE APPROXIMATIONS 


To facilitate further discussion and to derive ap- 
proximate solutions which can be readily analyzed, 
we now restrict the problem to radii very small com- 
pared to wavelength (or to larger radii provided that the 
dielectric constant or index of refraction of the cylinders 
differs little from that of the external medium). The 
procedure we follow, an extension of that employed to 
derive (6), retains only the largest terms of all orders 
of scattering. It is based on the assumption that only 
certain of the m modes of oscillation of the single cylinder 
are significant for small values of x =Ka. (See Sec. 3) 

For x—0, the far field solution for the single cylinder 
to the order of x? reduces to Hof Ap +2A, cos(6+a)], 
or the cylinder can oscillate at most in its two lowest 
modes. Retaining only Ao and A; in all orders, or in Z 
of (13), yields 


Z={(A?—4A? sind sina) X 
+2A,A,[(sina—sin@) Y 
+(Ao—2A; siné sina) (Y?— X?) }} 
X[1—(Aot2A1)X4+2A0A1(X?— ¥?) F. (15) 
The “modes” Ao, A; and Ao+A, will be considered. 
For comparison purposes we note that the present 
second order of scattering equals 
Y= HA(M[(Ae—4A? sind sina)X 
+2A A; (sina—sin@)Y]. (16) 


Had we not neglected the end effects, we would have 
obtained a formally identical expression for y” but with 
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A(M)X, A(M)Y replaced by 


N-1 N-s cos 
2 = He) ee (orto) 
s=—N o=1 —{ i 


2N cos 
o=1 7 sin 


y'=Kb(siné—sina), (16’) 


where A(Jt—) is as in (4’) with MN replaced by Jt—c. 
We will employ this result shortly to compare the mag- 
nitudes of y” for end effects neglected and retained. 


Ay Mode, Isotropic Scatterers 


For a plane wave polarized parallel to a cylinder, or 
for a cylinder of zero impedance in acoustics, and 
Ka—0, the largest coefficient is Ao=iBye'*, where Bo 
and ¢ are real and positive (as for (10)*). Retaining only 
Ag in (15) yields 

y= y'/(1—AoX), Y'= HA AM), (17) 

7 

X=2>°H(c) coscA. 
We will first determine the range where single scattering 
holds and then consider the maximal effects of multiple 
scattering in detail.'° 

An analytic criterion for the range of single scattering 
is that the sum of the multiply scattered orders be 
smal! compared to the total scattered wave, or that 


B= |(W¥—W)/P| = | AoX | = Bo2t(2/rKb)'K1, (18) 


where / is defined by 


N 
te’? = T= a e'** cos(c Kb sina) ; (19) 


o=1 


T is essentially the sum analog of the Fresnel integral, 
but its plot in the complex plane is more complicated 
than the Cornu spiral (see Fig. 4). We note that for the 
present problem B is also identically | ¥?/y'|. For cases 
where it is not possible to sum y explicitly but where 
¥ can be readily obtained (e.g., when the end effects 
are retained), we would also employ |y¥*/y¥'|<1 as a 
criterion for single scattering theory ; since if | ¥°7|<«<]|y'|, 
it follows that | ~*|<|y*], etc. 

It can be seen that the criterion for this case could 
have been obtained simply by noting that the single 
scattering solution for the grating, on neglecting the 
end effects, is AoX when evaluated at any element. 
The wave each cylinder scatters in response is then 
proportional to this excitation factor so that the small- 
ness of the factor insures that the second-order wave 
scattered by the cylinder is negligible; similarly for the 





A solution which can be put in this form for an infinite grating 
of isotropically scattering cylinders was obtained previously by 
W. Franz, Z. ang. Phys. 9, 416 (1949) and R. Honerjiger, Ann. 
Physik 4, 25 (1948). Their derivation and interpretation were 
quite different from the present, 


higher orders. This same sort of approach could have 
been employed to write down (17) immediately; i.e., 
the excitation of each cylinder in each order is simply 
a multiple of AoX so that the wave it scatters is its 
single scattered wave times this quantity, (17) being 
simply the sum of all these terms. 

The quantity B of (18) differs from that obtained for 
two cylinders by the factor 24. Employing the maximum 
value of ¢ or 


N 

p iE 

o=1 
for an inclusive criterion yields, e.g., 2t~ 26 for N=50 
indicating a much more limited range of validity than 
for the two cylinders. Had we employed | ¥?/y¥'|, with 
y” as obtained with (16’), taking the end effects into 
account, the maximum value of ¢ would be 


2N 
NS MN-a)o 
o=1 


or 2t~ 24 for V=50; the difference of the two quanti- 
ties is negligible for the present purpose. These values of 
t indicate that the numerical values of Kb and Ka em- 
ployed to obtain B<5 percent for two cylinders now 
yield that the first- and second-order waves are of the 
same order of magnitude. Thus for the perfect conduc- 
tor, Bo=2/2In(2/cx), c=1.781---, we now require 
b/A~6X 108, 210*® for x=Ka=0.05, 0.005, respec- 
tively, to insure that B<5 percent. For two cylinders 
b/X=~9.4 sufficed for these values of x. (We ignore a 
term 2’/4 compared to In*(2/cx) in Bo for simplicity.) 
Similarly for the dielectric, By = x"/4, where for two 
cylinders x’=0.3, 6/A~1 sufficed, we now require 
b/A~600 for the same value of x’, or x’~0.06 for the 
same value of 6/\ to insure that B<5 percent. (x’ equals 
x times a factor depending on the physical constants of 
the cylinders; see reference 4.) For larger values of V 
the effects of multiple scattering become even more 
pronounced. Thus for V=5000 we obtain 2¢~ 280 (or 
2t~ 260 on taking into account the end effects) re- 
quiring much smaller values of Ka and much larger 
values of Kb for single scattering theory to be valid. 

The minimum values of ¢, corresponding to the mini- 
mal wavelengths of (8), are- 


N 
a, (tye 
o=1 
when the end effects are neglected and 
2N 
NY MN-«)(-1)%04 
o=1 


when they are taken into account. For V=50 or larger 
both yield 2¢~1 so that the effects are only of the same 
order of magnitude as for two cylinders and are, in 
general, negligible. 

In general, the total scattered wave consists of the 
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TIN A 


Fic. 3. Sketches of the excitation factor 
N 
T= a Mei = fe'T=C+iS 
o=1 


in the complex plane for four different values of 5, and N large; 
the horizontal axis is ©, and the vertical is S; the variable is NV. 
Case a corresponds to r~125°, 5=2/2, while cases b, c, and d 
correspond to r= —45° and the respective values of — Né~3x/4, 
72/4, and 1172/4. 


single scattered wave divided by a rather complicated 
function of the parameters. The grating scatters iso- 
tropically in the sense that a particular wavelength has 
the same intensity curve in all its spectral orders, or 
that its principal maxima have the same form. For a 
particular spectral order, however, although the single 
scattered intensity varies only slightly with \ and a, 
the total scattered intensity depends markedly on these 
quantities. From the discussion of (7) and (8) we expect 
that a series of collated white light spectrograms for a 
given spectral order will resemble Fig. 2 in that the 
most pronounced variations will be found in the vicini- 
ties of the heavy lines; however, we have yet to de- 
termine their displacement. We now proceed from ele- 
mentary considerations to deduce the magnitude and 
direction of the displacement of the “‘network”’ of the 
peak effects from that of Fig. 2, and the qualitative form 
of the “departure” 


R= |/P'|?= |1—AoX |~. (20) 
We rewrite (17) as 
y=y'/(1— Be*)=y'[1+ Be®+ Bre... ], (21) 
where B= | A X| as in (18) and where 
B=7+o9+7/4 (22) 


is the phase difference of successive orders. From ele- 
mentary considerations we expect intensity maxima 
when each order of scattering is a maximum and all 
orders are in phase. The first condition, requiring that 
excitations in each order are in phase, is met by the 
wavelengths of (7) which yield r=0, t=}0o~, while 
the second requires 


B=2nr, n=0,1,2,---, p=W/(1—B). (23) 


However, these conditions on 7 and £ can be satisfied 
simultaneously only when ¢+7/4=2mr7, which is a 
rather unrealistic case. For the usual physical substances 
no wavelengths satisfy both conditions simultaneously, 
the maxima occurring when each is only partially ful- 
filled. (Note that ¢=0 for a perfect dielectric and that 
@=7 for a perfect conductor; the second assumes that 
m/2 \n(2/cx)<1.) 


It is clear that merely requiring that all orders of 
scattering be in phase, and their graph in the complex 
plane a straight line, may not necessarily yield maxj- 
mum scattering since the graph of the excitations may 
“spiral’’ and the magnitudes of the individual orders of 
scattering be small; the extreme case of this is the 
minimal case (8) mentioned previously. Another ex. 
ample is illustrated in Fig. 3a which is a graph of T 
in the complex plane for Kb(1+sina) = 2p,7+ 7/2, ex. 
citations of each cylinder reaching it from pairs of 
successive neighboring cylinders (or “‘successive excita- 
tions”) being 90° out of phase. It can be seen that al- 
though the phase of the resultant 7 is roughly 125° so 
that (23) is approximately satisfied for ¢=7 (for a 
perfect conductor), the effects are slight since the mag- 
nitude of the resultant ¢ is less than that of the leading 
term of the series. Similarly for the reverse of this 
situation, although all excitations in each order may be 
in phase and their graph a straight line, the graph 
of the orders of scattering may spiral and the total 
scattering be small; in fact, if the resultant of the ex- 
citations is large while successive orders are out of 
phase, i.e., 


B=(2n+1)r, p=y'/(1—B), (24) 


minima of the total scattered wave occur. 

The graphs of T for the largest values of ¢ for r= — 2/4, 
are sketched in Fig. 3b, c, d for V very large; this value 
of r satisfies (23) for ¢=0, the perfect dielectric, and 
(24) for ¢=7, the perfect conductor. The largest of 
these values of ¢ occurs when the phase difference of 
successive excitations, say 6, is sufficiently small so 
that the graph approximates a “simple arc”’ as in Fig. 
3b. This value of 6, say 6’, yields the extrema of (1 B)* 
corresponding to an intensity decrease for the conduc- 
tor, and an intensity increase for the dielectric. We ex- 
pect, however, that the maximal effects will occur fora 
smaller value of |65|, say 5a lying between 0 and @’, 
for which the excitations are more nearly in phase than 
is required by (23), (24). Thus 6=0 satisfies (7), while 
5=6' satisfies (23), (24); neither by itself yields the 
maximal effects, which occur rather for, say, 6a ~4'/2, 
as a rough figure of merit. 

We obtain an approximate upper limit or figure of 
merit for 6’, in terms of V and ¢, from the following 
considerations.|| The largest value of ¢ with a phase of 
— 45° occurs when the graph of the excitations is still 
a simple arc as in Fig. 3b. For this simple arc case to 
obtain, we require that the last vector (the V’th excita- 
tion) make an angle less than 90° with the resultant, 
since if this angle is greater than 90° the graph has 
already begun to “spiral” to assume the form of Fig. 3c 
and the resultant has begun to decrease. Hence, for the 
largest value of ¢ commensurate with r= — 45° we have 
| N6’| <w/4+72/2. In general, |.Vé'| <|7|-+-2/2 where 
|r| is prescribed by (23), (24). 


|| The writer is indebted to Professor W. Magnus for sug- 
gesting this. 
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MULTIPLE SCATTERING THEORY 


We accept |6’|~32/4N as a convenient figure of 
merit. The most interesting feature of this result is that 
8’ depends only on .V, the number of nearest neighbors 
we take into account, and on ¢, the phase of the scatter- 
ing coefficient of the single cylinder, and is apparently 
independent of the remaining parameters of the prob- 
lem. Now since the maximal value 6a does not differ 
greatly from 6’, we accept as a working hypothesis that 
a also depends primarily on V and ¢ and is indepen- 
dent of the other parameters. Hence the greatest effects, 
decreasing the intensity for the perfect conductor and 
increasing it for the perfect dielectric, occur for the 
maximal values 


Kab(1tsina)=2psrt+ba, Ta= Doo 'e'®4, (25) 


where da is a small negative quantity between 0 and 
—3xr/4. From this expression certain interesting fea- 
tures of the intensity curves can be obtained imme- 
diately. 

On writing Kab=Kob+6a, where Ko corresponds to 
the wavelengths for 6=0, we obtain for the displacement 
of the maximal wavelengths from the values of (7) 


Aa=Aa—Ao= —barvdAa/27b 
=|ba|b/2rp?<3dr?/8Nb. (26) 


This indicates that the maximal effects are “shifted to 
the red,” i.e., occur on the long wavelength side of the 
wavelengths A»=0/p, the displacement being roughly 
proportional to dg ?/.Vb, the square of the wave- 
length divided by the width of the grating. (For the 
conducting dielectric,: Aa<(¢+32/4)/27bN.) From 
this and the preceding discussion it can be seen that the 
most pronounced effects cover a finite portion of the 
\ axis, and form a “‘maximal band” whose “peak”’ is at 
Aa> Ao; this agrees with references 5-8. The band widths 
are essentially proportional to Aa so that their ratio for 
different Aa’s, the other parameters being fixed, is 
approximately 


Wp/Wpri= w= (p+1)/p*. (27) 


Thus w~ 1.8 for p=3 or the band near \y=06/3 should 
be almost twice as wide as that near \y)= 0/4; this agrees 
with spectrograms for a=0 obtained by Wood,® 1935. 

If the incident radiation is white, we expect that these 
bands will be dark relative to neighboring wave- 
lengths if the elements are perfectly conducting, and 
bright if the elements are perfect dielectrics. It is 
evident from Fig. 3, however, that these bands are not 
simple intensity extrema (as for two cylinders), but 
that they are flanked, ‘at least on the long wavelength 
side, by a succession of “local extrema” which become 
less pronounced as |6| increases. From Fig. 3 we can 
deduce the form of the curve of R=|/y'|? vs X, or 
R vs —6. Thus for the conductor as \ increases, the 
curve passes through a deep minimum indicated by 
Fig. 3b, rises to a low local maximum with R still less 
than unity indicated by Fig. 3c, and falls to another 
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minimum not as low as the first as indicated by Fig. 3d. 
With increasing \ the values of these local extrema ap- 
proach unity, or yy’, as A approaches its minimal 
value, or 6—7. The approximate positions of the first 
few local extrema are obtained by adding multiples of 
a/N to that for the maximal value; i.e., Vd’ ~ — 2/4 
—(2n—1)2/2, the odd values of » corresponding to the 
minima, and the even to the maxima. Only the first few 
are significant, however, because of the behavior of T 
with increasing 4; i.e., it can be deduced that T has the 
spiral form indicated by Fig. 3d until |6|=72/2 is 
reached, and that thereafter the graph becomes a 
jagged “‘star patch” with a rapidly decreasing resultant. 
The largest value of |6| yielding p= —45°, however, is 
much less than 2/2, and the largest value of | 6) yield- 
ing a resultant of appreciable magnitude is smaller still. 

For the perfect dielectric the situation is essentially 
as above and its discussion requires merely the inter- 
change of the words maximum and minimum, high and 
low, etc. 

Another significant feature of the R—X curve that 
can be established without numerical calculation is that 
the sharp boundary of the peak occurs on its short 
wavelength side. Thus for A=2p’m the largest term of 
OR/ddX is (bK?R?B/rt)>-(\/c) sin(Kb+¢+7/4). The 
largest value of this term occurs in the immediate vicin- 
ity of Xo where this quantity, « g=sin(¢+7/4)>°(v/o), 
is very large. For the perfect conductor ¢=7, g equals 
—|g| indicating that the intensity drops sharply in the 
vicinity of Ao, while for the perfect dielectric ¢=0, 
g equals | g| indicating a sharp intensity rise. (The sharp 
boundary at A» agrees with the previously mentioned 
experiments.) 

For \<Xo, 6=|6| (the short wavelength side of the 
peak), the situation is not as clear cut. Although the 
value t=32/4 satisfies (23), (24), yielding opposite 
effects to those for r= — 7/4, these are negligible since 
T falls in the ‘‘star patch” region mentioned previously. 
We surmise, however, that other positive values of + 
exist for which the effects are appreciable, since the 
R— dX curve for \< Ao should be essentially of the same 
form as for \>Xpo. The two regions of the curve must be 
complimentary in character, however, in order for 
energy to be conserved. Furthermore, since the ‘“‘periodi- 
city” of the extrema is 27/.V in the vicinity of Xo, the 
local extrema for \< Xo correspond to .Vé’ <(1/4+)z, 
so that they interlace those for A>Ao, the first being 
shifted more to the blue than the peak was to the red. 
These values of 6’, corresponding to the last vector 
roughly parallel to the 45° line, yield a set of positive 
values of + between 7/8 and 32/8 which approach 
m/4 with increasing 7. It is not obvious, however, that 
these values of 7 yield local extrema for \<Ao since 
successive orders of scattering are neither approximately 
in nor out of phase. While the magnitudes and phases 
of the orders may be such as to yield appreciable de- 
partures of R from unity, this remains to be established 
numerically. 
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We return now to consideration of the maximal peak, 
to obtain some idea of its angular width. We take as a 
figure of merit the range bounded by Xp» and the first 
local extremum on its long wavelength side, i.e., (77/4.V) 
X (b/2rp*’) ~b/N p’ =W. For normal incidence the angu- 
lar positions of the A ’s are given by sin? =qg/p=qdo/b. 
Hence A(sin@) = gAXo/d, or for relatively small values of 
6, A06=qgW/b=q/Np*. Thus the maximal band is quite 
narrow, subtending only a small fraction of a degree, 
even for only moderately large values of V; e.g., for 
g=1, p=3, and V=10, 10°, 10%, 10* we obtain A@~40’, 
4’, 0.4’, 0.04’, respectively. In general, we have 
Ad=q/N fp’ cos0=qXo/bpN cos@ which for 2t~2N is of 
the same order of magnitude as \o/Jtb cos6, the angular 
half-width of a principal maximum of A(Jt). It can be 
seen that if all parameters but a and @ are held constant 
(the bands occurring for sina=p’/p, sindo=(q—p’)/ 
pb, p’=0, 1, 2---p), then as a@ increases, @ decreases and 
A@ or the band width should decrease. (See Wood,°* 
1935, where this decrease occurs but more rapidly than 
if due solely to a sec@ effect.) The resolving power for 
the maximal band is \, /A, ~ pN, or of the same order 
of magnitude as gt for a principal maximum of A(J). 
This implies that for a discrete source, multiple scatter- 
ing may have marked effects on one of two closely 
neighboring lines without effecting the other appre- 
ciably. (This was observed by Wood,* 1902, with the 
sodium D lines having a separation of 6A or \/A~ 10°.) 

It should be kept in mind that although NV is propor- 
tional to Yt, the number of elements, it is not necessarily 
of the same order of magnitude, particularly for gratings 
with more complicated elements for which shielding 
effects arise, or when absorption in the external medium 
is significant. These present relations, however, when 
correlated with measurements of the widths of the peaks 
and their displacement from Xp» should indicate an 
appropriate value of NV for a particular grating. 

The relative intensities of the bands in different parts 
of the spectrum can also be deduced. For the perfect 
conductor, B=t/p'In(2/cx)«*/In(A/car) since we 
assume that 6, , and consequently /, , is independent of 
the wavelength; hence B increases as \ increases, the 
effect of the square root overshadowing that of the 
logarithm. The bands should therefore depart more from 
their single scattered values for the longer wavelengths. 
These are not necessarily the darkest, however, since 
the total intensity increases as \/In*(\/ cam). The least 
intense bands (lowest values of |y|*) may therefore 
occur for the shorter wavelengths, while the most pro- 
nounced (lowest values of R) should occur for the 
longer wavelengths. 

For the perfect dielectric, B=x’t/2p!«—!; thus B 
increases rapidly with decreasing wavelength. Hence 
the largest values of R occur for the shorter wavelengths 
and these bands are also the brightest since | |? A~*. 
For the conducting dielectric the situation is essentially 
as for the perfect dielectric, but since for this case @ 
is usually between 0 and 2/2 we expect that 6a will 
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be somewhat larger [corresponding to the larger values 
of r prescribed by (23) ]. Consequently the maximal 
effects occur for longer wavelengths and are less pro- 
nounced than for the perfect dielectric. 

It can also be seen that although the bright bands 
may have intensities many times their single scattered 
values, the least intensity of a dark band is only of the 
order of one-fourth its single scattered value (since all] 
orders reinforce the first for the maximum, while there 
is only a partial annulment for the minimum). This 
is of course evident from wy of (24) and the condi- 
tion that Buax? <1 to insure convergence. 

We have for simplicity confined ourselves to this 
point to the bands for which A= Kb sina=2)’z, oc- 
curring in the vicinity of and displaced to the lower left 
of the intersections of the heavy lines in Fig. 2. (Those 
of the figure occur at \y) =b/p, sina = p’/p, whereas the 
ones we considered fall at longer wavelengths, \=), 
+Az, and at very slightly larger angles, sina =2p'x/ 
(2p7+6,).) The discussion will now be extended to the 
partial maximal effects corresponding to the heavy lines 
of Fig. 2 and the conditions of (7’). 

We write 


27 =Ty+T_=te*++1e*- = Do Heint+ 4 + eiatt—ayy 
Bs=B)(2/Kbr)'tz, Bs=et+ri+7/4, 
and obtain in analogy to (21) and (23), (24): 
y=y'/(1— B,e%+— B_e'®-), (28) 


and 
= (2n,+1)r. (29) 


Thus if 8,=2n,2 while @_ is arbitrary, the scattering is 

increased, while if 6,=(2n,+1)7, it is decreased. 

For wavelengths in the vicinity of K+ we write 
Kb(i+sina) =2p,7+6+= K*+b(1+sina)+<6*, 
Kb(1—sina) = (2p,7+6*)(1—sina)/(1+sina), 


Bs =2n47, 


30) 


where we have omitted the maximal symbol a« for 
brevity, and obtain 


2T =o exp(icd*) 
+exp[io(2p,7+ 6+)(1—sina)/(1+sina) }}, (31) 


which reduces to 27 as in (25) for Kbsina=2p)'r, 
6-=6+=6. (Similarly for the vicinity of K—, we replace 
+ by + in the above.) It can be seen that in general the 
effects now depend on \ and a. Thus if Kb(1—sina) 
differs appreciably from 27, the contribution of T_ 
are small and B is of the order of half the value it has 
at the intersections; while if Kb(1—sina)~2p7, the 
effects are essentially as for the intersections. 

For the shift of the peaks to longer wavelengths corre- 
sponding to (26) we have 


A. =)at—At=—6*Aa+A\*/2eb(14sina). (32) 


We note that for the case treated previously, A = 29's, 
although 6+=6,, the peak values corresponding to \* 
and \~ were displaced by different amounts in order for 
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MULTIPLE SCATTERING THEORY 


them to coincide at A=Ao+Aa;; i.e., Ay #A_¥Aa so 
that for a given value of a the intersection at A=2p'r 
arises for \*+#A~. The peaks corresponding to the 
intersections of the heavy lines of Fig. 2 (At=A-=Xo, 
sina=(p+—p_)/(p++p-), AX¥2p’m) are shifted by 
A,=A_=Ao, but 6+#6 and there is no displacement 
in a; thus if Kb(itsina)=2p,7+6+= K+b(1-+sina) 
+§+, K*= Ko, we have A, = Ao= — dpa Ao/ 27, 59 = 5*/ 
(1t+sina). These quantities Ao, 59 should not be con- 
fused with those occurring for A=2f’z, although the 
yalues of X and @ at which the two effects occur are 
practically identical. We note that for the present case 
2Kb=2Kob+ 250, formally analogous to the previous, 
but that 2Kb sina=4p’r+ 26) sina. This differs from 
the previous by 2é9sina which indicates that the 
effects are at the same value of a@ at which Xp occurs 
rather than at a larger value of a as for the previous case. 
Introducing 6+=69(1-sina) into (32) and assuming 
as for the previous 6a that 6 is independent of the 
wavelength yields for the partial maximal effects 


Ay = —Sp\a*h*/20b~ — 6o(1-Esina)*b/2rp,2, (32’) 


so that the shift to the red of the peaks of the bands and 
the band widths are proportional to the square of the 
wavelength as for the case treated previously. 

Substituting 6+=69(1-t-sina) into T of (31) and into 
its analog for K~ yields 


2T= Yoo {exp iodo(1-tsina) |+exp[iodo(1F sina) 


+io2p,(1Fsina)/(1+sina) }}. (31’) 
This reduces to 


2T= Yo {exp[icdo(1+sina) ]+exp[icdo(1—sina) }} 


for A*=A~, where (1 sina)/(1-+-sina) = p+/p,, which 
although not as simple as (25) (except for a=0) is of 
the same order of magnitude and indicates essentially 
the same sort of effects. 


Numerical analysis: The results of numerical in- 
vestigation of the total scattered wave of (21) will now 
be presented. This work was undertaken to support the 
above physical arguments and to check the assumption 
that 6, depended primarily on N and ¢ and only 
slightly on A. The specific (and not necessarily realistic) 


‘numerical examples considered show that these argu- 


ments and this assumption were justified, and also 
substantiate the various figures of merit and relations 
for the ratio of the band widths, their structure, resolu- 
tions, etc., that were obtained. 
Employing the formalism of (25) for all values of 
\ for A= 2p’ we write 
T= Yio tei? =C+iS, 33 
6= Kb(istsina)—2p,4r= Kb—2pr, (33) 


where © and © are real. Employing the “Euler sum 
formula’ to derive a more rapidly convergent repre- 
"See, for example, L. Bieberbach, Lehrbuch der Funktionen- 


a (Chelsea Publishing Company, New York, 1945), Vol. I, 


S=(2x/8)![S(N6)—S(8)] 
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Fic. 4. Sketch of T in the complex plane for N = 104 
and 6 varying froin 0 to z. 





sentation for © and © yields 
© = (2x/8)*[C(NS) —C(6) ] 
+(cosd+cosNV6/4/N)/2+ (cosé/2+ 6 sind 


—cosN6/2N!—6 sinN6/s/N)/12---, 
/ /V/N)/ (34) 


+(sind+sinN 6/4/N)/2+ (siné/2—6 cosé 
—sinN6/2N!+ 6 cosN6/4/N)/12---, 


where C(N56), S(N6), etc., are the tabulated Fresnel 
integrals.’ These are rapidly convergent for NV large or 
small. Thus for 6=0, }-o-!=@=+2N!—1.46+3N-3 
yields results agreeing to at least three placed for V>50 
with those obtained by adding tabulated values of o~}; 
e.g., 18.6, 61.7, 198.5, for V= 10", 10°, 104, respectively. 
For 6=7, (34) yields an error of only about 5 percent 
for large NV. 

A plot of © vs S for 5=0 to resembles the sketch 
in Fig. 4 for large N ; the “pigtail” spiral becomes more 
or less parallel to the 45° line with increasing V, but 
the curves for different values of N cannot be made to 
coincide by simply changing the scale factors.{/ (For 
5=0 to —7 we obtain the image of this curve in the 
real axis.) The periodicity of this spiral does not differ 
greatly from that of the Cornu spiral, as expected, and 
the present curve is what would be “‘obtained”’ were the 
starting point of the Cornu spiral in the first quadrant 
shifted to }-o~? along the real axis and its center pulled 
out along the 45° line to about —0.5. It can be seen that 
Fig. 3b, c, and d correspond, respectively, to the first 
three intersections of the image of this curve with the 
— 45° line, while the local extrema for \< Apo correspond 
to portions of the curve parallel to the +45° line. The 
first intersection occurs for |6|~+2.97/4N for N=10, 
10°, and 10, which agrees with our previous upper limit 
|6’| <3m/4N. 

Figures 5, 6, and 7 are of R= |p/yp'|? vs 6= Kb—2pr 
in degrees for V=10', 10°, and 10°, respectively. The a 
curves, the dark bands, are for the perfect conductor 

#2 FE, Jahnke and F. Emde, Tables of Functions (Dover Publi- 
cations, New York, 1945), p. 35. 

4] This function has been analyzed graphically and numerically 
with N and 6 as parameters; tables and curves will appear shortly 
in a report by Joy Russek and the writer. Mrs. Russek was also 


of great assistance in the numerical computations required for 
the graphs of the present paper. 
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Fic. 5. Plots of R= |y/y"|? vs = Kb—2pz for the polarization 
component parallel to the elements of the transmission grating 
with Ka very small; computations for the curves are accurate to 
about 5 percent. The dark bands a, a’ are for the perfect con- 
ductor for \»>=b/3, 6/4; the left R scale is used for these curves. 
The bright bands b,b’ are for the perfect dielectric for \y>= 6/4, b/3; 
the right R scale is used. The displacement of the curves from the 
horizontal lines R= 1 indicates the departure from single scattering 
theory. The inserts show mean values of R on logarithmic 6 
scales. Because of the approximations employed (particularly the 
neglect of the end effects), only the gross features of these curves 
should be observed experimentally. The present curves are for 
N=10'; values of the other constants are in the text. 


for p=3, and the a’ curves or their remnants are for 
p=4; the left R scale is to be used for these curves. The 
6 curves, the bright bands, are for the perfect dielectric 
for p=4, and the 0’ curves or their remnants are for 
p=3; the right R scale, with a scale factor one-tenth 
that of the left, is to be used for these curves. Note the 
reversal of the wavelengths \»= 0/3, b/4 for the primed 
and unprimed curves for ¢=0 and x. The unprimed 
curves, corresponding to the wavelengths yielding the 
larger effects for the particular case, are associated with 
the longer wavelength for the conductor and with the 
shorter for the dielectric. 

To facilitate comparison of the bands for different 
values of .V, the same “normalization,” Bmax = Bo2>.07'/ 
«p'=0.9 was chosen for the unprimed curves for all .V 
so that all have the same value of R for 6=0. This pre- 
scribes different values for the ratio of the radius to 
spacing, say “, for each value of NV and Bo, u increasing 
markedly with decreasing \, particularly for the perfect 
conductor. Thus for curves a and a’ we have u=2.53 
X 10-*", 3.77 10-8, 3.93 10-7, while for curves 6 and 
b’, uw’ =5.37XK 10, 9.6210, 1.75 10-*, for V=10', 
10°, 10°, respectively. Hence the larger the value of x, 
the smaller the value of V required to obtain intensity 
ratios of the same order of magnitude. The normaliza- 
tion also prescribes the maximum value of B for the 
primed curves so that for the a’ curves Bmax=0.782, 
0.784, 0.798, for V = 10*, 10°, 10°, while for the d’ curves 
Bmax= 0.585 for all V. 

Our surmise that the maximal value of 6 depended 
primarily on N for a given value of ¢ is substantiated 
by these curves; there is only a very slight shift to a 
smaller value of 6 for the larger Ao. Although corre- 
sponding curves of the graphs are not congruent, their 
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deviations are relatively superficial and the positions 
of the local extrema agree closely on a scale of 8/N. 
Thus the peaks of the maximal bright bands occur fo, 
5a ~ —(2.4)2/4N, while the “peaks” of the dark bands 
fall at 6a~—(1.1)7/4N. It can also be seen that the 
largest absolute slopes occur for the short wavelength 
side of the peaks as deduced previously. 

Our remarks on the character and positions of the 
local extrema are valid in their essentials. Although the 
departures of R for \>Xpo are more pronounced than 
those of their complements for \<Xo, the former ap 
proach unity more rapidly as 6-7. Taking into cop- 
sideration the logarithmic scales of the inserts (showing 
mean values of R for | 5| approaching the minimal value 
of 180°) we surmise that a more detailed investigation 
will show that energy is conserved in the process. The 
distance between the local extrema flanking the peak js 
approximately 550°/N, or differs by less than a factor 
of 2 from the value 87/4 employed previously as a 
figure of merit. The peak of the bright band, however, 
is narrower than that of the dark and is also more pro- 
nounced because of its relatively less prominent local 
extrema. The “contrast” of the bands, or Rmax/Rmia, 
increases with increasing X» for the conductor and de- 
creases for the dielectric, the change being much more 
pronounced for the latter. The contrast also increases, 
and the peaks become more marked, with decreasing V 
for the same normalization. 

These curves for R correspond physically to values 
obtained for fixed a and @ with incident monochromatic 
radiation of different wavelengths, the suppressed graph 
of |y'|? being that of the principal maximum and 
secondary maxima of A(t) for these angles. However, 
we may also regard these graphs, and those of | y|* to be 
discussed shortly, as corresponding to values obtained 
for fixed a but with varying monochromatic radiation 
and with varying 6, the angle @ being that which yields 
a principal maximum for the particular \ and a@ under 
consideration. Hence the single scattered intensity, 
equaling |y'|?=9?B,?2/rKr, can be considered as 
constant in the immediate vicinity of A» and identical 
for curves a and 6b by virtue of the normalization. 
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Fic. 6. Same as Fig. 5 for V= 10°. 
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MULTIPLE SCATTERING THEORY 


Were we to ignore possible discrepancies arising from 
the neglected end effects, the mode hypothesis, and the 
presence of the transmitted plane wave, and were we to 
assume in addition that the spectral lines of A(Jt) were 
of infinitesimal width, we could regard these curves as 
corresponding to spectrograms in the vicinity of the 
\,’s for incident white light. Because of the finite width 
of a principal maximum of A(M) and because of its 
secondary maxima, however, there will always be 
present some “background” light of different wave- 
length than that corresponding to a particular angle 
of observation. To facilitate further discussion and com- 
parison with experiment, however, we accept these 
curves aS corresponding to spectrograms for white 
light, but expect that many of their details will not be 
detected experimentally. 

Figure 8, showing |y|? vs \ for the parameters of 
Fig. 6 (unity on the intensity scale equaling |y"|* for 
p=3, d=7, or p=4, ¢=0), is therefore regarded as 
approximating an experimental intensity curve near the 
\y’s. We expect, however, that rather than our oscilla- 
tory bands, “wedges”? bounded sharply on their short 
wavelength side and “tailing off” on the long wave- 
length side will be observed experimentally. The widths 
of the peaks are 1.025X10~°b for p=4 and 1.82 10° 
for p=3, their ratio being 9/16 as determined pre- 
viously ; the bands with their tails are of course much 
wider, but the ratio should be preserved. The darker 
band occurs for the shorter wavelength for the conductor 
and for the longer wavelength for the dielectric. 

The quantity |~|? can be considered as proportional 
to the total intensity or Poynting flux provided that 
A(Q) is sufficiently large so that the incident wave and 
the interference terms of the incident and scattered 
waves can be neglected. For the minima of |~|?, how- 
ever, or in general when 9 is small, these must be taken 
into account as in (21),* (22)* to obtain the total physical 
fields and derived quantities for comparison with ex- 
periment. To evaluate these quantities we require 


f= Re pe-i*ros+@) ]= DR(cosq-- B cosq’), (35) 
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Fic. 7. Same as Fig. 5 for VN=10. 
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Fic. 8. Plots of |y|? vs \ for the values of Fig. 5. The left | y|* 
scale is for curves a,a’; the right, for 6,b’. The normalization 


is |W Jo=|'|,.=1. 


where 
D=A(N)Bo(2/rKr)', R=|1—Be's|~— 


g= Krl1—cos(6+ a) ]+¢+7/4, 


and 
q =q—8=Kr[1—cos(0+ a) ]—r. 


For D>0O.1 these terms are negligible compared to 
|y|?=D°R, particularly for R large. For moderate 
values of D and small values of R, however, they must 
be considered. Thus when successive orders are out of 
phase, f= — Dcos{ Kr 1—cos(@+ a) ]+7/4}/(1+ B)and 
|y|*=D*/(1+B)*. The largest values of B are of the 
order of unity so that the first term is proportional to 
D/2 as compared to D?/4 for the second. If these two 
are of the same order of magnitude, or if the first is much 
greater than the second, the intensity curves will be 
quite different from those we have considered. More 
generally, the plane wave and interference terms will 
tend to smooth out the local extrema to form a gradual 
tail for the effects. 

We note that the convergence requirement, Byax?<1, 
for a given value of N, \, and 5/r furnish an upper limit 
for the single scattered intensity, or D*, provided that 
N is the total number of pairs of cylinders (rather than 
some fraction). Thus since |y~'|?=D®= Bmax?(N/tm)* 
X (b/r)<(N/tm)*(b/r) and since we require that 
Nb<r, we have DN /t»?. (We have eliminated By 
by means of (18), replaced A(Jt) by 2N, and written 
tm for the maximum value of /.) Using the previous 
values for tm=)_°~} we have tp2~4N. Hence D’<1/4 so 
that the plane wave and the interference term need to be 
taken into account, particularly for the minima. It 
can be seen that the convergence requirement necessi- 
tates that the usual Fraunhofer effects be weak for 
these gratings if V is of the order of Jt/2. 


A, Mode 


For a plane wave polarized perpendicular to the axis 
of a dielectric cylinder, or a gaseous cylinder in acous- 
tics, and Ka—0, the largest coefficient is A,=iB,e‘* 
(as for (16)*). Retaining only this coefficient in (15) 
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yields 


Y= A(N)Ho2A i[cosé cosa—siné sina/(1—2A 1X) ] 
=+yo'/(1—2A1X)=y.-+0, (36) 


where Y'=P)+yYo'=HpA(MN)2A1 cos(6+a). To this 
order of approximation only the odd component, or 
that symmetrical to the grating, is effected by multiple 
scattering, the solution reducing to its single scattered 
value for either a or 0=0. With increasing a and @ the 
odd component prevails (plots of R for ¥.~yWo would 
differ greatly from those discussed previously), until 
finally for either a or = 7/2 the total scattered wave 
becomes formally identical with y of (17) for the dielec- 
tric case. 

Hence for large a and 6 for a perfect dielectric, maxi- 
mal effects of the same type occur for both the per- 
pendicular and parallel components and at the same 
wavelengths. However, since the present 2B equals 
2/(ke+1) times the B that occurred for the parallel 
component,** and also because of the “background” 
factor cos@ cosa, the effects are now less pronounced. 
For the conducting dielectric the phase factors ¢ are 
no longer zero and maximal effects occur at different 
wavelengths for the two components. 

The total scattered intensity and the interference 
terms are given by 


| ~|*=4D"{cos’a cos?@— Ro sin@ sina 
<([2(1—2B cos8) cosé cosa—sin@ sina ]}, (37) 
f=2D{cos@ cosa cosg— Ro sin#@ sina(cosg—2B cosg’)} 
Ro= |1—2Be'#|-2, 


where the symbols are as for (35) with Bo, @ replaced 
by By, ¢: as for (16).4 


Ay+A; Mode 


For a plane wave polarized perpendicular to the axis 
of a perfectly conducting (or ferromagnetic) cylinder, 
or for a rigid cylinder or one of large impedance in 
acoustics, and Ka—0, we retain only Ao and A;. Thus 
we obtain 


y= A(N) Hof [A o(1 —2A 1X) —2A 1 sind sina(1 —A oX) 
+2A A; (sind—sina) Y }[ (1—AoX)(1—2A 1X) 
—2A9A,V*}'+24A, cosé cosa}, (38) 


which is the sum of ¥'= H)A(M)[A0+24A:1 cos(0+a) | 
and the terms of (15). (Y is obtained from X « 7_+T, 
by changing the sign of 7,.) For Kbsina=2p’mr, Y 
vanishes and (38) can be factored further; we restrict 
ourselves to this case for simplicity. 

For perfectly conducting (or rigid) cylinders 
(Ag= — A,= —inx*/4) and Kb sina=2)’m, (38) reduces 
simply to 


w= A(N) HoA of (1+ Be**)— 
+2 sin@ sina(i—2Be'#)-'—2 cos0 cosa}, (39) 


** k. =dielectric constant. 
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where B=1x°(4/2Kb)!, B=1+-72/4. For a or 6 small, the 
maximal effects give rise to intensity minima, essentially 
as for the parallel polarization component for perfectly 
conducting cylinders, although these must now contend 
with the background factor —2cos@ cosa. For a=0, 
6= 7/2, or vice versa, (39) is formally identical with 
(17). For a given grating and \, however, the effects 
are much less for this case than for the previous loga- 
rithmic coefficient, while the contrasts and intensities 
of the bands vary with ) as they did for the previous 
case of the perfect dielectric. Thus B«)~? increases 
rapidly with decreasing \, so that the most pronounced 
departures from single scattering theory occur for the 
shorter wavelengths, although these are not necessarily 
the darkest bands since the intensity (« A~*) increases 
as \ decreases. 

For a and 6=|6| large, the maximal effects give rise 
to intensity maxima so that the effects are of opposite 
type to those that occurred for the parallel component. 
For a and | @| = —@ large, the intensity for certain values 
of 6 may approach zero, the middle term canceling the 
first to yield much more pronounced dark bands than 


for the parallel component. For arbitrary a@ and @, the . 


components of yy compete to determine the character 
of the band, and its structure can be determined only by 
numerical calculations. Thus for sina= 1/4 the band at 
sind=0, g=+1, is dark while the bands for 6=|6), 
qg=2 to 5, are bright, the intensities increasing with in- 
creasing 0; however, for @= — |@|, g=0 to —3, the bands 
are initially dark but develop into “double bands” 
having both a pronounced maximum and minimum, 
For the forward scattered wave or central maximum, 
6=—a, the curly bracket of (39) yields 
{—1—Be'*(1+ Be*)"+-4 sin?a(1—2Be*)}} 
so that for 8~0 the intensity |y|* is greater than its 
single scattered value for all a. For the backscattered 
wave 0=x—a, however, the curly bracket reduces to 
{3— Be**| (1+ Be**)—'—4 sin?a(1—2Be*)— }} so that for 
8=~0 the intensity is less than its single scattered value 
for a small and greater for a large. The structure of 
these bands is in general much more complicated than 
for the Ao mode, the band width and other features 
depending on both angular parameters. 
The total scattered intensity and the interference 
term are given by 
| y|?= D?{4 cos?a cos0+4R; sin’6 sin’a 
+Ro+4Rip siné sina 
—4 cos cosal_ Ro(1+B cosf) 
+2 sin@ sinaR;(1—2B cos8) }}, 49) 
f=D{2 cos@ cosa cosq— Ro(cosg+ B cosq’) ™ 
—2 sin@ sinaR,(cosg—2B cosq’)}, 
where 
Ro=(1+2B cos8+ B’), Ri=(1—4B cosB+4B*)", 


p=(1—B cos6—2B?) ; the remaining symbols are as for 
(35) with ¢=0, Bo= 1x?/4. 
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We note that the previous terminology, which was 
developed for the case where only one coefficient of the 
single cylinder was retained, is on the whole applicable 
to the present case provided that we retain the notion 
of a “mode hypothesis,”’ i.e., the maximal effects for 
each mode occur for the wavelengths which insure 
optimal fulfillment of the conditions that each order of 
scattering of the mode is a maximum and that succes- 
sive orders of scattering of the mode are either in or out 
of phase. For the perfect conductor, the maximal wave- 
lengths (as well as those for the local extrema) are 
essentially the same for each mode (although the effects 
for each are of opposite character), so that the resultant 
peak effects should occur in their immediate vicinity 
and somewhat closer to those of the dominant mode. 
This is plausible for the bright peaks, but the minima of 
the dark bands may be shifted appreciably for @ and a 
on opposite sides of the surface normal, for which case 
the darkest parts of the bands may be determined 
by annulment between the modes rather than by the 
phase relations of the orders of scattering. Because of 
this “mode competition,” the shapes of the bands may 
also differ appreciably from those of a single mode, and 
the width of the peaks and the strengths of the local 
extrema become functions of the angular parameters. 
More generally, when the phase difference of the two 
coefficients is not 7, the effects of mode competition 
should be less pronounced but the displacement of the 
resultant maximal wavelengths greater. 


IV. THE REFLECTION GRATING OF 
BOSSES ON A PLANE 


Consider a plane wave incident on a reflection grating 
of semicylindrical bosses on a perfectly conducting 
infinite plane as at the right in Fig. 9. Applying the 
image technique discussed in Sec. 2,4 we treat the prob- 
lem of two plane waves, which are images in the removed 
plane, simultaneously incident on the grating of parallel 
cylinders. 

For the component polarized perpendicular to the 
cylinders’ axes or parallel to the plane of incidence (or 
for the acoustic case of a rigid plane), the total incident 
wave for the image problem is ¥;=y.(0)+yW(r—98) 
=exp[iKr cos(6+ a)+exp[—iKr cos(@— a) ]. The total 
scattered wave is then ¥’’=y(0)+y(a— 4) [where ¥(@) 
is as in (1), (14), etc., while ¥(7—@) has @ replaced by 
™—6], and the total reflected wave for the boss problem 
isp,’ =y,(0)+y” ; we regard y;(7— 8), the wave on the 
right in Fig. 9, as the incident wave for the boss prob- 
lem and y,(@) as the specularly reflected component. 
Thus in terms of Z as in (13) we obtain 


y"=2H A(M)(Ci+2Z), 


41 
C,.=)€nA n cosn(a+ 2/2) cosn(@— 1/2). ™ 


For the component polarized parallel to the cylinders’ 
axes or perpendicular to the plane of incidence (or for 
the acoustic case of a plane of zero impedance), the 
total incident wave is y,(0)—y¥i(r—6), the total 
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Fic. 9. Plane wave incident 
on reflection grating of ® 
parallel semicylindrical bosses 
on a perfectly conducting, or 
rigid, infinite plane. The image 
technique of solution is indi- 
cated. 





scattered wave is ¥/=y(0)—y(r—8@), and the total 
reflected wave y,’=y,(6)+y’. Thus from (14) we obtain 


y’=2H AM)C_, 


2 
C_=—2>A, sinn(a+7/2) sinn(@— 7/2), (42) 


or the single scattered value obtained previously ;?: 
the multiple scattered terms vanish since they are 
symmetrical to the grating for Kd>1. 

These expressions indicate that multiple scattering 
should primarily effect the component polarized per- 
pendicular to the elements (which agrees with refer- 
ences 5-8). Thus if the bosses are dielectric and «’<1, 
the A; mode, we obtain 


V"=20, W=0, (43) 


where Yo is as in (36). The function y”” also applies for 
the acoustic case of gaseous bosses on a rigid plane. 
If Ao and A; are retained, 


W’=2%o, y'=4A/H A(M) cosa cosé, (44) 


where yo is the function of (38), (39) without the cos@ 
cosa term. For the perfect conductor (Ai!=—imx?/4 
=A o) for A=2p'x we obtain 


Y= 2A(N) HA of (14 Be'#)+ 2 sind sina(1—2Be'#)~), 
W’ =4A(9)HoAo cosd cosa (44’) 


[see Eq. (39) ]; y” and y’ also apply for a rigid and 
open surface, respectively. 

Hence the scattered component polarized perpen- 
dicular to the bosses will exhibit the same sort of bright 
and dark bands for particular values of Kb as appeared 
previously for both polarization components for the 
grating of cylinders. We will shortly discuss y’’ of (44’) 
in detail; for the moment we will consider ¥’, which 
should also show these effects even if to a lower order 
of magnitude. 

Proceeding to the next order of magnitude in Kb for 
y’ we obtain from (3) 


py’ =4A,'H,A(N) cos8 cosa/(1—A1'X"), 


(45) 


13'V, Twersky, J. Appl. Phys. 22, 825 (1951); J. Acoust. Soc. 
Am. 23, 336 (1951). 
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Fic. 10. Figures 10-19 are plots of the scattered intensity for 
the component polarized perpendicular to the elements of the 
perfectly conducting reflection grating (or a rigid reflection grating 
for acoustics) ; computations for the curves are accurate to about 
5 percent except for |y|?—0. The normalization for all curves 
is |¥4|=1 for @=a=0 (the backscattered wave for normal 
incidence) and all are for N = 10‘; the numbers on the right scale 
are the single scattered values. The present graph shows the back- 
scattered intensity for the vicinities of sin?=sina=0, 1/4, 1/2, 
3/4, 1 for \=b/4. Unity on the 6 scale is 0.01 degrees forall 
graphs. 


where 


X’=2>-[Ho(oKb)+H2(cKb) | cos(cKb sina) 
= (4i/Kb)>~H)(c) coscA/c. 
Hence for A;/= Ag, 


¥’ =4A(9) HA cos8 cosal1+(2/Kb)B’e®’}", (45) 


where B’=?'x*(7r/2Kb)!, B’=7'—7/4, and le’ =T’ 
= >So le'**> cos(cKb sina). Multiple scattering effects 
should therefore also be observed for parallel polariza- 
tion for the reflection grating, particularly for the longer 
wavelengths of the size of the spacing ; departures from 
single scattering theory, however, should be in general 
much less pronounced than for the perpendicular 
component. 

To obtain some idea of the relative magnitudes of the 
effects for the two components, we note that }-o—!= 2.3, 
2.5 for N=10*, 10‘, respectively, as compared with 
> o—!= 18.6, 199 for those two values of V. Assuming 
that Kb~10, 8 and #’=0, and B=0.8 so that 
R=(1+B)?=0.31, yields R’=(1+2B’/Kb)?~0.96, 





ou) 


ssn 








[ wsiot8sKb-69 =— J 
— eS ee ee hd 
0.5 7 4 F ° 2 —t 





Fic. 11. Backscattered intensity for sin@=sina=0, 
1/3, 2/3, 1 for \=0/3. 
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0.996 for V = 10°, 10‘, and the effects are negligible for 
the parallel component. We note, however, that for 
other values of the parameters, R’ may differ appreciably 
from unity, and also that for certain values of a and 9 
the parallel effects may be more pronounced than the 
perpendicular, the maximal effects yielding a dark band 
for the former, and a dark or bright band for the latter. 
An interesting feature of these “parallel anomalies” for 
the reflection grating is that since B’=7r’— 7/4, ra’ and 
consequently 5a, as for (25), must be positive quanti. 
ties. Hence the darkest part of the band is on the short 
wavelength side of Ao=6/p, or the peak effects are 
shifted to the blue rather than the red side of Xo. Faint 
parallel anomalies were observed by Wood! with reflec. 
tion gratings yielding pronounced perpendicular anoma- 
lies, but these were not investigated. More recently a 
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Fic. 12. Plots of the “forward scattered” intensity, or central 
maximum, for the vicinities of —sin?=sina=0, 1/4, 1/2, 3/4, 1 
for \=0/4. 


detailed investigation of these anomalies was carried 
out by Palmer,*® but the results have not yet been 
published.ff It should be noted that Rayleigh’s ap- 
proach,’ to the order of approximation to which it has 
been carried, does not predict the parallel effects. 

The total scattered intensity for the perpendicular 
component of (44’) is 


ly’ |?=4D?(Ro+4R; sin’é sin?a+4RoRip sind sina), (46) 


where Ro, Ri, and p were defined for (40). The essential 
features of this expression were discussed with reference 


tt Note added in proof: C. H. Palmer, J. Opt. Soc. Am. 42, 26 
(1952). Palmer found that the parallel effects were more pro- 
nounced than the perpendicular for some cases, and that in general 
the two sets for a particular grating were related only in that 
their sharp boundaries occurred for the values of (7’). 
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to (39’) for the transmission grating (which had an 
additional term in cos@ cosa); it differs significantly 
from that obtained for isotropic scatterers in that the 
character of the bands depend markedly on a and 8. 
Figures 10-19 are of |p|? vs 6= Kb—2pz for N= 105; 
the even numbered ones are for \=}/4 while the odd 
are corresponding plots for \=6/3. It is assumed in 
these curves, as in the previous, that @ is varied with \ 
to correspond to a principal maximum of A(t) for a 
given value of a so that | ¥'|? can be considered constant 
for each curve; (1+2 sina sin@)* is insensitive to the 
small variations of @ this requires for 6 small. The nor- 
malization for all curves is 2Bmax=0.9 for \=b/4 so 
that the ratio of radius to spacing is 3.8 10-*; the maxi- 
mum value of 2B for \= 6/3 is 0.585. Unity on the loga- 
rithmic intensity scales for \= 6/4 is 4D°=Q2x4(4/2Kr), 
while that for A=6/3 is 0.422 times this quantity; 
values of |y'|* are on the right scale. Note that since 
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Fic. 13. Forward scattered intensity for —siné=sina=0, 
1/3, 2/3, 1 for \=b/3. 


A;=16A,/9, the bands for \= 5/3 are about 1.78 times 
the width of those for \=6/4 on a wavelength scale. 
Unity on the 6-scale is 0.01 degrees for all groups. 
Figures 10 and 11, which show the backscattered 
intensity near 2=a=sin—(p’/p), p’=0, 1, ---p, indi- 
cate that the bands that are dark for normal incidence 
grow into bright bands with increasing a and @, the 
maximum shifting to the long wavelength side of the 
minimum. The greatest departures from single scatter- 
ing theory, Ra=Rmax, Rv"=Rmin (R= | ¥/P'|*), and 
the contrasts, Ra/Rv, increase in general with in- 
creasing @ (curves marked 1/4 and 1/3 are exceptions) 
and are greater for the shorter wavelength. The 
darkest bands, however, occur for the longer wave- 
length. Figures 12 and 13, which show the “forward 
scattered” intensity, or central maximum, near = —a 
=—sin“'(p’/) indicate that with increasing a the bands 
initially become more pronounced dark bands but that 
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Fic. 14. Plots for the vicinities of the principal maxima in the 
positive spectral orders (¢=1 to 5) for sina=1/4, \=b/4. 


as @ increases further they turn into bright bands, the 
maximum (which has broadened a great deal) shifting 
to the long wavelength side of the minimum. In this 
process bands may appear which have a pronounced 
maximum but “tail off” (i.e., which have their most 
pronounced local maxima) on their short wavelength 
side as in the 2/3 curve, while other bands may be 
“double,” possessing both a marked maximum and 
minimum as in the 1/2 curve. The maximal departure 
and the contrast increase initially with increasing a but 
fall off as @ increases still further; these are in general 
greater for the shorter wavelength. The 3/4 curve, one 
of the exceptions to this as far as R~y is concerned, is in 
this region of 6 entirely above its single scattered value. 
The value of Ra for the 3/4 curve is the largest intensi- 
fication we have encountered. 

Figures 14 and 15 show the scattered intensity for 
the positive orders for sina=1/p, and Figs. 16 and 17 
show the central maximum and negative orders; the 
positive orders lie on the side of the central maximum 
towards the source, or counter clockwise from the 
direction of the image wave (the direction of the central 
maximum) in Fig. 9. The behavior of the curves for the 
positive orders with increasing g is essentially as for 
the backscattered waves of Figs. 10 and 11 with in- 
creasing a, although the growth is more gradualand the 
effects not so pronounced; the curves for the central 
maximum and the negative orders are all dark bands 
whose complexity increases with increasing g, one of 
the local minima finally turning into the darkest 
part of the band. It can be seen that Ra for the nega- 
tive orders is in general greater for the shorter wave- 
length, while Ry and Ra/Rv are greater for the 
longer wavelength, i.e., the more pronounced intensifica- 
tion occurs for \=6/4, while the more pronounced 
reduction (as well as the darker bands) and bands of 
greater contrast occur for \= 5/3 for the negative orders. 
The value of Rv for \=b/3, g=—2, is the largest 
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Fic. 15. Positive spectral orders (¢= 1 to 4), for sina=1/3, A=b/3. 
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Fic. 16. The central maximum and negative spectral orders 
(¢g=0 to —3) for sina=1/4, \=b/4. 


reduction we have encountered; unlike the case of 
isotropic scatterers |y|? may equal zero, e.g., when 
sin? sina= —(1—2B)/2(1+B), provided that @ and a 
are permissible values. The value of Ra/Rv for this 
curve is the greatest contrast yet encountered and this 
band is also the darkest. 

Figures 18 and 19 show the scattered intensity for 
sina = p’/p, and g=+1; each curve corresponds to two 
sets of values because of the reciprocity of @ and a. 
Increasing a from 0 to +/2 and observing the positive 
order, we go through curves a, a, b, c, (d), while for the 
negative order we go through a, b, c, (d). Both sets of 
orders start out initially as dark bands and finish as 
bright, but the effects for g= +1 “lag’’ those for g= —1, 
the same curves appearing for g= +1 for a larger value 
of a. Comparison of Fig. 18 with Fig. 12 and Fig. 19 
with Fig. 13 indicates that for a given value of a the 
bands for the central maximum and one of the adjacent 
orders may “tail off’’ in a direction opposite to the band 
of the remaining adjacent order, while for other values 
the bands for the central maximum and one adjacent 
order may complement the character of the band of the 
remaining order. Thus sina=1/2, g=0 and —1 show 
maxima while g=+1 is a pronounced minimum; 
sina= 3/4, g=0 and —1 yield pronounced bright bands 
completely above their single scattered values for this 
region of 6, while for g=+1 the maximum tails off in 
the opposite direction; sina=2/3, g=0 and —1 show 
marked maxima tailing off in opposite directions, while 
g=+1 is a pronounced minimum; and finally for 
sina=1, g=0 and +1 show the same s prt of bright 
bands for both sets. (This sort of behavior has been 
observed by Wood® and Strong.*) The intensification 
Ra increases with a for both wavelengths, the effect 
being greater for the shorter; the reduction, Rv, 
has its largest values for the 6 curves where the effect 
is greater for the longer wavelength, although for the 
other curves the effects are greater for the shorter; 
while the contrast has its greatest value for the c curve 
for the longer wavelength and for the 6 curve for the 
shorter, the values being greater for the longer except 
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for curve b. We note that for g=+1 the bands for 
sina=0, 1/4 are identical, while the minimum for 
sina=1/2 is much narrower; similarly for g=4+ 
sina=0, 1/3 and sina=2/3. [This sort of behavior 
seems indicated in Fig. 1.3, Wood,' (1935). ] 

These curves were computed for V = 10‘, but as can 
be seen from comparison of Figs. 5-7, we would obtain 
essentially the same results for V=10* and 10° except 
that the values on the 6-scale would be multiplied by 10 
and 100, respectively. 

For simplicity we have considered only the contriby- 
tion scattered by the grating in the above. More gener. 
ally, however, we must consider the total reflected wave, 
or the sum of the scattered component and the specu- 
larly reflected image wave. Thus for an incident wave as 
in Fig. 9, the total reflected fields and intensities are as 
in (21),* (22).4 The required interference terms are 


= —2D[Ro(cosg+ B cosg’) 
+2R; sin@ sina(cosg—2B cosq’) ], 
f’=—4D cos@ cosa cosg, 


(47) 


where the notation is as for (40). The discrepancies that 
may arise between the curves here presented and those 
obtained experimentally, and their causes are essen- 
tially as for the transmission grating as discussed 
previously. 


V. EXTENSION OF THE THEORY TO GRATINGS 
WITH ELEMENTS OTHER THAN CYLINDERS 


In this paper we have presented a multiple scattering 
theory of the grating of cylinders. A formal solution to 
the mathematical problem was obtained, approximate 
solutions were analyzed in detail, and the results were 
compared with experiment. The departures from ele- 
mentary theory that the present theory predicts were 
correlated with the experimental “‘grating anomalies,” 
and their presence interpreted by simple physical 
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Fic. 17. Central maximum and negative orders 
(q=0 to —2) for sine=1/3, A=b/3. 
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arguments. Only gratings of circular cylinders or semi- 

lindrical bosses on a plane were considered, but it is 
evident that the theory can be extended to transmission 
gratings whose elements are elliptical cylinders, as well 
as to the corresponding reflection gratings. For the 
restrictions for which the solution in closed form ob- 
tains, the appropriate representations for certain cases 
can be written down by inspection; similarly, for the 
limiting cases of very small elements, analogous mode 
approximations in which only one or two scattering 
coeflicients of the single element are retained can be 
found. 

The significance of the scattering coefficient of the 
single element in controlling the form of the intensity 
curves is evident from the preceding sections. Although 
the physical condition that each order of scattering of 
the grating be a maximum is independent of the ele- 
ments, being identically (7) for all gratings, fulfillment 
of the conditions that successive orders be in or out of 
phase is dependent on the phase of the scattering coeffi- 
cient (or the material and polarization component). 
Similarly the contrast and the over-all intensity of the 
bands as functions of \ depend on the form of the 
modulus of the coefficient. Thus for the cases treated in 
Figs. 5-8, the bands were dark or bright as the phase was 
0 or 7, while the contrast and over-all intensity in- 
creased with \ for the logarithmic coefficient and de- 
creased with increasing for the coefficient in ~~. 
Similarly for two modes, where the additional factor of 
mode competition exists, the bands were bright or dark 
depending on the dominant mode as determined by the 
angular parameters and the phases of the coefficients, 
while the contrast and over-all intensity were in general 
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Fic. 18. Plots for sina=0, 1/4, 1/2, 3/4, 1 and g==+1, the 
first spectral orders on each side of the central maximum, for 
\=b/4; e.g., curve b corresponds both to sina=1/4, g= —1 and 
sina= 1/2, g= +1 (because of reciprocity in 6 and a). 
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F Fic. 19. Plots for sina=0, 1/3, 2/3, 1 and gq=-+1 for A=b/3. 














larger for the shorter wavelength because of the \~* 
behavior of both coefficients. 

We can extend the theory to gratings with elements 
other than cylinders by employing the approximate 
solutions for a perfectly conducting single strip and a 
single slit in a perfectly conducting plane which were 
derived by Rayleigh.’ For the strip and perpendicular 
polarization, or for the slit and parallel polarization, he 
obtained essentially the A; mode with A, as for per- 
pendicular polarization for a perfectly conducting 
cylinder whose diameter equalled the slit or strip width. 
Similarly for the strip and parallel polarization, or the 
slit and perpendicular polarization, he obtained the Ao 
mode with Ao as for parallel polarization for a perfectly 
conducting cylinder. The extension of multiple scatter- 
ing theory to these elements can be carried out by 
substituting these values into the expressions we have 
derived, a grating of narrow strips corresponding to our 
transmission grating of cylinders, and that of slits to 
our reflection grating. 

It is tempting to extend Babinet’s principle, as illus- 
trated by the above, to the analogous pair of the semi- 
cylindrical boss and a semicylindrical depression; the 
second of these is a difficult problem mathematically 
and little has been accomplished towards its solution. 
Proceeding formally, we replace the coefficient ampli- 
tudes in \~* for the perpendicular polarization com- 
ponent by the logarithmic amplitude that appeared for 
the parallel component, and vice versa, to obtain ex- 
pressions indicating essentially the same sort of bands 
occurring for the same wavelengths and angles as for 
the bosses; they differ only in that their contrasts and 
relative intensities increase with increasing \ rather 
than decrease as for the bosses. If this procedure could 
be justified, we would obtain a more suitable model 
for the reflection grating with grooves narrow compared 


™ Rayleigh, Phil. Mag. 43, 259 (1897). 
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to wavelength. We have brought this point up to indi- 
cate the basis of the only marked discrepancy between 
our theoretical results for the reflection grating of bosses 
and the available experimental results for narrow- 
grooved gratings: the experimental results show the 
same increase of contrast with increasing A that is 
deduced from the expressions obtained by extending 
Babinet’s principle to the boss to obtain the solution 
for the depression. 

The experiments of Wood,° Strong,® Ingersoll,’ and 
Palmer*® mentioned previously were performed with 
essentially two types of reflection gratings. In some 
cases the anomalies could be traced to the presence of 
fine ridges or proturberances bordering the usual grating 
grooves (as was deduced on the disappearance of the 
anomalies from the spectra by gently rubbing the 
grating), while in others it was surmised that the effects 
were due to the very narrow grooves themselves. Our 
results in general agree with these experiments, par- 
ticularly with those for the “ridged” gratings for which 
Wood? (1935) also observed fainter anomalies polarized 
parallel to the elements. The intensity curves we have 
sketched are more complicated than those obtained 
experimentally, the discrepancies no doubt arising from 
the approximations employed, the presence of the 
incident and reflected plane waves, and the effects of 
the particular groove form; the last of these is perhaps 
the most significant factor. 

The asymmetry of the grating groove results in the 
multiple excitations traveling in one direction along the 
grating differing in magnitude and phase from those 
traveling in the other; this could account for the 
absence or disappearance of certain of the branches in 
Wood’s spectrograms and also for the fact that in 
many cases the intensity of these branches differs 
little from the intensity at the intersections where 
A=2p'm. [These cases, where only the waves going up 
or down the grating exist, correspond to the vanishing 
of either S_ or S, in (14). ] Similarly, exact correspon- 
dence is not expected for the ridged gratings since they 
actually comprise two superposed gratings, one of 
fine ridges which multiple scatters, and one of wide 
grooves which only singly scatters; for the second of 
these, presumably the large width of the grooves com- 
pared to wavelength precludes satisfying the optimal 
phase relations required for pronounced multiple 
scattering effects. Such gratings therefore possess addi- 
tional background Fraunhofer spectra which mask some 
of the effects of the ridges. 

The writer is grateful to Professor Fritz Reiche for 
suggesting the research and to Professor Joseph B. 
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Keller, Professor Wilhelm Magnus, and Dr. Jerry 
Shmoys for many fruitful discussions. ; 


APPENDIX?t 
Derivation of Z of (13) 


From an examination of Z of (9) it follows that it can 
be written as Z=C,'C_"Kiy+C,/C,"Ky2+C_’'C_"K,, 
+C_'C,"Ko2, where the K’s are power series in S_, §, 
with coefficients which are multiples of products of 
powers of C°, C*. 

From the general expression for Z we find that the 
first terms of Ky are Ky=S_+S_°C°+S_9((0): 
+S_?S,C°C*+--+. These terms arise from the follow. 
ing process: we consider a product of (m-+-1) brackets 


[S_+(—1)**"'S, [S_+(—1)*’t""S,] 
eee [S_+S, exp{ixln(™ + nim) Ty), 


Any term arising from the multiplication of these 
brackets which is involved in K,; must necessarily be 
such that the first and the last bracket contribute the 
factor S_. This follows from the assumption that Ky 
involves the terms to which the C,’, C,’’ contribute a 
factor which is a product of C,’C_”. Now let us denote 
by D,, the terms of Ky, which are of degree m+1 in 
S_, S;. We split D,, into a sum, Dn=tUm+0m, where tp 
involves all the terms of D,, which are obtained by 
choosing S_ as the contribution of the mth (the second, 
but last) factor. Similarly, v,, denotes the terms which 
arise if we take S, exp{ix[n(™+n'"*» ]} as the con- 
tribution of the mth bracket. Then w#n41, Um41 are con- 
nected with #», Ym by a linear substitution, the matrix 


of which, 
S.C* SC* 
M= ( ). 
S,C° 


S+((C*)?/C°) 
does not depend on m (see appendix, footnote f, for 
details). 
Now since +M-+M?+ M?+ ---=(J—M)-, where 
I denotes the identity matrix, and since u,=SC°, 
v,=0, we find after an elementary calculation 


Ky=Dot XY (mt 2m) =S_(1—S,C°) 
m=1 
X {1—(S_+.S,)C°+S_S,[(C%?— (C*)?]}}". 


The coefficients Ki2, K2:, K22 can be computed by the 
same method. The denominator, which is the determi- 
nant of J—M, will always be the same. 





tt This appendix was prepared by Professor Wilhelm Magnus. 
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On the Use of the Joule-Thomson Effect to Measure the Work Equivalent of Heat. 
Thermodynamic Theory 
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The Joule-Thomson porous plug experiment is described, its quantitative aspects indicated, and the 
constant enthalpy condition set up. The experimental plan for the proposed measurement is described and a 
short analysis of the physical situation in the fluid given. The standard equation for the Joule-Thomson 
coefficient is applied to the situation and details are given of how this equation may be integrated for two 
special physical situations. The information necessary for these integrations is discussed and physical means 
described for obtaining it. A numerical integration may be used for obtaining the work equivalent of heat 
(J) with a high precision corresponding to the high precision with which these various data may be measured. 





HE porous plug experiment of Joule and Thomson 

has long offered an attractive method for measur- 

ing the mechanical equivalent of heat. This was noted 

by Maxwell in his little book on heat, and probably has 

been realized by many others. The author! spent his 

research time between 1908 and 1912 on a first attempt 

to work out the details of a satisfactory theory and an 

effective experimental procedure. This effort is con- 
tinued in the work reported here. 

In this classical experiment a fluid is driven along a 
passage containing a porous obstruction in which it 
suffers a drop in pressure and usually a change in tem- 
perature. Such steady-flow situations offer great ad- 
vantages for precise measurement, in that states tran- 
sient in an element of the fluid become fixed in space 
and unvarying in time, and so may be measured at 
leisure. 

Elementary textbooks on thermodynamics derive 
the equation, 


Uy+ pit = Ut pove=h=enthalpy, 


where the derivation assumes that (1) the experiment is 
carried out without any exchange of heat by the fluid 
with its environment, (2) the only forms of energy in- 
volved are heat and work, and (3) the first law holds. 
That is to say, the process between the thermometers 
runs at constant enthalpy, and the space from the first 
thermometer through the plug to the second thermom- 
eter must be kept adiabatic. Moreover, the only pressure 
changes between the thermometers must be those 
across the plug itself. 

Our experimental method’ of making these measure- 
ments is to hold the 7; and ;, at entry to the plug, 
constant by suitable thermostat and barostat. The 
fluid escapes from the plug under control of a second 
barostat set at any one of a group of arbitrary pressures, 
pi, between p; and po, and the 7; associated with each 
pi is read. This group of pairs of T’s and p’s are plotted 
and a smooth curve drawn through them. We call this 
an “isenthalpic curve.” 





‘J. R. Roebuck, Phys. Rev. 2, 79 (1913). 
*J. R. Roebuck, Phys. Rev. 2, 299 (1913). 
*J. R. Roebuck, Proc. Am. Acad. 60, 537 (1925). 
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Since pressure and temperature are measurable only 
in equilibrium states, the irreversible turbulent process 
in the plug has been interrupted at any arbitrarily 
desired pressure, and the temperature of the resulting 
equilibrium state measured. These measured states may 
be brought as close together as desired, and in principle 
the points may be as numerous as desired. 

We thus set up a series of equilibrium states separated 
by sections of the actual turbulent process. The state set 
up in each equilibrium is necessarily determined by 
what happens in the preceding turbulent section. It is 
apparent that nothing can happen in the turbulent 
section which will prevent the fluid from settling down 
to an equilibrium state with the same enthalpy as the 
preceding equilibrium states showed. 

One thing which does happen in the turbulent section 
is an occurrence of gross turbulence. By this is meant 
some coordination in movement by large groups of 
molecules. This coordinated energy of the group is not 
appreciated fully as heat by a thermometer, the total 
heat of the region is lessened, and the temperature 
there falls. This phenomenon shows up very clearly 
when the volume passing the second thermometer is 
large and therefore the escape velocity is also large. The 
plug drop of temperature observed increases, and the 
point falls below the curve for smaller escape velocity. 
It might be noted that here the escape velocity is 
roughly parallel to the thermometer wall. 

The plugs* we use are very fine-grained unglazed 
porcelain tubes with one hemispherical closed end. The 
higher the temperature of firing the porcelain the less 
the permeability of the tube wall. We select from our 
stock of tubes one with a permeability suited to the 
pressure drop and mass flow planned. The area exposed 
to normal flow is considerable and the wall thickness 
small. All these factors together result in a plug having 
a network of holes, very numerous, very small, tortuous, 
and irregular in size. Such passageways quickly degrade 

the coordinated movement to the random molecular 
motion we picture as heat. 


The proportion of heat energy diverted at any time 


* Burnett and Roebuck, Phys. Rev. 30, 529 (1910). 








2) 
20 
19k 
«8 
17 
/6 
I5 


4 | | ! | { l | ! | 
0 P» A705 200 





| T T T T T T T 




















Fic. 1. Isenthalpic and isentropic expansion of water. 


into this gross turbulence remains small. A relatively 
small adjustment serves to restore the normal tempera- 
ture equilibrium. We have been unable to find evidence 
of such gross turbulence in the gas escaping from the 
plug wall. We have assured ourselves in the gas work 
that it did not persist to the second thermometer in 
sufficient amount to be detected in its reading. It seems 
reasonable to conclude that the state of the fluid flowing 
in the porcelain is not greatly different from its equi- 
librium state. 

Incidentally one might note that these considerations 
do not apply to a nozzle or valve flow. 

Application of the first and second laws to this situa- 
tion leads directly to the well-known Eq. (1) for the 
Joule-Thomson porous plug coefficient », namely, 


oT Ov 
uCy=C,( —) -1(—) —v, (1) 
Op h oT Pp 


where h=u-+ pv=enthalpy. 

Put C, in heat units and the other quantities in 
mechanical units. Separate the quantities in (87/0), 
and integrate formally; thus 


T2 p2 Ov p2 
ly f cyt= f r(—) ap~ f 0p], (2) 
T1 Pl oT Pp Pl h 


where the constancy of # must be maintained in each 
of the three integrals. Or said differently, this requires 
that the integrals be taken along the above constant 
enthalpy curve. To carry out the detailed integration of 
Eq. (2), it is necessary to know the values of the coeffi- 
cients Cy, T, (dv/dT), and v along the isenthalpic curve, 
at least at the measured points. 

The behavior of gases and liquids in porous plug 
experiments presents marked differences. The changes 
of volume of gases under the pressure changes used in 
these experiments are very great and the work done by 
the gas in expanding down the pressure gradient is cor- 
respondingly great. In our experiments this expansion 
takes place in the very small pores of our unglazed 
porcelain tube walls. The pressure gradient set up in 
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the chain of pores accelerates the gas, but this mags 
kinetic energy is quickly degraded to heat in these 
small irregular passages, a process usually called frie. 
tion. Therefore, effectively the work of nearly isothermal] 
expansion is left in the gas as heat. The resulting change 
in temperature across the plug is usually not large and 
may be positive or negative. Liquids have a much 
greater density, a much greater volume heat capacity, 
and a much smaller change of volume with change of 
pressure. The work of expansion of the liquid down the 
pressure gradient in the plug is quite small, and the 
work done to drive unit volume through the plug is 
mainly occupied in raising, through gross turbulence 
and friction, the temperature of the liquid a smal] 
amount. The greater viscosity and lower velocity of 
escape of liquid under the same circumstances should 
make the persistence of gross turbulence in the fluid 
leaving the plug even less than for the gas. 

Thus the isenthalpic curves for water have the 
character shown in Fig. 1. They slope up with falling 
pressure and have slight curvature. The different curves 
are characterized by the value of h. If the 4; curve runs 
through the point 20°C and one atmosphere, then for 
present purposes we define C, as 1 cal/g °C there. 
Also C,=(Ah/At), by definition, so that 


ho—hs const 


AT AT 





Cp,= or C,:AT=const. 


Hence it is planned to measure AT intercepts at a 
series of measured pressures to that C, may be calcu- 
lated with precision along curve /;. C, will then be 
known as a function of T and # along the isenthalpic 
curve for use in the integration of Eqs. (2) and (6). 

The isenthalpic curve itself gives T= /(p) and the T 
values at the measured points are known. 

The coefficient of expansion 1/v(dv/0T), and the 
specific volume v, for water, both as a function of p 
and T, have been measured carefully, and the values are 
available in the literature. 

Thus we have the needed four coefficients as functions 
of p and T along the isenthalpic curve and are ina 
position to carry out the desired integration of Eq. (2). 

A rough calculation shows that the first term on the 
right in Eq. (2) is only about 5 percent of the second. 
This is most fortunate as (dv/dT), is much the least 


precisely measured of these coefficients while the specific 


volume is probably known the most precisely. 

It should also be noted that the first term on the right 
of Eq. (1) vanishes when (07/07), vanishes at the tem- 
perature of maximum density. The temperature of 
maximum density falls with rising pressure. To make 
the corresponding integral term in Eq. (2) vanish, it 
would become necessary to divide the range so that a 
negative and a positive part cancel each other. No 
direct experimental method for this seems available. 
The use of an unusual working temperature would com- 
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plicate the provision of data for the other integrating 
coefhicients. 
Another procedure is available for obtaining these 
integrals from somewhat different experimental data. 
Maxwell’s fourth equation,® namely, 


().-- Ge), 


when combined with the general relation® for the vari- 
ables (p, T, 5), namely, 


BOG. 
G)-G;  * 


which when substituted in Eq. (1) above gives 


oT oT v 
O-O-3 ° 
op h op s C,J 
As with Eq. 1, put C, in heat units and the other 


quantities in mechanical units. Separate the quantities 
in (97/0), and integrate formally; thus 


LO if en. © 


The third term from the left may be integrated along 
the isenthalpic curve with the help of the knowledge 
of » and C, discussed above. To integrate the second 
term it is necessary to know (07/0), along the isen- 
thalpic curve. This coefficient is the rate of adiabatic 
change of temperature with pressure. 

To understand the part played by this coefficient, 
(dT/dp),, in the porous plug experiment, consider the 
physical process involved. The liquid water is driven 
through the pores of the plug by the water pump 
against the viscous friction in these small irregular 
passages, and the heat from this friction is carried 
forward with the water. As the pressure drops con- 
tinuously along the flow, the liquid itself expands so as 
to keep the equilibrium between the volume and pres- 
sure. This volume expansion of the liquid takes place 
against the residual pressure, tending to maintain it, 
and the work energy required is drawn from the heat 


yields 


5M. W. Zemansky, Heat and Thermodynamics (McGraw-Hill 
Book Company, Inc., 1951), third edition, pp. 31 and 246. 
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energy of the liquid. Such an expansion, maintaining 
the pv equilibrium, is a reversible one. Experimentally 
the expansion takes place under strictly adiabatic 
conditions. There is thus a reversible adiabatic (i.e., 
isentropic) expansion taking place in the liquid on its 
way through the plug and drawing its energy from the 
heat energy of the liquid. With water around 20°C, 
this expansion reduces the rise of temperature resulting 
from the viscous friction. 

Water cools on reversible adiabatic expansion by 
about 0.3°C for 200 atmos drop, starting the drop with 
the water in the neighborhood of 20°C. One can obtain 
the data for an adiabatic (i.e., isentropic) curve by 
dropping the pressure on water stationary in a strong 
container, successively to a series of arbitrary values, 
and reading each associated resulting temperature (see 
Fig. 1). The water before each expansion must be at the 
same pressure and temperature. The slope of such a 
curve at a point is the value of (97/0), there. Choose 
the series of points so that the resulting curve crosses 
the isenthalpic curve, and at the crossing point pick 
off the slope of the isentropic curve. Do this for a suffi- 
cient number of points along the isenthalpic curve. 
These values are those needed for the integration of the 
second term in Eq. (6) above. 

Thus the three terms of Eq. (6) may be integrated 
and the value of J obtained. 

We have thus at present two possible methods for 
obtaining J from Joule-Thomson data. The data is in 
part different in the two cases. It would seem at present 
that the process using Eq. (2) promises the more precise 
value of J. 

Experimental work has already proved that it is 
possible to duplicate readings on the multiple U-tube 
mercury manometer, of the pressure resulting from a 
loaded rotating piston, to at least 1 part in 10‘, at 200 
atmos. The next step, for which apparatus is already 
set up and tested qualitatively, is to measure the pre- 
cision with which the change of temperature on full 
drop of pressure may be duplicated. For the integration 
to obtain J, several isenthalpic curves will be measured 
with high precision, for which apparatus is already 
prepared. It is proposed to publish an article on the 
mercury manometer next. 

Help has been received from many people, in particu- 
lar from Dr. Harold Osterberg, in the working out of 
this theory, which is hereby gratefully acknowledged. 

Thanks are also due the Office of Naval Research 
for their continuing support of this project, and the 
Department of Physics for the freedom given me in 
the use of the Department facilities. 
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It has been proposed that the conductivity of a porous semiconductor, such as oxide-coated cathode, may 
be influenced by the presence of an electron gas in the pores of the aggregate. In this paper calculations for 
the magnitude of this component of the conductivity are made on the basis of two simplified models ap- 
proximating the geometry of a pore. The conditions under which such a component of the conductivity can 
appreciably modify the tota] conductivity are analyzed. It is further shown that such a porous semiconduc- 
tor will possess two sources of thermoelectric emf. A simple theory for the thermoelectric power of the elec- 
tron gas in a pore is developed, and the manner in which it will combine with the normal thermoelectric 


power of the crystals is shown. 





I. INTRODUCTION 


UMEROUS attempts have been made to explain 
the electrical properties of oxide-coated cathodes.! 
In most recent years it has appeared as though most of 
the properties could be correlated on the hypothesis 
that the crystals of the cathode coatings were simple 
n-type semiconductors. Recently, however, Loosjes and 
Vink? have presented a theory which states that the 
conductivity of an active oxide cathode at high tem- 
peratures is a property of the electron gas in the inter- 
stices between the crystallites of the porous structure. 
In this paper we will examine the conditions under which 
a porous aggregate of crystals which are n-type semi- 
conductors will have its conductivity influenced by 
the electron gas in the pores and will discuss further 
consequences of such a system. 

There is little doubt that an electron gas exists in the 
pores of an oxide cathode since this is the equivalent to 
the space charge observed at the cathode surface. Also, 
because the electron affinity x of the crystals is very 
probably positive, the density of these electrons will 
be considerably less than the density of electrons in the 
conduction band of the crystals. However, since the 
dimensions of the pores in the cathode are believed to 
,be of the order of 3 microns, the mean free path for 
these electrons will be considerably greater than for 
those in the crystals, and consequently, their contribu- 
tion to the conductivity per electron is greatly in- 
creased. The question as to whether the conductivity 
of the pores will contribute a significant portion to the 
total conductivity of the aggregate depends on the 
relative magnitudes of the above-mentioned parameters. 

Loosjes and Vink calculated the conductivity of the 
pores by first computing the density of electrons in the 
pores, and then considering the increase in the mean 


* Supported in part by the ONR. 

Tt Now at Research Laboratory of Electronics, Massachusetts 
Institute of Technology, Cambridge, Massachusetts. 

1 For review articles see J. P. Blewett, J. Appl. Phys., 10, 668- 
679, 830-848 (1939); 17, 643-647 (1947). A. S. Eisenstein, 
Advances in Electronics (Academic Press, Inc., New York, 1948), 
Vol. 1, Part 1. : 

( ? R. Loosjes and H. J. Vink, Philips Research Rept., 4, 449-475 
1949). 
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velocity of the electrons under the influence of an electric 
field acting for the mean period of time required for the 
electrons to travel their mean free path. The results 
were not expressed by a single compact equation, but 
required a separate series of calculations for each indi- 
vidual case. In what follows, the conductivity of the 
pores will be calculated in a somewhat more direct 
manner that does not necessitate the extensive use of 
mean values. The results are in qualitative agreement 
with those of Loosjes and Vink and have the advantage 
of being expressed in a more easily applied form. 

In arriving at a basis for calculating the conductivity 
of the pores, the structure is visualized as an irregular 
aggregate of crystals all in contact with each other and 
with the interstices between the crystals interconnect- 
ing. The mean density of the aggregate for oxide cath- 
odes is about 25 to 50 percent of crystal density. When 
an electric field is applied across the aggregate, the 
electrons thermionically emitted from one side of a 
pore will be in an accelerating field while those emitted 
from the opposite side of the pore will be in a retarding 
field, the result being a net current passing across the 
pore. In what follows, two types of approximation to the 
geometry of a pore will be made, each being an extreme 
case of the real situation. 


II. INFINITE PARALLEL PLANES MODEL 
FOR AN INTERSTICE 


In this first approximation to the geometry of a 
conducting pore, it is assumed that the surfaces normal 
to the electric field represent the essential sources of 
the current and that the side walls of the pore may be 
omitted from the calculation. This situation may be 
represented by two flat surfaces of infinite extent pos- 
sessing equal thermionic work functions, equal tempera- 
tures and spaced s meters apart. The energy level 
diagram for this case is shown in Fig. 1. Both surfaces 
have a work function e¢. eV», is the maximum potential 
energy of an electron resulting from the space charge 
and is measured relative to the top of the field free 
electron affinity of the left-hand surface. The net cur- 
rent density crossing eV, will be equal to the current 
density crossing from the left minus the current density 
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crossing from the right. Thus, 





J =Jo(1—eEelkT)g—eVm/ kT (1) 


where Jo, the zero field thermionic emission, is given by 
the Richardson-Dushman equation: 


4armek?T? 
Jenene, (2) 


i 


For small fields E, such that Ees<kT, the expression 
inclosed in the parenthesis may be approximated by 
series expansion, only the first power terms being re- 
tained. The conductivity of the pore o may then be 
obtained by dividing the current density by the electric 


field: 
Joes 
o =— eV nl kT, (3) 
kT 


The extent to which the space charge potential eV, 
influences the conductivity of this model may be 
estimated with the aid of a transcendental equation 
derived by Loosjes and Vink? for the case of zero ap- 
plied electric field*: 


es [2J ' : 
= \—eemir)}| =e°Vml2kT arc tan(eeVm/kT—1)3, (4) 
4kT Eo 


Since all the quantities on the left of Eq. (4) are assumed 
to be known, we may find eV,,/kT by graphing the 
right side of Eq. (4) as a function of eV,,/kT. Typical 
values for V,, are given in Table I. 

In the derivation of Eq. (3) we have neglected to take 
into account the Schottky effect. This effect of the ap- 
plied field lowering the barrier of the left-hand surface 
will be significant when the space charge hump is 
negligible. In the absence of a space charge, Eq. (1) 
predicts that the current-voltage characteristics will 
be concave toward the voltage axis and will tend to 
saturate at a current density equal to the zero field 
thermionic emission. However, due to the Schottky 
effect the current will not saturate but will continue to 
rise with a slope which should be in qualitative agree- 
ment with the Schottky theory. In fact, we should ex- 
pect this slope to be somewhat greater than that pre- 
dicted by the Schottky theory because the actual 


TABLE I. Typical values of the space charge maximum 
Vm in volts as derived from Eq. (4). 











Join s=1p s=1u s=Su 
amp/cm? T =700°K T =1000°K T =1000°K 
0.01 0.000035 0.000030 0.00069 
0.1 0.00034 0.0029 0.0066 
1.0 0.0032 0.0028 0.046 

10.0 0.025 0.024 0.155 








$ Note: ¢ is the permittivity of vacuum; all the other symbols 
have their usual meanings. The units used are rationalized mks 
except where specifically indicated otherwise. 
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Fic. 1. Energy level diagram for the infinite parallel 
planes model of an interstice. 


surfaces involved in the pores of the cathode aggregate 
are not flat but are rough and nonuniform. 

A further effect to be mentioned is with regard to the 
behavior of the space charge in the presence of an ap- 
plied field. An attempt was made to derive a simple 
relationship for V,, in the presence of an applied field by 
a straightforward extension of the method employed 
by Loosjes and Vink in obtaining Eq. (4). However, 
the result could only be evaluated by extensive numeri- 
cal integration and then only after several approxima- 
tions had been made. For small values of the field E, 
the reduction in V,, can be approximated by simply 
subtracting Es/2, the value of the superimposed poten- 
tial at a point midway between the surfaces. For higher 
fields the reduction in V,, is less rapid until V» is 
reduced to zero, after which the surface barrier will 
begin to be lowered by a modified Schottky effect. The 
net result is that the curvature of the current-voltage 
characteristic is reduced by the presence of the space 
charge so that at higher temperatures the approxi- 
mately linear region will be greatly extended. These 
conclusions regarding the shape of the current-voltage 
characteristics are in qualitative agreement with th 
results obtained by Loosjes and Vink.? 


Ill. INFINITE RECTANGULAR PRISM MODEL 
FOR AN INTERSTICE 


The principal criticism of the parallel planes model 
for calculating the conductivity of a pore is that it 
neglects the effect of the side walls. It would not be 
unreasonable to suspect that the electrons emitted 
from these side walls could produce a substantial in- 
crease in the magnitude of the conductivity, especially 
in a long thin pore in which the electric field lies along 
the long dimension. In order to investigate this possi- 
bility a second model will be considered, namely, a 
rectangular prism in which the z dimension extends to 
infinity in both directions. Figure 2 shows a cross sec- 
tion of this model. A uniform electric field is assumed 
to lie along the y axis so that the force on an electron 
will be in the positive direction. The width (x dimen- 
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sion) is W and the height is s. The z dimension has been 
taken as infinite in order to simplify the calculations. 

The net current per unit z crossing a surface parallel 
to the x—z plane and y meters above the bottom of the 
cavity is given by the following equation: 


w/2 cs) es) es) 
i=JW = f f f f 
—W/2 ¥—ax —n —wD 


XeV, f(x, ¥, % Ves Vy» Vi)dVdV AV idx, (5) 


where J is the mean current density and f(x, y, z, 
Vz, Vy, V.) is the density of electrons in (velocity) 
phase space. The assumed boundary conditions are 
that the electrons are emitted with a Maxwellian dis- 
tribution of velocities. That is, at the pore walls 


m 
fo =D exp); — — Vie0ert+ Vier+ V 20? | ? (6) 


where 
2m 
D=—e—eo/kT, 


hi 


On leaving the walls the electrons experience a constant 
acceleration of a meters/sec’. Analysis‘ of this situation 
shows that f must be expressed in four separate equa- 
tions corresponding to the four different surfaces from 
which the electrons are emitted. Using the numbers 
assigned to the four surfaces in Fig. 2, it may be shown 
that the density of electrons for the corresponding four 
regions in phase space is 


m 


=D ex | —-—[V2+V/7+V27—-2ay]}, 
fi I ORT y J 


m 
=D ex | ——[V2+V7+V27—2a(y—s) , 
fo I ET y J 


m x—W/2\? 
fs=D exp| — | V2+V7+ V2+08( ) 
2kT V 


~ 





z 


-rav,(—")]} 
x+W/2 ) 


} 
z 


-2av,(——=)]} (7) 
V; 


In order to substitute Eq. (7) into Eq. (5) it is neces- 
sary to know the limits of the regions in phase space to 
which they apply. The boundaries of these regions will 
be functions of the four variables x, y, Vz, Vy. The x 
and y coordinates will range over the entire cross section 
of the cavity for each of the four functions; hence, we 
need only state the regions in the V,V,-plane for each 





m 


=Dexp| -— VE+V i+ Ve+e( 
Is P| = . 








* Eugene B. Hensley, Ph.D. thesis, University of Missouri. 
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point x, y. Using the fact that the V., V, velocities of an 
electron at a point x, y uniquely determine the surface 
from which it originated, it may be sane that the 
boundaries for region II are 


— 0 <V,<(2ay)! 
[x—(W/2) Ja 
Vy +LV,?+2a(s—y) }* 
[x+(W/2) Jo 
<Vi< =V>. (8) 
Vy+LV,?+2a(s—y) }! 
And similarly the boundaries for region I are 
(2ay)i< Vy< 

[x—(W/2)]a [x+(W/2)]a 
—Vy—(V—2ay)! * V,—(V,2=2ay) 


Regions III and IV, in which f3; and f, apply, consti- 
tute the remainder of the V,V,-plane with Vz, respec- 
tively, negative and positive. Equation (5) may now 
be written 


(2ay)* Va 
JW = -ef_ a? { f vf fa V2 

W/2 ¥—x —n 
Vo ra 

+ f fodV + f fav -|aV, 
Va Vo 
« Ve Va 

+f vf f paver f fidV, 
(2ay)4 —o Ve 


+ f fav.|av, av ae (10) 
Vad 


Va 














Carrying out the indicated integrations in Eq. (10) 
is a rather long procedure. However, by assuming that 
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Fic. 2. Cross section of rectangular prism model of an interstice. 
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the electric field is small such that Ees<kT and also 
assuming that W<s, the following approximate solu- 
tion has been obtained for the case where y=s/2: 


Jo0EeWsi 1 5s 
J=- (<+-m—). (11) 
kT \8 4 W 


Equation (11) is to be compared with Eq. (3). Since 
W<s, the model used in deriving Eq. (11) is essentially 
composed of two parallel surfaces W meters apart. 
However, this model differs from the one in Sec. II in 
that the electric field is parallel to these surfaces in- 
stead of being perpendicular to them. Thus, these two 
models represent two extreme cases for conducting 
pores. However, it should be noted that in both cases 
the specific conductivity is controlled primarily by the 
smallest dimension of the pore. Thus Eq. (11) has the 
same general form as Eq. (3) [omitting the space charge 
factor in (3) ] except for the slowly varying quantity 
in the bracket of Eq. (11). Since this quantity is usually 
less than one, it may be concluded that the net effect 
of the side walls is to reduce the current density rather 
than to increase it. These results may be summarized 
by stating that the order of magnitude of the specific 
conductivity of the pores may be expressed by 


op=Jeelp/kT, (12) 


where /, is some sort of average diameter of the pores 
weighted in favor of the narrower dimensions. The 
effect of the space charge at the higher temperatures 
will be to reduce this conductivity in a manner some- 
what similar to that indicated in Sec. II. In fact, the 
form indicated in Eq. (3) may be expected to represent 
the maximum reduction, with the actual case being 
somewhat less. 


IV. APPARENT CONDUCTIVITY OF POROUS 
SEMICONDUCTORS 


The manner in which the specific conductivities of 
the pores and crystals combine to form the apparent 
conductivity of the aggregate can only be treated in a 
qualitative sort of way. Since the electron affinity of 
the crystals is probably always positive, the tempera- 
ture dependence of the pore conductivity will be greater 
than that of the crystals. Consequently, we may expect 
the conduction to be through the pores at high tem- 
peratures and through the crystals at low temperatures. 

We will first consider an extreme case in which the 
temperature is sufficiently high that the conductivity 
of the crystals is negligible. The pores are assumed to be 
interconnected so that the conduction current may 
proceed through the aggregate by being successively 
absorbed and reemitted by the pore walls. The net 
current at a given surface will be negligible since it will 
be receiving as much current from earlier surfaces as it 
re-emits to later surfaces. This is a self-adjusting situa- 
tion, since if it were not true for a given surface, an 
electrostatic charge would accumulate and alter the 
electric field in such a manner as to make it true. Thus 
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we may visualize the flow lines of the current density as 
threading their way through the porous aggregate from 
one electrode to the other. Also, the electric field will 
have become distorted so that it is everywhere more or 
less parallel to the lines of J. From this it may be seen 
that the model discussed in Sec. III more closely repre- 
sents this case than does the parallel plane model dis- 
cussed in Sec. II. However, since both models lead to 
similar formulas, Eq. (12) should be a good approxima- 
tion. While Eq. (12) represents the conductivity of the 
pores, the apparent conductivity of the aggregate will 
be smaller than this by an unknown geometric factor 
which we may represent by the symbol a,<1. 

In the opposite extreme will be the case of low 
temperatures in which the pore conductivity is neg- 
ligible compared with that of the crystals. Again the 
electric field will be distorted in such a manner that it 
follows along approximately parallel to the lines of the 
conduction current density. The apparent conductivity 
in this case will be lower than the specific conductivity 
of the crystals by an unknown factor a,<1 which 
will depend on the geometry of the crystals and on the 
degree of contact between the crystals. 

.At temperatures intermediate to the two extreme 
cases mentioned above, a portion of the conduction 
current will pass in series through the pores and crystals. 
In order to clarify this situation an artificial case will be 
considered in more detail. We will assume that the ap- 
parent conductivity of an aggregate may be expressed 
in three terms. The first term will be for the current 
conducted only by the pores, the second for the current 
passing only through the crystals, and the third term 
for the series current. We will also assume that all the 
lines of the series current density pass through the pores 
R times as much as through the crystals. The apparent 
conductivity for this model may be written 


Ope 
o =a70p+a-o-+a,(R+1)———_, (13) 








opt Ro. 
where a@, is the geometric factor for the series term. 

10°. a | T T ay T a T T T T 3 
To a 

z 

= 

Vv 

Te 4 
~ * 

o 

> r $%. 

o a 

LIOF $ 4 
oa " S 

3 > 

o ft 1% 

10+ 4 
10" 1 ! i ' ' : 
QB 10 12 1416 18 20.22 24 26 28 30 32 34 








10/T 


Fic. 3, Conductivity of a porous semiconductor. 
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The conductivity plot in Fig. 3 was made using Eq. 
(13) together with the following typical values for the 
parameters: o, was expressed by Eq. (12) taking Jo=1 
amp/cm? at 1000°K and with an apparent work func- 
tion e¢o=1 ev. The mean pore size /, was taken as 3 
microns. The conductivity of the crystals o- was ex- 
pressed by the equation 


o = ae @/FT, (14) 

in which o9>=0.0132-'m™ and O=0.2 ev.® The a’s were 
chosen arbitrarily to be a,= a,=2a,=4 and R=1. The 
effect of the space charge was estimated by using the 
space charge factor in Eq. (3) together with values of 
V,, obtained from Eq. (4). However, this cannot be 
considered as more than an indication that the con- 
ductivity will be somewhat reduced at the higher 
temperatures. 

Two important features are to be noted regarding 
Fig. 3. First, if the curve of o had been represented by a 
series of points and if an attempt had been made to pass 
two intersecting straight lines through these points, the 
resulting temperature dependence of the conductivity 
in the pore conduction region would have been inter- 
preted as being slightly less than that of o,. Second, 
the dotted curve just below o represents the conduc- 
tivity as it would have been if the series term had been 
omitted. Thus it is seen that the series term makes only a 
small contribution to the general shape of the curve and 
this principally in the region of the break. 

We may now discuss Eq. (13) in relation to a real 
porous semiconductor. a, and a@, will very probably be 
temperature dependent. a, will have its maximum 
value at high temperatures and will decrease at lower 
temperatures as the distortion of the electric field 
becomes less favorable for continuous conduction 
through the pores. ¢, may have its maximum value at 
low temperatures; however, the effect of thermal ex- 
pansion on the contacts between the crystals may be 
the determining factor. With regard to the series con- 
duction term, the assumption of a single value for R 
was of course extremely unrealistic. However, if a long 
series of such terms had been used, the individual 
geometric factors a, would, of necessity, have been 
very small. Since terms of this type have their maximum 
influence in the vicinity of the break in the conductivity 
curve, as is indicated by the results in Fig. 3, it may be 
supposed that the net result is a compensating effect 
on the decrease in the values of a, and a, in this region. 
Consequently, assuming a, and a, constant (this is 
essentially what Loosjes and Vink have done) probably 
will not lead to serious error. However, very little can 
be predicted regarding the exact shape of the curve in 
the middle temperature region, and in particular the 
slopes should be regarded as very qualitative. 


5 Note: In terms of equation (16) and (20) this is equivalent to 
po= —0.2 ev, wp’ = —10-* ev/°K and /,=5 angstroms. 
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V. RATIO OF CONDUCTIVITY TO 
THERMIONIC EMISSION 


The ratio of conductivity to thermionic emission for 
pore conduction may be obtained from Eq. (12): 


op/Jo=elp/kT. (15) 


It is interesting to note that this ratio is a function of 
the temperature and geometry of the porous aggregate, 
but to the extent that the conduction is through the 
pores, it is independent of the composition of the 
crystals. For a mean pore size of 3 microns and a tem. 
perature of 1000°K this ratio is 3.5X10~ cm/ampg, 
This, however, does not take into account the correc. 
tion factors relating the apparent conductivity and 
thermionic emission to their specific values. 

The corresponding ratio for crystal conduction will 
depend on the assumptions made in deriving an equa- 
tion for the conductivity. If the usual assumption js 
made, that the mean free path of the electrons in the 
conduction band of the semiconductor is independent 
of their energy, the equation for the conductivity is 


16rmkTe'l, 


o.= me eulk r, (16) 





where yu is the Fermi energy measured from the bottom 
of the conduction band, which is designated as the zero 
energy. Since we are dealing with nondegenerate semi- 
conductors, this means that uw is always a negative 
number. Dividing Eq. (16) by the Richardson-Dushman 
Eq. (2) we obtain for crystal conduction 


o- 4 el, 
— = — elk, (17) 
Jo 3kT 


where x is the electron affinity of the semiconductor 
and where 


ep=X— HM. (18) 


The mean free path /, is believed to be of the order of 
the interatomic distances for polar crystals.6 Hence 
Eq. (17) tells us that a key question regarding the 
possibility of pore conduction in porous semiconductors, 
such as the alkaline earth oxides, is the magnitude of the 
electron affinity x. If o./Jo<o,/Jo, then pore conduc- 
tion will predominate and vice versa. For example, if 
1, is 5 angstroms, the value of x which will result in 
o-/Jo=o,/Jo is 0.7 ev at 1000°K. If /, is 50 angstroms, 
x would only need to be 0.5 ev. Of course, the geo- 
metrical factors including the reflection coefficient for 
the emission equation must be considered in comparing 
experimental values of o/Jo with Eqs. (15) and (17). 
Also it is necessary that the measurements of o and J 
be made on a single sample which is in a given state of 
activation. 

Few reliable values for o/J appear in the literature. 


®N. E. Mott and R. W. Gurney, Electronic Processes in Ionic 
Crystals (Oxford University Press, Oxford, England, 1940). 
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ELECTRICAL PROPERTIES OF POROUS SEMICONDUCTORS 


Hannay, MacNair, and White’ have reported rather 
extensive data taken at a fixed temperature of 970°K 
giving 2 value of 0.025 cm/amp®. This is seen to be 
about an order of magnitude larger than is predicted by 
the pore conduction hypothesis, and it would appear 
questionable as to whether the unknown geometrical 
factors could compensate for the difference. However, 
the following feature may be of great importance in 
measurements of this type. It is known that metallic 
barium is evaporated from the outer surfaces of oxide 
cathodes. Since the activity of these cathodes is be- 
lieved to depend on a stoichiometric excess of barium, 
this may result in a reduction in the activation of the 
outer surface with a consequent reduction in the 
measured value of the thermionic emission. Barium 
evaporated from the walls of the pores would not be 
lost so that this effect would not be present in the in- 
terior of the cathode coating. Further experimentation 
on this point would seem desirable. 

It would be very helpful in deciding the existence of 
pore conduction if the magnitude of the electron affinity 
x could be determined, especially since this quantity 
should be independent of the activation of the cathode, 
assuming that dipole layers on the surface are not of 
fundamental importance. However, it should be noted 
that x cannot be obtained by comparing the slopes of a 
Richardson plot with that of a conductivity plot even 
though pore conduction is absent. This is a misconcep- 
tion that has occasionally appeared in the literature. 
The thermionic work function of a semiconductor must 
be regarded as a temperature dependent quantity 
which can, however, be expressed by the first two terms 
of a power series over reasonable ranges of tempera- 
tures: 


ep=edoted’T. (19) 


Substituting Eq. (19) into Eq. (2) shows that the slope 
of a Richardson plot is related to edo and not to e¢. 
Similarly the Fermi energy and the electron affinity 
may be represented as linear functions of temperature 
over limited temperature ranges 


(20) 
(21) 


Hutner, Rittner, and DuPre® have given several] numeri- 
cal examples illustrating the manner in which p behaves 
as a function of temperature for various distributions 
of acceptor and donor centers in semiconductors. 
Substituting Eq. (20) into Eq. (16) shows that the 
slope of a conductivity plot for a semiconductor is 
related to wo and not to uw. Thus since only po and edo 
are known,’ Eq. (18) cannot be used. However, the 


w=poty'T, 
Xx=xotx’T. 


"Hannay, MacNair, and White, J. Appl. Phys. 20, 670 (1949). 

*Hutner, Rittner, and DuPre, Philips Research Rept. 5, 188- 
204 (1950). 

*Note: We may also determine e¢’ by making assumptions 
regarding the reflection coefficient in the Richardson-Dushman 
equation. 
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equation 


e€po= Xo— Ko (22) 


will give us a value for xo. Thus, for example, the ex- 
perimental data for oxide-coated cathodes usually 
show edo and yo (using the semiconductor hypothesis) 
to be very nearly equal at high temperatures so that 
xo is usually interpreted as being of the order of one- 
or two-tenths of an electron volt. It must be empha- 
sized that this is a measure of xo and not x, and it is 
this only if the conduction at high temperatures is 
through the crystals. However, as was pointed out near 
the end of Sec. IV, the slight difference in the high 
temperature slopes is also to be expected if the pore 
conduction hypothesis is correct. 

A further observation can be made which lends sup- 
port to the pore conduction hypothesis for oxide 
cathodes. As was indicated in Fig. 3, conductivity plots 
for well-activated oxide cathodes show two regions of 
linearity. Equations (16) and (20) can be fitted to each 
of these regions separately providing uo in Eq. (20) is 
selected to correspond with the particular slope. How- 
ever, this necessity of using two values of uo (and conse- 
quently two values of yw’), together with Eq. (18), 
implies that the Richardson plot will have a correspond- 
ing change in slope. Experimentally, however, Richard- 
son plots are always straight in this region. Perhaps the 
most striking example has been obtained by Sparks!° 
from a cathode consisting of pure BaO on pure nickel. 
The Richardson plot for this cathode produced a straight 
line for more than 12 orders of magnitude of current 
and over a temperature range from 368°K to 1017°K. 
The apparent work function edo was 1.37 ev and the A 
constant was 0.122 amp/cm?* °K*. From this type of 
data we may conclude that both slopes of the conduc- 
tivity plots cannot be explained as arising from elec- 
tronic conduction through semiconducing crystals. 


VI. THERMOELECTRIC EFFECT IN POROUS 
SEMICONDUCTORS 


There are two sources of thermal emf in a porous 
semiconductor; one is in the crystals of the aggregate 
and the other is in the interstices between the crystals. 
The theory of the thermoelectric power of semiconduc- 
tors is well-known. However, most of the formulas to 
be found in the literature are based on definite assump- 
tions regarding the type of impurity centers involved. 
In keeping with the form of the equations in Sec. V, 
it is desirable to express the thermoelectric power in 
terms of a temperature dependent Fermi energy 
(Eq. (20) ], thus avoiding the necessity of any assump- 
tions regarding the impurity centers. 

The thermoelectric power 6’ is related to the Peltier 
coefficient #142 by the relation 


0 = m142/T. (23) 


A general expression for the Peltier coefficient has been 





TL, Sparks, Ph.D. thesis, University of Missouri, 1951. 
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given by Seitz :" 


T Ke os Ke B 
naa ( =) -( -=) |, (24) 
é TK, T 2 TK, Zz 1 


where 
C f* af 
K,;=— f e'l de, 
V 0 de 











(25) 


f(© is the Fermi distribution function, and / is the mean 
free path of the electrons in the conductor. As applied 
here, the subscripts 1 and 2 on the parentheses refer to 
the metal and semiconductor of the junction, respec- 
tively. Since the thermoelectric power of a metal is of 
the order of 10~* times that of a semiconductor, the 
second parenthesis may be neglected. In order to evalu- 
ate Eq. (25) for the semiconductor term, it is usually 
assumed that the mean free path is independent of the 
energy. Using the classical approximation for /f(e) it 
may then be shown that 


K2/TK,=2k. (26) 


The thermoelectric power for an n-type semiconductor 
is thus found to be 


1 mn 
0 =-( 2-=). (27) 
€ x 


If Eq. (20) is used for p, this becomes 


1 Ko 
6.’=-{ 2k—p’—— }. (28) 
e T 


Plotting @.’ as a function of 1/T should result in a 
straight line whose slope is dependent on yo. It will be 
recalled from Sec. V that yo also determines the slope 
of the conductivity plot. 

The thermoelectric power of a pore will be derived 
on the basis of the parallel planes model of an interstice 
discussed in Sec. II. Referring to Fig. 1, if the right- 


uF. Steitz, The Modern Theory of Solids (McGraw-Hill Book 
Company, Inc., New York, 1940), p. 180. 
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hand surface is at a temperature T and the left-hang 
surface at 7+AT, then a potential Es=A6 will be 
required to reduce the net current between the surfaces 
to zero. Equating the emission current densities from the 
two surfaces, we have 


AT 2e-eot Va [kT 


=A (T+ AT)*e—ee9'4 T+Vmt46)/k(T+A T) (29) 


Taking the logarithm of both sides, substituting Eg, 
(19), and rearranging, we obtain 


2k T+AT gotVmtA0 gotVn 











~~ i ? (30) 
e T T+AT T 
which may be solved for A@/AT: 
A@ 2k(T+AT) T+AT\ gdotVn 
—=— in ) . (31) 
AT e AT T T 


In the limit at AT—0, we find the thermoelectric power 
to be 


d0 1 e(Got+Vn) 
[24 . (32) 


qT e 


Remembering that yu is a negative quantity, Eq. (32) 
is seen to resemble Eq. (27). The space charge potential 
Vm may be estimated with the aid of Eq. (4). When 
6,’ is plotted as a function of 1/7, a straight line should 
result whose slope is dependent on edo, the apparent 
work function of the semiconductor. Of course, the space 
charge may be expected to reduce this slope at high 
temperatures. 

The two sources of thermoelectric power discussed 
above are essentially in parallel with each other. This 
situation may be regarded as one in which each pore is 
in parallel with its adjacent crystals, or, alternatively, 
as an entire system of interconnecting pores in parallel 
with the crystal matrix; the result will be essentially 
the same in either case. At extreme temperatures, the 
mechanism which has the lowest internal resistance will 
control the effective thermoelectric power 6’ of the 
aggregate, but at intermediate temperatures an average 
between the two emf’s will result. 

This situation may be analyzed by considering @,’ as 
a voltage generator in series with a conductance a>, and 
in parallel with this a voltage generator @,’ in series with 
a conductance o;,. 6’, the effective thermoelectric power 
of the aggregate, will be the resulting voltage across this 
parallel system. Solving for 6’ we find 


o Pe 
~——#,'+ 0.!. (33) 
Opt Spt 


@’ 





In this equation, ¢,+¢- will be proportional to a, the 
effective conductivity of the aggregate. Figure 4 has 
been drawn from Eq. (33), using the same parameters 
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land that were used in producing Fig. 3. The upper straight would be expected is that there is a third conduction 
be line represents the temperature dependence of 6,’ and mechanism in parallel. with the cathode. This could 
aces the lower straight line represents 0,’. The dotted vertical either be leakage between the electrodes of the tube or 
1 the line indicates the temperature at which the break in the _ possibly a third mechanism in the cathode itself, such as 

conductivity occurs. ionic conduction. Analysis of this situation shows that 
The experimental data on the thermoelectric power such an additional path for the electric current would 
of oxide cathodes by Young” are in good qualitative produce just such a decrease in this low temperature 
(29) agreement with this analysis, with the possible excep- slope and could even reverse it. 
tion of the slope in the low temperature region. One The author wishes to express his gratitude to Pro- 
Eq, possible explanation of why this slope is not as large as_ fessor G. H. Vineyard under whose guidance this work 
“wy. R. Young, Ph.D. thesis, University of Missouri, 1951, petege undertaken and completed, and to Professor A. S. 
and J. Appl. Phys. 23, 1129 (1952). Eisenstein for helpful suggestions. 
(30) 
JOURNAL OF APPLIED PHYSICS VOLUME 23, NUMBER 10 OCTOBER, 1952 
(31) Electrical Conductivity and Thermoelectric Power of (BaSr)O and BaO* 
J. R. Younct 
ower Department of Physics, University of Missouri, Columbia, Missouri 
(Received March 31, 1952) 
A study has been made of the thermoelectric power, the electrical conductivity, and the thermionic emis- 
(32) sion of (BaSr)O and BaO at different states of activation and on different base metals over a temperature 

range of 1100°K to 300°K. A plot of the logarithm of the conductivity vs reciprocal temperature showed two 

straight line regions. The temperature dependence of the thermionic emission was found to be the same as 
(32) the temperature dependence of the conductivity in the temperature range 700°K to 1100°K. The slope of a 
ntial plot of the thermoelectric power vs reciprocal temperature was also similar to the thermionic work function 
Vhen and the conductivity activation energy in this temperature range. 

The thermoelectric power varied with temperature from a value of about 2.0 mv/° at 1100°K, increasing to 
ould about 2.5 mv/° at 800°K, reducing to between 1.0 and 0.5 mv/° at about 500°K, and remaining practically 
arent constant or increasing slowly at still lower temperatures. In all thermoelectric power measurements the hot 
space junction was positive indicating negative charge carriers. 
: The simple semiconductor theory does not adequately account for these results which seem to be in good 
high I 
agreement with the pore conduction hypothesis. 
assed . . . . 
This I. INTRODUCTION tivity should be the same as that of thermionic emission. 
mre is HE impurity semiconductor model, first proposed Hensley* has recently considered the properties of a 
vely, by Wilson! in 1931, has been successful in ac- Pe ee “ has a - oe 
rallel counting for many properties of the alkaline earth ©XPressions pre icting t € magnitude of the conduc- 
tially oxides, although the simple one impurity level model tivity and thermoelectric power and their temperature 
f the does not satisfactorily explain all of the experimental dependence. ; , ; 
e will observations. Recently a new theory was proposed by When probes are embedded in oxide cathode coatings 
r the Loosjes and Vink? to explain the conductivity of oxide for aid in measuring the electrical conductivity, it is 
erage cathodes. They consider two parallel conduction frequently found that a potential difference exists 
, mechanisms with quite different temperature depen- between the probe and the base metal when no — 
Jy as dence, each predominating in different temperature drawn. This was attributed by Becker and Sears‘ to a 
, and regions. At low temperatures, below 800°K, the conduc- thermoelectric voltage arising from the temperature 
with tion is thought to be primarily electronic through the gradient in the coating. Except for this and similar 
ower crystal grains; at high temperatures, above 800°K, the observations no systematic study of the thermoelectric 
. 9 © ’ ’ . . : . ° 
s this current is carried by an electron gas in the pores of the effect - oy ape vn mgr ade . a reported in the 
cathode. The density of electrons in these pores will literature.® Such & study With simuiancous measure- 
depend upon the electron emission from the oxide; ments of conductivity and thermionic emission should 
- . ’ . . . . . 
(33) therefore the temperature dependence of the conduc- PF©¥ ide evidence for or against the predictions of the 
——— above-mentioned theories. It was the purpose of this 
* Supported in part by the ONR. en 
t Now at the General Electric Research Laboratory, Schenec- 3 E. B. Hensley, thesis, University of Missouri (1951); J. Appl. 
r, the tady, New York. Phys. 23, 1122 (1952). 
1 has 1A. H. Wilson, Proc. Roy. Soc. (London) A134, 277-287 (1931). 4 J. A. Becker and R. W. Sears, Phys. Rev. 38, 2193-2213 (1931). 
?R. Loosjes and H. J. Vink, Philips Research Rept. 4, 449-475 5 A recent study published after this report was in preparation, 
reters (1949). Kin-ichi Noga, J. Phys. Soc. Japan 6, 124-125 (1951). 
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Fic. 1. Schematic diagram of experimental tube. 


investigation to study the temperature dependence of 
the electrical conductivity, thermoelectric effect, and 
thermionic emission of (BaSr)O and BaO at different 
stages of activation and on different base metals. 


Il. EXPERIMENTAL PROCEDURE 
A. Tube Design and Construction 


The most suitable electrode geometry for the simul- 
taneous measurements of conductivity and thermo- 
electric power was thought to be that of Loosjes and 
Vink? upon which the tube design shown in Fig. 1 is 
based. For the simultaneous measurements of conduc- 
tivity, thermoelectric power, and thermionic emission a 
ring anode was introduced (Fig. 1C). The flat cathode 
buttons{ were 3.6 mm in diameter of the type used in 
the 2C36 tube. The nickel stock used in these buttons 
will be referred to as standard nickel. In some of the 
tubes 1001 pure nickel§ disks 0.006 in. thick were welded 
over the standard nickel cathode buttons. Impurity 
content of the two types of nickel used as base metals 
was determined by spectrographic analysis and is 
given in Table I. 

The samples were prepared by spraying two pre- 
viously processed (see Sec. II B) cathode buttons. The 
coatings used were equal molar (BaSr)CO;]|| or pure 
BaCo;.{ The impurity content of the coatings used, as 
determined from spectrographic analysis, is shown in 

t Obtained from Sylvania Electric Products, Inc., Kew Gardens, 
Long Island, New York. 

§ 1001 nickel was obtained from E. M. Wise, International 
Nickel Company, New York, New York. 

|} C51-2 obtained from Ratheon Manufacturing Company, 
Newton, Massachusetts. 


§ Ultra-Pure BaCO; from Mallinckrodt Chemical Works, St. 
Louis, Missouri. 


R. YOUNG 


Table I. In order to obtain a coating of uniform thick. 
ness and area, a stainless steel masking jig was machined 
to fit over the cathode button before spraying (Fig. 1B), 
The carbonate was sprayed over the jig to a thickness 
greater than ultimately desired; the excess was then 
scraped off flush with the top of the jig with a razor 
blade. This resulted in each of the cathode buttons 
having a centered coating 0.15-mm thick and 4.4 109 
cm? in area. Each cathode button was supported by 
two 0.030-in. nickel wires. These wires were welded to a 
0.025-in. tungsten wire which served as a spring to 
keep the two sprayed buttons pressed tightly together, 
A nickel ribbon 0.003 in. thick and approximately 3 mm 
wide was used as a jumper around the tungsten spring, 
This prevented the tungsten spring from heating and 
losing its spring-like properties due to the passage of 
heater current. 

The temperature of each nickel button was measured 
by a thermocouple made of 0.002-in. molybdenum and 
nickel wires welded, before spraying, to the edge of each 
button. These wires were then welded to 0.040-in, 
molybdenum and nickel support leads which were 
attached to the two lead extended presses at the bottom 
of the tube just above the glass to metal seals. This 
cold junction of the thermocouple was considered to be 
at room temperature. The Mo—Ni thermocouple wire 
was calibrated against a Pt—Pt Rh thermocouple 
calibrated at the Bureau of Standards to an accuracy 
of 0.1°C. 


B. Tube Processing 


Before spraying, the cathode buttons were chemically 
cleaned and hydrogen fired at 900°C for fifteen minutes 
as were all nickel support leads and the 1001 nickel 
disks used for facing the buttons in some tubes. After 
hydrogen firing, the heaters were installed and the 
cathode buttons were assembled and mounted in a 
separate glass envelope for vacuum firing at 1000°C 
until the pressure, as indicated by an ionization gauge, 
was approximately 10~* mm of mercury. The cathode 
buttons were then sprayed and the final tube assembled 
as described in the previous section. 

The tubes were evacuated by a three-stage Distilla- 
tion Products oil diffusion pump and were baked at 
450°C for one hour. The ultimate vacuum was approxi- 
mately 10-* mm of Hg. The cathodes were heated slowly 
to 1150°K. They remained at this temperature until the 
carbonate was completely converted to the oxide and 
the pressure had decreased again to about 10-* mm 
of Hg. 

Activation was accomplished by passing a direct 
current between the buttons, through the coating, 
first in one direction and then in the other. Less than 
6 volts was used in this process. Considerable polariza- 
tion was observed in the early stages of activation. 
However, when high activity was reached no polariza- 
tion was apparent. Some of the tubes were completely 
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THERMOELECTRIC POWER OF (BaSr)O AND BaO 


TABLE I. Impurity content in parts per million of the coatings and base metals used. 











Fe Mn Pb Cu Na Ca Sr Mg Si Co Al Ag 
BaCO; 3 0.5 0.5 0.5 10 5 30 50 * tee a 
(BaSr)CO; sa 20 10 2 ee eas wats 500 2 ae 10 — 
1001 Ni 10 1 10 10 2 nea 100 ao a 
Standard Ni 20 50 5 50 50 10 100 eee a 


———— 








s Possible trace. 


activated on the vacuum system while others were 
activated after seal-off. All tubes were sealed off the 
vacuum system at a pressure of approximately 10-* mm 
of Hg following which the Batalum getter was flashed. 


C. Method of Measurements 


Dc voltage-current curves were found to be linear at 
all temperatures and at all states of coating activity for 
applied voltages less than about 0.5 volt. For these 
small applied voltages, activation and deactivation 
effects were absent and the voltage-current curves were 
symmetrical for either direction of current flow. From 
the slope of the voltage-current curves and the coating 
geometry the effective specific electrical conductivity 
could be computed. 

The ac heater current for the nickel buttons was 
stabilized by a constant voltage transformer. For con- 
ductivity measurements the temperature was deter- 
mined by measuring the thermal emf developed by one 
of the Mo—Ni thermocouples. It was found that the 
most sensitive method for setting the two nickel buttons 
to the same temperature was to adjust the current in 
the second heater until no thermal emf could be ob- 
served across the sample. 

In measurements of the thermoelectric power the 
heater current was supplied by storage batteries. This 
was found necessary because the ac source was not 
sufficiently well regulated. The thermal emf across the 
sample was measured between the two nickel thermo- 
couple leads using a Leeds and Northrup Type K-2 
potentiometer with a galvanometer as a null indicator. 
The thermal emf of each Mo—Ni thermocouple was 
measured with the Type K-2 potentiometer. 

The thermoelectric power, emf/A7, was determined 
from the slope of a plot of the thermal emf developed 
across the sample versus the difference in temperature, 
AT, of the two buttons. The average temperature of the 
sample was kept nearly constant in any given determi- 
nation. A typical plot of the thermal emf across a 
sample versus AT is shown in Fig. 2. 

Pulsed voltage-current characteristics were taken 
on many of the samples. The pulses were obtained from 
a square wave, hard tube, pulse generator with pulse 
length variable from 1 usec to several hundred usec.® 
A 3 usec pulse at a repetition rate of 60 per second was 
used in most of these measurements. A Sylvania Model 
P-4 synchroscope was used for measuring the pulse 


*F. A. Horak, Technical Report No. 7. N7onr-202 T.O. 5 
(University of Missouri, August, 1951), p. 4. 


voltage and a Tektronix Model 511-AD oscilloscope 
with a Type 121 preamplifier was used to measure the 
pulse current through the sample by means of suitable 
viewing resistors. Using the above equipment, pulse 
voltages up to 700 volts could be applied and pulse 
currents of from 1 ampere to 10-5 ampere could be 
measured. 


III. RESULTS AND CONCLUSIONS 


The eight experimental tubes can be divided into 
three groups; a typical tube from each of these groups 
will be discussed in detail. Results obtained on the re- 
maining tubes will be presented in the form of a table 
at the end of this section. The tubes were numbered in 
chronological order of their processing; however, tube 
No. 8 will be discussed first since the most complete 
set of observations were made on this sample. 


A. Tube No. 8 


This tube was constructed as indicated in the pre- 
vious section, Fig. 1C. The 0.030-in. tantalum wire ring 
anode was introduced in order to make separate meas- 
urements of the external thermionic emission and to 
determine if part of the conduction current was being 
passed around the outside of the coating. The flat ends 
of the nickel buttons were completely covered with the 
carbonate; they were then pressed together to enable 
the electric field produced by the anode to reach the 
exposed coating surface between the nickel buttons. The 
coating was (BaSr)O on the standard nickel base metal. 
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Fic. 2. A typical plot of thermal emf vs difference in 
temperature, (BaSr)O. 
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Conductivity measurements at two states of activity 
are shown in Fig. 3(A). In the low state of activity a 
straight line is observed over the entire temperature 
range in which measurements could be made; however, 
in the high state of activity two straight line sections 
are observed. The activation energies, Q, in the different 
states of activity are indicated on the figure. These 
results are typical of the conductivity observations 
made on all tubes and are in agreement with the results 
reported by Loosjes and Vink, except the region of the 
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Fic. 3. (A) Electrical conductivity of (BaSr)O vs reciprocal 
temperature. (B) Thermoelectric power of (BaSr)O vs reciprocal 
temperature. 
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break in our conductivity curves appears at somewhat 
lower temperatures. In states of low activity the break 
was not always found ; however, this is probably a cop. 
sequence of our being unable to make measurements at 
temperatures sufficiently low to show its existence. The 
observed experimental curves are found to be quite 
similar to the theoretical conductivity curve of Hensley? 
based on the pore conduction hypothesis. These con- 
ductivity results may also be interpreted qualitatively 
using only semiconductor theory if two sets of energy 
levels are present to contribute electrons to the conduc- 
tion process. However, quantitatively it does not seem 
likely that this model could account for the rather 
abrupt break in the curve which is observed. The one 
impurity level, simple semiconductor model can account 
for the behavior in one temperature region but not both. 

If the conduction current is due to an electron gas in 
the pores, a lower conductivity would be expected if 
the sample were placed in a magnetic field. A much 
smaller change would be expected if the conduction is 
due to electronic conduction through the crystals. With 
a magnetic field of 5600 gauss applied perpendicular to 
the direction of current flow through the coating, the 
conductivity measurements were repeated. These 
values are represented by the open circles in Fig. 3(A). 
It was observed that the conductivity was reduced by a 
factor of up to six in the high temperature region and 
by a factor of two in the low temperature region. Thus 
the results are qualitatively in agreement with the pore 
conduction mechanism. If an appreciable fraction of the 
current is carried by electron emission around the 
sample a reduction of current in the magnetic field 
would also occur. An experiment to be described later 
seems to rule out this possibility. 

Thermoelectric power measurements were taken with 
the sample in this high state of activity. A plot of the 
thermoelectric power versus reciprocal temperature is 
shown in Fig. 3(B). This plot is similar in shape and 
magnitude to Hensley’s*® theoretical curve for a porous 
semiconductor. The high temperature region had a 
slope of 1.2 ev which was in fair agreement with 1.1 ev 
obtained for the conductivity activation energy ( in the 
high temperature region. A rapid decrease of thermo- 
electric power occurred as the temperature was reduced 
from 700°K to 500°K. At still lower temperatures a 
slight rise in thermoelectric power was found; the 
latter region has a slope of 0.06 ev. This value does not 
agree favorably with the activation energy obtained 
from the conductivity curve in the low temperature 
region, 0=0.24 ev. The thermoelectric power measure- 
ments are in agreement with the predictions of the 
porous semiconductor theory on the following points: 
(1) The temperature dependence of the thermoelectric 
power in the high temperature region is essentially the 
same as the temperature dependence of the conduc- 
tivity in this region. (2) The magnitude of the thermo- 
electric power, 2-2.5 mv/°, observed at high tempera- 
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tures is in fair agreement with the predictions of the 
porous semiconductor theory.’ (3) The temperature 
dependence in the high temperature region is also the 
same as that of the thermionic emission from the oxide. 
(4) All samples, active and inactive, had a thermo- 
electric power in such a direction that the hot junction 
was positive over the entire temperature range. This is 
indicative that negative charge carriers are predominant 
in the electron gas at high temperatures and in the 
crystals at low temperatures. 

The one impurity level, simple semiconductor theory 
predicts a linear dependence of the thermoelectric 
power and the reciprocal temperature.’ Thus this model 
could account for either the high or the low temperature 
regions but not both. If a two impurity level model is 
used to account for the two slopes of the conductivity 
and the thermelectric power curves, both of these must 
be donor type levels to give an N type semiconductor 
at all temperatures. This model is not attractive as it 
also predicts a break in the thermionic emission curve 
which, as we will see later, is not observed. 

In the low temperature region some disagreement is 
found between the slope of the thermoelectric power 
curve and the activation energy obtained from the con- 
ductivity curve. If the low temperature conductivity 
and thermoelectric power are due entirely to electronic 
coaduction in the bulk oxide, then the two slopes should 
agree. It may be possible that measurements of the 
thermoélectric power at low temperatures are influenced 
by the mechanism which is predominant at high tem- 
peratures. Hensley* has shown that a leakage resistance 
in the tube greater by a factor of 10 than the sample 
resistance and in parallel with the sample, would short- 
circuit the thermoelectric power and cause the curve 
to have a considerably smaller slope in the low tem- 
perature region. It is possible that both of these effects 
could contribute to the disagreement between the ac- 
tivation energy obtained from the conductivity curve 
and the slope of the thermoelectric power curve in the 
low temperature region. 

Dc voltage-current curves were taken at different 
temperatures, with applied voltages up to 6 volts. 
Figure 4(A) shows two such curves, one at 1027°K and 
the other at 533°K. The curve taken at 1027°K is typical 
of those above the break in the conductivity curve, and 
the one taken at 533°K is typical for those below the 
break. At temperatures above the break the curves ap- 
pear concave toward the voltage axis, while at tempera- 
tures below the break the curves are convex toward the 
voltage axis. 

Pulsed voltage-current measurements were also made 
at various temperatures. The pulse length used was 
3us, and up to 500 volts was applied, corresponding to 
fields up to 25,000 volts per cm. Figure 4(B) shows two 
pulsed voltage-current curves which were obtained, 
one at 982°K, the other at 652°K. The curve taken at 
982°K is typical of those above the break in the con- 
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Fic. 4. (A) De voltage-current characteristics of (BaSr)O. 
(B) Pulsed voltage-current characteristics of (BaSr)O. 


ductivity curve, and the one at 652°K is typical for 
temperatures below the break. At 982°K the curve 
appears to be concave toward the voltage axis at low 
voltages and convex toward the voltage axis at higher 
voltages. The 652°K curve appears to be convex to- 
ward the voltage axis except in the low voltage region 
where it is nearly linear. No difference in the dc and 
pulsed values was found in the voltage range covered 
by both measurements. 

If, according to the pore conduction theory, the cur- 
rent is carried by an electron gas in the pores at high 
temperatures, the current-voltage dependence should 
resemble that of a diode. Accordingly a Schottky type 
plot (logJ vs V*) was made from the pulsed voltage- 
current data and is shown in Fig. 5. It is seen that 
straight lines result and the slopes of the lines vary in 
accord with the predictions of the Schottky equation. 
When these lines are extrapolated to zero voltage the 
zero field, internal, emission current is obtained. A 
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Fic. 5. A Schottky plot from pulsed voltage-current 
characteristics through (BaSr)O. 


Richardson plot was constructed from these values of 
emission current and the temperature. Figure 6 shows 
this plot and indicates an internal work function of 1.1 
ev. At temperatures below the break point in the con- 
ductivity curve, 800°K, the points on the Richardson 
plot are found to deviate from the straight line drawn 
through the high temprature points. This is to be ex- 
pected since the current values below this temperature 
arise from a different mechanism. 

The external thermionic work function was de- 
termined by drawing dc emission current from the 
exposed edge of the sample to the ring anode. Schottky 
plots made from this current and the applied anode 
voltage are shown in Fig. 7. From the extrapolated zero 
field emission currents a Richardson plot was con- 
structed (Fig. 8). The external work function obtained 
from this plot was 1.1 ev, a value in agreement with the 
apparent work function obtained from the internal 
emission currents, with the activation energy obtained 
from the conductivity curve and with the slope of the 
thermoelectric power curve in the high temperature 
region. It is to be noted that the lowest point shown on 
the Richardson line occurs at a temperature below the 
break in the conductivity curve and below the point of 
deviation from the Richardson line in Fig. 6. These 
observations, substantiated by data on the other tubes 
of this group, cannot be explained by the two-energy 
level, semiconductor model, but are in agreement with 
the pore conduction hypothesis. 

The shape of the voltage-current curves in the low 
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voltage region have been interpreted by Loosjes ang 
Vink.” The linear relationship at low temperatures was 
explained as being caused by the ohmic resistance of the 
coating, and the concave curvature toward the Voltage 
axis at high temperatures was caused by a space charge 
effect in the pores. This behavior is seen in Fig. 4(B) for 
potentials below 50 volts. Above 50 volts the rapid 
increase of current with increasing applied voltage jn 
the low temperature region may result from a Schottky 
effect or field emission of the pore electrons, giving rise 
to a current which masks the crystal conduction current 
which was predominant at low voltages. The voltage. 
current characteristics through the coating which appear 
as straight lines on the Schottky type plot (Fig. 5) have 
slopes very similar to the slopes of Schottky plots of 
the external thermionic emission from the coating to 
the ring anode (Fig. 7). These slopes are greater than 
predicted by theory for clean metal surfaces by a factor 
of about five. Other observers’® have found the slopes 
of Schottky plots for oxide cathodes to be greater than 
theory predicts by a factor of between three and nine. 

Since the possibility existed that part of the conduc. 
tion current was carried around the coating by thermi- 
onic emission the following experiment was conducted, 
At the highest temperature at which measurements 
were made, 1100°K, 0.1 volt was applied across the 
coating producing an average internal field between 
the buttons of about 5 volts per cm. A positive potential 
was applied to the ring anode with respect to the mid- 
point of potential between the buttons and produced an 
external field at the oxide surface which could be varied 
from zero to 800 volts per cm. The current through the 
coating was observed as the anode voltage was in- 
creased. No change was detected in the current through 
the coating as the external field was varied. This indi- 
cates that a negligible amount of the conduction current 
passes around the edges of the coating. 
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Fic. 6. A Richardson plot made from Schottky plot shown in Fig. 5. 


7H. Y. Fan, J. Appl. Phys. 14, 552 (1943). 
®C. S. Hung, J. Appl. Phys. 21, 37 (1950). 
*T. L. Sparks, thesis, University of Missouri (1951). 
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B. Tube No. 4 


This tube was constructed similar to Tube No. 8 
except the ring anode was not present, but facilities 
were provided for introducing gases through glass 
preak-off tips. The sample was (BaSr)O between base 
metals of standard nickel. After one hour of activation 
the tube was sealed off, the vacuum system and con- 
ductivity and thermoelectric power data were taken. 
Conductivity measurements in this state of activation 
are shown in Fig. 9(A), as open circles. Two straight line 
regions are apparent with the high temperature activa- 
tion energy 1.6 ev and the low temperature activation 
energy 0.11 ev. Thermoelectric power measurements at 
this state of activation are shown in Fig. 9(B), as open 
circles. At higher temperatures the slope was about 1.3 
ev, and as the temperature was reduced, the thermo- 
electric power dropped to a low value and remained 
nearly constant. 

Activation was continued by passing direct current 
through the sample at 1150°K until no further change 
could be detected. Conductivity and thermoelectric 
power measurements were then repeated. The conduc- 
tivity results are shown in Fig. 9(A) as solid dots. In the 
high temperature range the activation energy had de- 
creased to 0.7 ev, while the low temperature activation 
energy remained at 0.11 ev. Thermoelectric power re- 
sults are shown in Fig. 9(B) as solid dots. Only in the 
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Fic. 7. A Schottky plot from emission current around 
the edges of the (BaSr)O sample. 
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Fic. 8. A Richardson plot made from the Schottky plot in Fig. 7. 


low temperature region could a slope be determined; this 
had a value of 0.04 ev. 

In order to obtain data on this sample in different 
states of activity and to determine, if possible, whether 
the low temperature conduction was due to surface 
conduction as suggested by Wright,’° the sample was 
deactivated by introducing oxygen at room tempera- 
ture. The tube was sealed at one of the crack-off tips 
to a vacuum system which was evacuated by a two- 
stage mercury diffusion pump. Two traps were located 
between the diffusion pump and the tube, one was cooled 
with a dry ice acetone mixture, while the other was 
cooled with liquid air. The vacuum system was pumped 
down, without baking, to a pressure of 10-7 mm of Hg. 
At this pressure the break-off tip was cracked by means 
of a Kovar rod placed inside the pumping lead, 
using an external magnet. Oxygen was obtained from a 
Linde Air Products Company cylinder and was filtered 
through a Koby activated charcoal filter before passing 
through the two cold traps. 

A period of three months elapsed between the pre- 
vious measurements on this tube and this oxygen experi- 
ment. After these data were recorded it was noted that 
the state of activity of the sample had changed in the 
three months that the tube was idle. Therefore the only 
reference to the activity before the introduction of 
oxygen, in the first deactivation experiment, was the 


conductivity at room temperature, not represented on 
Fig. 9(A). 


10D. A. Wright, Phys. Rev. 82, 574 (1951). 
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Fic. 9. (BaSr)O at various states of activation. Deactivation 
produced by oxygen treatment at room temperature. (A) Elec- 
trical conductivity. (B) Thermoelectric power. 


Conductivity measurements were made at room 
temperature as the oxygen was introduced. Immediately 
after cracking the break-off tip and exposing the sample 
to the manifold vacuum of 10~7 of Hg, the conductivity 
reduced to two-thirds of its former value. When 
oxygen was introduced at a pressure of approximately 
10~* mm of Hg for a short time, only a slight further 
reduction of conductivity was observed. Oxygen was 
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‘again introduced at a pressure of approximately 10“ 


mm of mercury, and the conductivity fell to one-third 
of the value it had before cracking the break-off tip, 
Prolonged exposure to oxygen at pressures of 10-? mm 
of mercury produced no further change in the conduc. 
tivity at room temperature. The excess oxygen was then 
pumped out so that the pressure in the tube was less 
than 10-* mm of mercury; no change in conductivity 
was observed during this re-evacuation. As the tempera- 
ture of the sample was increased, the conductivity 
followed the curve shown by the A points in Fig. 9(A), 
At approximately 850°K the conductivity fell rapidly, 
and at 900°K activation was observed. The tempera- 
ture was then reduced and the new conductivity values 
were found to fall below the previous curve, giving the 
© points on Fig. 9(A). Complete deactivation of the low 
temperature region is thus indicated. The temperature 
was then raised to 1100°K and current drawn until no 
further activation occurred. Conductivity and thermo- 
electric power measurements were made in this state of 
activity. The conductivity curve is represented by the 
© points in Fig. 9(A). The high temperature activation 
energy was U.9 ev and the low temperature activation 
energy was 0.20 ev. Thermoelectric power measure- 
ments at this state of activity are represented by the © 
points in Fig. 9(B). The high temperature slope was 
found to be 0.9 ev and the low temperature region hada 
slope of 0.09 ev. Again close agreement is found between 
the value of the high temperature activation energy 
and the high temperature slope of the thermoelectric 
power curve, and the low temperature regions are not 
in good agreement. 

Oxygen was again introduced at a pressure of 10-? mm 
of mercury, with the sample at room temperature. The 
conductivity immediately fell to the same value ob- 
served when oxygen was introduced the first time. The 
tube was evacuated, and the temperature was increased 
in steps at intervals of 10 minutes. Conductivity results 
are indicated by the @ points of Fig. 9(A) ; however, no 
change in conductivity with time during the 10-minute 
interval was noted until a temperature of 900°K 
was reached and at this point activation occurred. In 
order to produce a lower state of activity, oxygen was 
introduced again at a pressure of between 10~* and 10° 
mm of mercury, and the temperature of the cathode 
was increased at 900°K for a few minutes. This resulted 
in a stable inactive state shown by the © points in 
Fig. 9(A) obtained with the sample in vacuum. The 
activation energy for this state of activity was 1.7 ev. 
Thermoelectric power measurements are represented by 
the © points in Fig. 9(B). The slope of the thermoelectric 
power plot is 1.6 ev in agreement with the activation 
energy obtained from the conductivity plot. 

After these measurements were completed the sample 
was heated to 1150°K and reactivated by passing direct 
current in first one direction and then in the other 
direction. Polarization effects were noticed at first, 
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but as activation proceeded, the polarization effects 
disappeared. After activating for 15 hours, the sample 
was found to be in a state close to that obtained after 
the first oxygen deactivation, shown by the © curves 
in Figs. 9(A) and 9(B). 

These activation and deactivation studies seem to 
indicate that the low temperature conductivity results 
from electronic conduction through the crystal grains. 
The initial deactivation that occurs when the sample 
is exposed to oxygen at room temperature probably 
results from a deactivation of the surface and the bulk 
a short distance inside the crystals. Since the diffusion 
rate of oxygen is undoubtedly low at room temperature, 
very little oxygen could diffuse into the bulk of the 
oxide crystals. This is borne out in Fig. 9(A) where the 
conductivity maintains a low slope region until a 
temperature of the order of 850°K is reached. Inward 
diffusion of the oxygen trapped at the surface becomes 
more rapid, and the low slope region is deactivated. 
This deactivation at 850°K could also result from the 
absorbed oxygen reacting with free barium on the 
surface of the crystals as suggested by Wright,!® but 
this chemical reaction should take place at room 
temperature. 

This experiment supports the pore conduction theory 
in that the low slope region extends to higher tempera- 
tures, about 850°K, after the oxygen treatment at room 
temperatures than before the treatment, about 650°K. 
Deactivation of the surface region would greatly reduce 
the thermionic emission at a given temperature, and 
if the high temperature conductivity is due to electron 
emission through the pores, the resulting apparent 
conductivity would be lowered. Thus one would be able 
to go to a higher temperature before pore conductivity 
becomes comparable to the bulk conductivity. 


C. Tube No. 5 


Since the electron gas in the pores is being considered 
as a possible conduction mechanism, it was thought 
desirable to construct a tube which could only pass 
current by the pore conduction mechanism. This tube 
was designed similar to the tubes mentioned previously 
except the coating was sprayed over the entire flat 
surface of each nickel button, and they were not 
pressed tightly together but the oxide surfaces were 
separated by about 0.3 mm. The only mechanism of 
passing current through the gap is by thermionic 
emission. Coatings were made of (BaSr)O and the base 
metal was standard nickel. 

The sample was activated similar to the tubes pre- 
viously described. Voltage-current curves were found 
to be symmetrical and nearly linear over the voltage 
range from 0 to 0.5 volt. Apparent conductivity meas- 
urements were made from the slope of the voltage- 
current curves through zero voltage and from the 
geometry. Figure 10(A) shows the conductivity plot that 
was obtained. Curvature is noticed at high tempera- 
tures with a straight line region appearing at the lower 
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temperatures. A temperature dependence of this general 
shape was predicted by Loojes and Vink? for the con- 
duction through the pores of alkaline earth oxides. The 
activation energy obtained from the slope of this curve 
was 1.8 ev, and from the pore conduction theory this 
value is approximately the work function. 

Thermoelectric power measurements were made on 
this tube and the hot junction was again found to be 
positive. The experimental values scattered somewhat 
as indicated in Fig. 10(B), but the best straight line gave 
a slope of 1.9 ev. This slope is similar to the activation 
energy obtained from the conductivity curve in agree- 
ment with the pore conduction theory. Specific values of 
the thermoelectric power are seen to agree closely with 
values found in the high temperature region for the other 
samples which are pressed together. 
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Fic. 10. Characteristics of separated (BaSr)O samples. 
(A) Apparent conductivity. (B) Thermoelectric power. 
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TABLE II. Summary of results on eight experimental tubes. 











Slope Slope Work Work 
thermo- thermo- function function 
Activation Activation electric electric from from Thermo. 
energy energy power power V-I V-I Effective electric 
high low high low through to ring conductivity power 
Tube tempera- tem pera- tem pera- tempera- coating anode @ 1000°K at 1000°K 
No. Coating Base metal ture (ev) ture (ev) ture (ev) ture (ev) (ev) (ev) (27! em~) (mv/degree) 
1 (BaSr)O 1001 Ni 1.7 ss 1.6 ee 1.21075 22 
2 (BaSr)O 1001 Ni 1.6 0.7 1.4 tee tee 1.11075 2.28 
7 (BaSr)O 1001 Ni 1.7 1.0 1.8 tee 1.6 1.8 7.0 10-* 2.25 
3 (BaSr)O Std. Ni 0.9 0.22 0.7 0.09 1.0 tee 2.0 10-3 2.17 
4 (BaSr)O Std. Ni 1.6 0.11 ~ a see tee see 4.11075 2.28 
4 (BaSr)O Std. Ni 0.7 0.13 tee 0.04 see tee 5.0 1073 1.75 
4 (BaSr)O Std. Ni 1.7 tee 1.6 tee tee tee 1.9X 10° 2.78 
4 (BaSr)O Std. Ni 0.9 0.20 0.9 0.09 se ee 2a ie? 2.16 
5 (BaSr)O Std. Ni 1.8 tee 1.9 tee tee tee 7.0X 10-5 2.36 
8 (BaSr)O Std. Ni 1.1 0.24 1.2 0.06 1.1 1.1 8.0 10-4 2.37 
6 BaO Std. Ni 1.0 0.44 0.9 see tee tee 1.11073 2.12 
6 0.9 0.42 0.9 1.0 tee 2:0 10-3 2.06 


BaO Std. Ni 








A summary of the results obtained for the different 
tubes may be found in Table II. According to the pore 
conduction theory, the ratio of the electrical conduc- 
tivity to emission current density ¢/J should be about 
3X 10-* cm/Q amp at 1000°K. Table III lists the ¢/J 
results obtained in this investigation. For the internal 
thermionic emission current the theoretical value seems 
to be reasonable, but the external emission current 
values appear to be large. Since the geometry was not 
ideal and the external emitting area uncertain, the ex- 
ternal ¢/J values could be expected to be in error. 
However, it is difficult to explain why these ratios differ 
by such a large factor. 


IV. SUMMARY 


No interface effects were found in comparing the 
results obtained on samples made on the standard 
nickel base metal and on the 1001 pure nickel base. 
The only difference observed on samples made on the 
pure nickel base was their relative low activity and 
the difficulty encountered in activating. This is in agree- 
ment with the results of other observers. 

No significant difference was found in the properties 
of BaO as compared to (BaSr)O. Activation was 











TABLE III. 
a/J cm/2 amp a/J cm/2 amp 
Tube no. internal external 
3 8x 10-3 
6 1x 107 tee 
7 3X10 7X107 
8 4x10°% 4x10" 








slightly more difficult and the low temperature activa. . 


tion energy, 0.4 ev, was larger than that observed for 
(BaSr)O. This disagrees with Loosjes'! who measured 
the energy distributions of electrons emitted from BaO 
and (BaSr)O and found them to be different. He con- 
cluded that the conduction mechanisms were different 
and that BaO was not a pore conductor. 

Specific values of the thermoelectric power in the high 
temperature region appear to be related to the state of 
activity of the sample. As the activation energy and 
slope of the thermoelectric power curves reduce with 
increasing activity of the sample, the specific value of 
the thermoelectric power at high temperatures likewise 
decreases. This is in accord with the predictions of the 
porous semiconductor theory.* 

The simple one- or two-level, semiconductor model 
does not seem to adequately explain these various 
experimental results which are in agreement with the 
pore conduction theory. The major disagreement with 
this latter theory is the slope of the low temperature 
region of the thermoelectric power curve which does 
not agree well with the activation energy in the same 
temperature range. A possible explanation for this 
discrepancy was discussed. 

The author wishes to express his appreciation to 
Professor A. S. Eisenstein, whose suggestions led to the 
undertaking of the problem and under whose guidance 
the investigation was completed. 

To the Office of Naval Research and the University of 
Missouri Research Council the author is indebted for 
the support which made this work possible. 


" R, Loosjes, private communication. 
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A Method of Solving the Wave Equation in a Region of Rapidly Varying 
Complex Refractive Index* 


J. J. Grppons AnD R. L. ScHracG 
Ionosphere Research Laboratory, The Pennsylvania State College, State College, Pennsylvania 


(Received April 21, 1952) 


A process is described whereby the complex wave equation is transformed into an integro-differential 
equation in a single real dependent variable. This makes possible a technique for obtaining wave functions, 
which is believed to offer definite advantages in some instances where the more standard methods are difficult 
to handle, e.g., in regions where the complex index is varying rapidly. The index may be entered in a tabu- 
lated form, and its exact analytical expression is not required. 

The technique is then demonstrated by computing the reflection coefficient associated with an extremely 
critical region, that which one encounters at the “fourth reflection condition,” where the refractive index 


goes through a sharp peak (see reference 3). 





INTRODUCTION 


NVESTIGATIONS into wave propagation theory 
for ionized media frequently require solutions to 
the wave equation! 


w’'+Ken?x=0, (1) 


where the variable refractive index m is a complex 
quantity. Perhaps the most direct method of attack 
is to separate the wave equation into its real and 
imaginary parts, thus obtaining two equations that 
are coupled in the sense that each involves the real 
and imaginary components of 7. Their simultaneous 
solution is then required. Well-behaved solutions by 
this procedure are sometimes difficult to obtain, 
particularly when the integration is attempted through 
regions of rapidly varying index. 

The process that we are about to consider transforms 
the complex wave equation into an integro-differential 
equation in one real dependent variable, thus avoiding 
the necessity of solving two simultaneous differential 
equations. The solution of this integro-differential 
equation yields one of the two wave functions directly. 
The second solution is obtained from the first by 
direct integration. The technique appears to yield 
workable wave functions in critical regions where 
other known procedures fail. 


THE METHOD 


Let us consider a wave function expressed in the form 


r=z2e@= exp( f e[ (2’/z)+ io’ve) , (2) 


Substitute this expression into (1) and separate into 
real and imaginary parts to obtain 


(2’’/z) = Q” _ R (3) 


* The research reported in this paper has been supported by the 
Geophysics Research Division of the Air Force Cambridge Re- 
search Center under Contract AF19(122)-44 and by the National 
Science Foundation under Grant NSF-066. 


10. E. H. Rydbeck, Trans. Chalmers University Gothenburg 
Nr. 34, 1944. 


VOLUME 23, NUMBER 10 OCTOBER, 1952 
and 
Q”+2(2'Q'/2)=T, (4) 
where R and J are defined by 
R+ jl =—K¢n’. (5) 


After multiplying Eq. (4) by 2, it may be integrated 
directly to obtain 


Q'= (1/2) J Intde, (6) 


which, substituted into (3), yields 


(2""/z)— | a/s) frsar] =R. (7) 


A direct integration of Eq. (7) produces the amplitude 
function and the first derivative of the phase function 
of the first wave solution. An additional integration on 
Q’ then completely determines the wave function 7. 
We observe that for the case where the refractive 
index is real, 7=0, and Eq. (7) reduces to the original 
wave equation. 

The second of the two required wave functions in 
any region may be found by repeating the integration 
a second time, using different initial conditions, or 
by employing Abel’s integral formula.” For our purpose, 
the latter may be written 


T= rif d/ne, (8) 


or, in terms of our present notation, 


n=n| f (cos2Q/z2*)dx—j f in20/2*)ds | (9) 


In general, the z-functions will be involved in a bound- 
ary value problem which requires that they be matched 
smoothly onto other wave functions. For this purpose, 


2R. P. Agnew, Differential Equations (McGraw-Hill Book 
Company, Inc., New York, 1942). 








1139 








1140 mB 






Ings? 6042 10° 
La 146 «10 




















| 
| 


a 4 
Renigt — 14.8 210 


= 
— | 








Fic. 1. Plots of R and J defined by formulas (12) and (13) for 
the non-W.K.B. interval. (This interval contains the “fourth 
reflection condition.’’) 
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it is helpful to realize that 


we =(1 ‘iL 1+ 1 Te |, (10) 


where 
wy =m (2/2) +70" ]. (11) 
The use of these formulas provides an easy and accurate 
method for obtaining the first derivatives. 
The technique by which the above method is em- 
ployed will now be illustrated by an example. 


EXAMPLE 


In order to illustrate the applicability of the above 
method of obtaining wave solutions under extreme 
conditions, a solution has been carried through an 
ionospheric region containing a sharp peak in its 








w.k.B | Weve Solution 1——_ wK«.B 
Region *, Region #2 | Region * 3 
| 
—_> <— | _ 
v 
am, +87,, Gm, +07, E 13 
! 
| 
Xe-.4 x-0 X-.2 
Q bd 


Fic. 2. The configuration for the boundary value problem. 
(“Region 2” is the non-W.K.B. interval corresponding to 
Fig. 1.) 
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AMPLITUDE FUNCTION, Z 
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Fic. 3. The amplitude functions z of the first wave solution 
in “Region 2.” 


refractive index. The condition giving rise to the corre- 
sponding zero-collision pole is discussed in detail by 
S. K. Mitra,’ and is commonly called the “fourth 
reflection condition.” Since it is, in general, impossible 
to construct the required wave solution from elementary 
analytic functions,‘ the process necessarily consists of 
numerical integrations. To make such computations 
possible, the effect of a small collisional frequency has 
been included, thus making the index components 
finite at the peak and also eliminating the triviality 
of having J vanish everywhere. 

Throughout the range of interest, i.e., where wave 
solutions are required, the R and J functions can be 
assumed to be given by 


R=—K (1+ Kix/(n+2°)], (12) 


[= —K°?K2/(6+2°), (13) 
where x is the height variable measured from the peak 
in the index, being positive upwards and _ negative 
downwards. For our purposes, the wave frequency as 
well as the characteristics of the medium will be defined 
by the following parameters: 

Ko=m, Ki=—11.0, K,2=—1.8X10-", 
6=2.6X10-%, 9 7=13.5X10-". 
The R and J functions for these parameters are shown 
plotted in Fig. 1. It is impossible to display their 


and 





3S. K. Mitra, The Upper Atmosphere (The Royal Asiatic 
Society of Bengal, 1947). 

‘J. J. Gibbons and R. J. Nertney, J. Geophys. Research 56, 
355 (1951). 
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METHOD OF SOLVING 


behavior in the immediate vicinity of x=0 without 
greatly expanding the scales. The peak values are, 
however, indicated in the figure. 

Standard considerations show that for a region 
defined by (12) and (13), it is permissible to employ 
W.K.B. solutions provided |x| >0.2. The problem of 
determining the reflection coefficient associated with 
the critical region (see Fig. 2) consists of computing 
the wave functions, m2 and 722, in the non-W.K.B. 
region, and matching these functions smoothly onto 
the W.K.B. solutions at the respective boundaries 
aand b. The W.K.B. solutions are given by 


mu=(1/(Kon)*] exp (—iK f nds ), 


ru=[1/(Kon)?] exp( ike [ nds), L (44) 


a 





T13> [1/(Kon)*] exp(-iK f nis), 
b } 
where 7, and mg represent up-going waves and 7y 
is a down-coming wave. This treatment, therefore, 
assumes that the wave transmitted into Region No. 3 
will not be reflected from a higher level. 
In carrying out the matching problem at the bound- 
aries a and b, we simply require that 


Atiyat+ Broaa=Cm2at+ Dr22a 
Af’ at Br’ na=Cr' 120+ Dr’ 20 
Cm125+ Drro»= Ems» 
Cr’ 120+ Dr’ 225= En’ 13» 


(15) 


Q, RADIANS 


-0.40 


-0.30 -0.20 


THE WAVE EQUATION 1141 
where the primes represent derivatives with respect 
to the variable x. After all the z-functions as well as 
their first derivatives have been determined at their 
respective boundaries, the system of Eqs. (15) may 
be solved to obtain the reflection coefficient, 


Refl. coeff.= | B/A|. 


There remains the determination of the wave func- 
tions in Region No. 2. As outlined previously, the first 
solution is found by solving Eq. (7). This was accom- 
plished on an I.B.M.-C.P.C. computor by a numerical 
integration process started at x=0 and carried in both 
directions. The assumed initial conditions were zo= 10° 
and zo =10. Figure 3 shows a plot of the resulting 
amplitude function z. It will be noted that this function 
increases monotonically for positive values of x. This 
is characteristic of Eq. (7) in a region where R is 
always positive and when the initial value of z, as 
well as its first derivative, is taken as positive. The 
peculiar cycloidal form of the amplitude function for 
negative values of x is likewise believed to be character- 
istic of Eq. (7) when R is negative. 

As a by-product of the integration on Eq. (7), one 
has Q’, the derivative of the phase factor. This was 
integrated to obtain the curve in Fig. 4. The phase 
factor is seen to change rapidly by approximately 3 
radians for each “well” in the z function. We thus 
have completely determined the first wave function in 
Region No. 2, 

T12=2e??, 

The second function 222 was computed from Eq. 
(9) only at the boundaries a and 8, and thus cannot be 
shown plotted as a function of x. In determining the 





-0.10 fe) 0.10 


X- UNITS 


Fic. 4. The phase function Q of the first wave solution in “Region 2.” 








1142 J. J. GIBBONS 
derivatives of all the wave functions, it was necessary 
to use Eqs. (14), (10), and (11). The numerical details 
are not included here. 

The final step in this example consists of solving the 
‘ system of Eqs. (15) for the ratio B/A. The result 


| B/A| =0.983 


was obtained from the boundary configuration of Fig. 
2, and checked by moving the upper boundary 6 
from 0.2 to 0.1. These results show that a wave, with 
the assumed free space propagation constant, is 
virtually totally reflected when propagated into this 
critical region from below. 


AnD &..2. 


SCHRAG 


CONCLUSIONS 


The method of wave solution described in this Paper 
applies to the uncoupled wave equation with comple; 
coefficients. It appears to have special advantages when 
these coefficients vary in a manner that causes the 
intermediate functions! of some methods to oscillate 
wildly. As illustrated in the example, the present 
method will, in general, also produce oscillatory 
amplitude functions with rather sharp “wells,” which 
require special care. However, the oscillations proved 
to be few in number for even the extreme example 
considered. 





Meeting of the Operations Research Society 


” The first regular meeting of the Operations Research Society, 
which was formed by a group of leading scientists in May, 1952, 
will be held at the National Bureau of Standards in Washington, 
D. C., on November 17th and 18th. 

The Society, whose purpose is to promote the application of 
scientific methods to business and military problems, will hear 
and discuss papers involving industrial applications of Operations 
Research; waiting lines; inventories and the use of probability 
techniques in industry; and the newly developed Monte Carlo 
method for handling problems which cannot be solved with ordi- 
nary equations. There will also be a research panel on the solution 


of new problems and the development of new methods which 
have arisen in industry in the last year. 

Professor Philip Morse, of the Massachusetts Institute of 
Technology, is President of the Society; the membership includes 
experts from such diverse disciplines as physics, chemistry, 
biology, mathematics, economics, statistics, etc. 

Non-members are invited to attend the meeting and to register 
at the official headquarters at the Wardman Park Hotel, Wasb- 
ington, D. C. 

Further information about the meeting may be obtained from 
the Secretary of the Society, Mr. John B. Lathrop, 30 Memorial 
Drive, Cambridge, Massachusetts. 
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A Note on the Approach of Narrow Band Noise after a Nonlinear Device to 
a Normal Probability Density 


GEORGE R. ARTHUR* 
Dunham Laboratory, Yale University, New Haven, Connecticut 
(Received April 30, 1952) 


The output of a low pass filter preceded by a nonlinear device excited by a noise source is given in terms 
of an integral equation. The first three central moments of the probability density of the output signal are 
obtained from the integral equation and the approach of these moments to those of a Gaussian or normal 


density is demonstrated. 





ONSIDERABLE material has been written on the 
statistics of noise which has been passed through 
a nonlinear device. However, if the output of the non- 
linear device is passed through a low pass filter, little 
is known of the exact statistical nature of that filter 
output, unless the output band is very narrow. In this 
case, the probability density of the output approaches 
a normal law although no good general proof of this is 
yet available. For special cases, the approach to a 
normal law may be demonstrated. Often for particular 
applications, it becomes necessary to know quantita- 
tively just how narrow the output band must be for the 
approximation by the normal law to be a good one. 
In an excellent article several years ago, Kac and 
Siegert’! have shown that the characteristic function of 
the output of a low pass filter which is preceded by a 
square law device, a band limiting filter and a white 
noise source is 


1 
(4) =__—— (1) 
N 
j=l 


with the A; determined from the integral equation 
f aOrKole-aKOF=4 2) 


where the K(¢) is the weighting function of the low pass 
filter and the p(t) the autocorrelation of the envelope 
portion output of the band limiting filter. The number 
of eigenvalues, V, may or may now be infinite, depend- 
ing on the nature of the kernel. 

If now the log of the characteristic function is con- 
sidered, one has: 
logb(u) = —[log(1—iud1)+log(1—iudz) 

+---+log(1—iudy)]}. (3) 

Using the expansion for log(1-+z) Eq. (3) becomes 


N 1 
logb(u) => niin) +— 5 NACin)? 


1N 1 N 
“ > AA(iu)?+ - - cae > Aj*(iu)*. (4) 
31 Ni 


Pi Now Project Engineer, Sperry Gyroscope Company, Great 
Neck, New York. 


'M. Kac and A. Siegert, J. Appl. Phys. 18, 383 (1947). 


If the expansion of the log of the characteristic func- 
tion is compared to the usual expansion of this func- 
tion in terms of the semi-invariants of the probability 
density” corresponding to (x), one has: 


N 
> Aj=x1=m 

I 
DAP =1.2=0? (5) 
l 


N 
2 . Af= X3= Ms 
1 


and so on. 

It is now possible to evaluate these coefficients in 
terms of the iterated kernels of the integral equation (2) 
and from these obtain a quantitative result for the 
approximation to the normal law. In other words, call- 
ing the kernel of Eq. (2), R(x, z) 


«x 


dxR(x, x)=>-),; 


—x 


fia f dyR(x, y)R(y,2)=DAZ 6) 


i dx f dy f dzR(x, y)R(y, 2)R(z,x)=XA/ 


and so on, with the only restriction being that the 
kernel be symmetric.’ 

It is possible in several cases to evaluate the first 
three semi-invariants in terms of the various weighting 
functions of the system in question with the results 
dependent on the ratio of low pass band width to noise 
bandwidth and thus clearly illustrate the approach to a 
normal density. 

Since for a normal law only the first two semi- 
invariants exist and these are also the mean and 


*Cramer, H., Mathematical Methods of Statistics (Princeton 
University Press, Princeton, 1946). 
*H. Margenau and G. M. Murphy, The Mathematics of Physics 


and Chemistry (D. Van Nostrand Company, Inc., New York, 
1943). 
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variance, respectively, the effect of the third semi- 
invariant or third central moment which introduces a 
skewness to the density function must become negligible 
to obtain a good approximation. 

If the first three semi-invariants are considered as the 
dominant ones, the characteristic function is 


1 3 
(0) =exp| —0%u*—i( uma) | (7) 


The magnitude term here is normal and if the phase 
term remains almost linear over the range of « where the 
|(u)| >e~*, the Fourier transform or probability den- 
sity is nearly normal with mean m and standard devia- 
tion, ¢. Thus the value of interest is u?=4/o? with m 
normalized to one. 

For this, the phase term is 


2 2 M3 
Arg (4) =exp| -i-(14- “)| (8) 


o 3 


Thus if the ratio }(u3/o?) is less than say 5 percent, 
a good approximation to the normal law is obtained. 
For the case considered by Kac and Siegert 


K(i)=Be** t>0 
=0 t<0 (9) 
and 


p(t) =e"” 


This means the low pass device is an integrator with 
time constant 1/8 and the effect of the band limiting 
device is characterized by a frequency function 


B(f) constant (10) 
vi Qnif. 
1-+—— 


a 








GEORGE R. ARTHUR 


The noise band width is taken as 2a and the output 
band as 8. For this case: 





XA; =m=1 
1 B 
» PY al tees ann (11) 
2a 2a 
——>i 
8 
DA =" 42(=) 
2a 


A plot of 3(u3/07) vs 2a/8 falls below 5 percent at 2a/g 
equal to 50. Thus for noise to low pass band ratios 
beyond this the approach to a normal law is quite close. 
If Gaussian filters are assumed throughout with low 
pass band taken as o; and noise band as 2ey and: 
K (8) =x, exp(— 707?) 
p(t) =exp(— 2’ en’F). 


This case yields: 


(12) 


a1 
Singncmein 
V2en 
(13) 
M3 or 
—_-— 


7 3v20 n 





with 3(u3/0") below 5 percent for 20y/o; about twenty. 
The order of magnitude is about the same as the pre- 
vious case, the difference probably due to slightly 
different ways of defining band width. This method of 
moments seems especially useful and has been also used 
with slight modification to obtain quantitative results 
for a frequency discriminator with random signal 
impressed. 
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The Electronic Properties of Barium Sulfide* 


WALTER GRATTIDGET AND HAROLD JOHN 
Department of Physics, University of Missouri, Columbia, Missouri 
(Received April 24, 1952) 


Barium sulfide has been prepared in a form suitable as a cathode emitter as well as in the form of com- 
pressed pills. It has a work function of 2.1 ev with a wide variation possible in activation. The most active 
materials had an emission at temperatures of 900°K and greater comparable to that from pure BaO. Pure 
nickel and platinum only were used as base metals. An equimolar mixture of BaS—SrS had a work function 
of 2.6 ev, and x-ray analysis indicated solid solution formation. The electrical conductivity of BaS was found 
to vary between wide limits depending on the degree of activation and the denseness of the specimen but was 
much less than for BaO. At 1000°K the specific conductivity of a compressed pill was 10-5 ohm™ cm~. The 
thermoelectric power was found to be constant with temperature although it decreased with increase in 
the activity of the specimen. The warmer electrode was always positive. Pure BaS had a thermoelectric 
power of 2.5 mv per degree between 970° and 1270°K. The effect of added impurities of iron on the electrical 
characteristics was studied. By mass-spectrometer studies, the evaporation rate of BaS was found to be much 
less than that of BaO, indicating a vapor pressure of the sulfide about 100 times less than that of the oxide. 
The heat of sublimation was found to be 104 kcal/mole. 





INTRODUCTION 


R many years there has been considerable in- 

terest in the physical properties of the alkaline 
earth oxides and in their ability to emit electrons by 
heating, illumination, or by electron bombardment. 
Apart from luminescence studies there has been little 
systematic investigation of the electronic properties of 
the alkaline earth sulfides though the deleterious effects 
of sulfides in oxides have been studied.'! The present 
investigation was initiated to produce barium sulfide, 
which has a molecular structure and chemical properties 
similar to barium oxide, and to investigate certain of 
its electrical characteristics. 


PROPERTIES AND CHEMICAL PREPARATION 


Barium sulfide is a hard white substance which is 
unstable in air gradually oxidizing to a yellowish color 
with liberation of hydrogen sulfide. It crystallizes as 
face-centered cubic with the edge-length of the funda- 
mental cube 6.37A, about 14 percent larger than that 
of BaO whose lattice constant is 5.53A. According to 
Muller,? BaS forms mixed crystals with CaS but with 
SrS it is isomorphous. We have prepared a 50-50 
(molar percent) mixed sulfide of barium and strontium 
from an equimolar mixture of the nitrates and subse- 
quent reduction of the sulfate. X-ray powder pattern 
measurements indicated solid solution formation, the 
unit cell lengths being 6.368A for BaS, 6.20A for 
(BaSr)S, and 6.010A for SrS. 

Several methods of preparation of BaS are indicated 
in the literature.** Two of these methods have been 
used, and their relative merits will be indicated. 





* Supported in part by the ONR. 

t Now at the Research Laboratory for Electronics, Massachu- 
setts Institute of Technology. 

‘H. A. Stahl, Appl. Sci. Res. B1, 397 (1950). 

?W. Muller, Zentr. Mineral., Geol. 1, 179 (1900). 

*Roland Ward, Preparation and Characteristics of Solid Lumi- 
nescent Materials (John Wiley and Sons, Inc., New York, 1948), 
Chapter IT. 
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(a) From Barium Hydrosulfide—Hydrogen sulfide} 
is passed for 2 to 3 hours through a hot saturated solu- 
tion of barium hydroxide.§ The solution is filtered and 
cooled. The addition of pure ethyl alcohol precipitates 
barium hydrosulfide as a hydrated white crystalline 
material which on long standing in air gradually turns 
yellow. 

Barium sulfide can then be prepared from the hydro- 
sulfide by heating in a stream of “forming” gas (92 per- 
cent nitrogen, 8 percent hydrogen) to a temperature of 
800°C for several minutes. 

(6) From Barium Sulfate. Barium sulfate is precipi- 
tated from a hot saturated solution of barium nitrate]]| 
using sulfuric acid. This is a white precipitate which is 
stable in air. Barium sulfide is prepared by reducing 
the sulfate in platinum boats in a hydrogen atmosphere 
at 1000°C, care being taken to cool the specimen in the 
hydrogen stream. 

The sulfide was always made into final usable form 
(e.g., sprayed on cathodes or pressed into pill form) 
immediately after preparation and stored under vacuum 
until required. 

Spectrographic analyses were made of the various 
samples of BaS prepared. Apart from the initial prepara- 
tion of BaS, the analyses indicate that both methods of 
preparation yield material of purity comparable with 
the barium carbonate used in the formation of barium 


*L. Gmelin, Handbuch der Anorganischen Chemie (Verlag 
Chemie, Berlin, 1931), eighth edition, Vol. 30, p. 251. 

t For the initial preparations, H2S was generated by adding 
hydrochloric acid to ferrous sulfide. For later preparations, a 
cylinder of commercial H2S (99.9 percent purity) obtained from 
the Matheson Company was used. Purification of H2S was neces- 
sary in the initial preparations and was accomplished by bubbling 
the gas through two water columns. 

§ The Baker and Adamson Ba(OH)> used indicated the follow- 

ing metallic impurities—Ca and alkali salts 0.2 percent, Fe 0.001 
percent, and heavy metals 0.0005 percent. 
Mallinckrodt, C. P. Ba(NO3;)2 was used with indicated maxima 
for metallic impurities as follows: Ca and alkali salts 0.04 percent, 
Ca and Sr 0.02 percent, Fe 0,0002 percent and heavy metals 
(as Pb) 0,0005 percent, 
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TABLE I. Thermionic emission results on different cathode materials. 











I II III IV V VI VII VIII IX 
to ed A ed 
: 7 Cathode at 1000°K (de) (dc) (pulse) 
Material Method of pareparation No. Anode Cathode amp/sq cm ev amps/cm?/°K? ev 
BaS Method (a) from Ba(SH:2) I Ta 1001 Ni 3.7X10 2.2 4.4X 108 
external conversion II Ta 1001 Ni 3.4X10™ 2.0 29 
Ill Ta 1001 Ni 5x10° 2.0 0.06 
BaS Method (a) Ba(SH): IV Ta 1001 Ni 3.3X10- 2.15 24 
applied 
BaS Method (0) from BaSO, Vv Ta 1001 Ni 1.6X 107° 2.2 3.0 
external conversion VI(a) Pt Pt 4.9x10-5 2.1 2.4 3.0 
VI(d) Pt Pt 1.9 10-5 2.0 0.34 2.1 
VII(a) Pt 1001 Ni 5.0 10-* 2.0 6.0 2.0 
VIT(d) Pt 1001 Ni 7.0X 10-3 1.8 2.2 2.4 
(BaSr)S Method (0) Ta 1001 Ni 1.91077 2.6 2.0 2.68 
50-50 
BaO A Ta 1001 Ni 2X10 1.37 0.122 
B Ta 1001 Ni 2X10 1.79 0.22 
& Ta 1001 Ni 1x10-3 i 0.05 








oxide cathodes for thermionic emission. These analyses 
are given in Appendix A. 


(1) Thermionic Emission 


Thermionic emission from barium sulfide was first 
investigated by O. W. Richardson.® In addition to 
electrons he also found evidence of positive ion emission. 
More recently Fox and Bailey® (using an electron micro- 
scope) made a comparative study of various materials 
as thermionic emitters. They found BaS to be a better 
emitter than SrO but not as good as BaO at a tempera- 
ture of 1100°K. 

The present emission studies have been made on 
barium sulfide as a cathode emitter in a diode with 
plane parallel geometry. Since the temperatures for 
emission from the sulfide are higher than from the 
oxide, a special tantalum cathode button was developed 
which could be faced with a disk of pure nickel§] or 
platinum | as base for the sulfide. A Pt-Pt 10 percent 
Rh thermocouple was attached to the cathode for the 
purpose of temperature measurements. The cathode was 
prepared as a suspension of the sulfide or hydrosulfide in 
absolute ethyl alcohol and was applied to the flat 
cathode base by spraying or painting. Coating weights 
were in the range 12-15 mg per sq cm. The flat anode 
was made of 0.003-in. tantalum, and in tubes used in 
the latter part of the study this was faced with a 0.003 in. 
thick disk of platinum. Radiating fins of tantalum en- 
abled increased anode heat dissipation. The form of the 
diodes was similar to that described by Horak’ with an 
anode diameter of 1.3 cm, cathode diameter 0.7 cm, and 
an anode-cathode spacing 1-2 mm. 


50. W. Richardson, Phil. Mag. 22, 669 (1911). 

*G. W. Fox and F. M. Bailey, Phys. Rev. 59, 174 (1941). 

§ Nickel, 1001 pure Nickel obtained from International Nickel 
Company, New York. Platinum, obtained from Sigmund Cohn, 
New York. 

*F Horak, J. Appl. Phys. 23, 346 (1952). 


Prior to assembly, the cathode and anode parts were 
outgassed by heating in vacuum to a temperature of 
1050°C or greater. The assembly of the tube, and the 
sealing-in and bake-out on exhaust at 450°C for 1 hour 
were similar to the usual oxide cathode procedures. The 
vacuum system used employed a three-stage oil diffu- 
sion pump and the vacuum was monitored with an ioni- 
zation gauge. On cooling after bake-out the cathode was 
heated gradually to a temperature of about 1000°C 
allowing the pressure to go no higher than 5X 10-* mm 
Hg. The anode was also raised to between 900 and 
1000°C by induction heating during this outgassing. 
After the pressure had been reduced to 5X 10-7 mm, an 
anode potential of 70 volts was applied. The emission 
current was initially less than one microampere, but 
this current gradually increased and in some tubes in- 
creased up to emission current densities of 500 ma/sq cm 
at 1200°K. 


The diodes were sealed off the system at a pressure of _ 


5X 10~-* mm or less and the tube was “gettered”’ using a 
Batalum type getter. Occasionally during processing it 
was noted that a black deposit formed on the tantalum 
anode, opposite the cathode, and could not be removed 
by heating. The presence of such a film appeared to 
poison the emission. The change to a platinum facing 
on the anode made it possible to remove the deposit by 
heating. It was noted in all diodes that the emission was 
stable even with the anode operating at red heat. 

The zero field thermionic emission from the cathode 
was measured by the retarding potential method’ for a 
series of different cathode temperatures. Assuming the 
zero field emission jo to vary with temperature ac- 
cording to the relation 


jo= AT*e- ET, (1) 
a plot of jo/T* vs 1/T can be made, the slope of the 


straight line will give the value of the Richardson work 
function e®, and the intercept gives the value of 4, 
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The emission of the diode under pulse conditions was 
measured using a 3us pulse at 60 pps with anode volt- 
ages between 60 and 600 volts. The current pulse was 
amplified (gain 2000) and current and voltage pulses 
were displayed on a synchroscope. Schottky plots were 
used to obtain the zero field emission for a series of 
temperatures and as in the case of the dc measurements, 
a Richardson plot could then be made. The apparent 
work function obtained in this way was about the same 
as that from dc measurements on the same cathode. 
The zero field current at 1000°K for pulse measurements 
was a factor of 3 greater than that for the dc measure- 
ments. 

Table I is a compilation of the results of cathode 
materials including details of diode construction and 
indicating apparent work functions and A values. 
Column II indicates the method of preparation either 
from the hydrosulfide with external reduction to the 
sulfide, or by applying the hydrosulfide directly on the 
cathode and heating in vacuum on exhaust to form the 
sulfide, or from the sulfate by reduction in a hydrogen 
atmosphere. Column III lists the various cathodes 
tested with the details of anode and cathode face ma- 
terials indicated in columns IV and V. Column VI shows 
the zero field emission densities (from dc measurements) 
at 1000°K in amp/sq cm, and the corresponding ap- 
parent work functions and A values are shown in 
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Fic. 1. Richardson plots of (BaSr)S, BaO, and BaS 
prepared from Ba(SH)>. 
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Fic. 2. Richardson plots of BaS prepared by reduction of BaSQ,. 














columns VII and VIII. The apparent work functions 
from pulse measurements are indicated in column IX. 

Cathode I was made from barium sulfide material 
prepared initially by method (a). This particular coat- 
ing material contained quite high impurity content of 
iron, tin, lead, chromium, and other metals. When 
materials of higher purity were prepared, the abnor- 
mally high A value was never repeated. 

Cathode VI (b) was a cathode prepared from the 
pure barium sulfide of VI (a) with the addition of 300 
ppm Fe. The iron was added to the barium sulfate 
in the form of ferrous chloride before reduction in 
hydrogen.** 

Cathode VII (6) was a cathode prepared from the 
pure barium sulfide of VII (a) with the addition of 
30 ppm Fe. In this case the iron was added to the 
barium sulfate in the form of ferrous sulfate before 
reduction in hydrogen.** 

Included in Table I are values for a 50+50 molar 
mixture of (BaSr)S prepared by reduction of the equi- 
molar mixture of the sulfate in hydrogen. Its apparent 
work function was 2.64 ev. No results were obtained 
for other Ba to Sr ratios. For comparison with the 
sulfide values emission data for three barium oxide 
cathodes® are shown. 


** Colorimetric analyses for Fe after the reduction confirmed 
that this amount had been carried through. 
8]. L. Sparks, Ph.D. thesis, University of Missouri (1951). 
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Figures 1 and 2 show Richardson plots for the 
various cathodes listed in Table I and enable comparison 
of the sulfide and oxide of barium for thermionic 
emission. It will be seen that the apparent work func- 
. tion of barium sulfide is 2.1 ev, but the activation pos- 
sible varies between wide limits. Cathodes I, II, VII (a), 
and VII (8), all lie within the range of thermionic ac- 
tivity of the barium oxide cathodes at 1000°K. 


(2) Electrical Conductivity 


Because of its instability in air, very little reliable 
work has been done on the electrical conductivity of 
BaS. Fischer’ in 1927 reported that BaS would not 
conduct electricity. His temperatures went no higher 
than 120°C, and he would not have been able to measure 
a specific conductivity less than 10-* ohm™ cm. 
Gudden and Pohl'® discussed photoconductivity in 
BaS, although no extensive work was undertaken. 

The electrical conductivities of compressed pills of 
barium sulfide in high vacuum have been measured over 
a wide range of temperatures. The tube used for these 
measurements is shown in Fig. 3. The compressed pill 
is held between two electrodes supported from a circular 
glass press which itself is rigidly supported from a four- 
lead press sealed into the glass envelope. This assembly 
is held in the center of a tantalum cylinder (diameter 
2.5 cm and 7.5 cm long) which is heated by means of 
radiofrequency power in the coil placed around the 
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Fic. 3. Furnace tube used for measuring conductivity 
of BaS compressed pills in high vacuum. 


*P. Fischer, Z. Electrochem. 33, 576 (1927). 
‘© B. Gudden and R. Pohl, Z. Physik 16, 44 (1923). 
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tube. A molybdenum-nickelf7 thermocouple is used to 
monitor the temperature of the lower electrode, which 
is taken to represent the temperature of the pill. The 
electrodes were made of tantalum and the ends of the 
pills were coated with platinum either by evaporation 
in vacuum or by using a disk of 0.001-in. platinum foil 
between the pill and the tantalum. The tube was sealed 
on the vacuum system and baked out at 450°C before 
measurements were made. 

The pills were 0.84-cm diameter and 0.5 cm thick, 
Their density was around 3.2 g/cm* or approximately 
75 percent single crystal density. The conductivity was 
measured by applying a potential across the pill and 
measuring the current for different temperatures, care 
being taken to use a voltage well within the linear region 
of the voltage-current characteristic curve. The voltage 
applied was 1 volt or less. From a knowledge of the 
dimensions of the pill the specific conductivity ¢ could 
be calculated. Figure 4 includes plots of log o vs 1/T for 
two pills in different states of activation. Curves 1 and 
2 are such plots taken on a pure BaS pill (prepared from 
the same batch of material as Cathode VI (a)). The 
initial run with increasing temperature followed curve 1 
(dots). An attempt was then made to activate this pill 
by passing 3 ma at 190 volts applied for several hours 
with the temperature at 1050°K. Only a small change in 
conductivity resulted (curve 2, triangles). Curves 1 and 
2 have slopes which correspond to activation energies 
Q of 1.8 and 1.6 ev, respectively, where the conductivity 
is given by the equation 


o= ope 2/*T, (2) 


Curves 3 and 4 are plots of data taken on a BaS pill 
containing 300 ppm Fe impurity (from the same ma- 
terial as that used in Cathode VI (6)). Curve 3 (crosses) 
was taken after the bake-out on the vacuum system 
without any attempt at activation. The curve was re- 
producible with increasing or decreasing temperature, 
the slope of the intermediate temperature region (850- 
1000°K) corresponding to a Q value of 3.2 ev. This pill 
was activated by applying 5 to 20 volts for 5 hours at a 
temperature of 1050°K. The current passed at the 
maximum state of activity was 30 ma. Curve 4 was then 
taken showing activation by a factor of 100, and a slope 
corresponding to a value for Q of 1.5 ev. 

The variation of electrical conductivity with tempera- 
ture has also been measured for sprayed coatings of 
barium sulfide by placing two coated cathodes in spring 
contact in vacuum. This is similar to the method used 
extensively for barium oxide by Young." The two cath- 
odes with separate heaters are mounted on tungsten 
rod supports which keep them pressed together through- 
out the temperature range from room temperature to 
1000°C. The cathodes had a platinum base on which the 
barium sulfide was sprayed and the temperature of 


tt Calibration supplied by Dr. J. R. Young, private communi- 
cation. 


J. R. Young, University of Missouri, Ph.D. thesis (1951). 
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Fic. 4. Specific conductivity of BaS vs reciprocal temperatures. 


Compressed pills 
(1) BaS inactive Q=1.8 ev 
(2) BaS active Q=1.6ev 


(3) BaS+300 ppm Fe inactive 
(4) BaS+300 ppm Fe active Q 


each cathode was monitored by a Pt-Pt 10 percent Rh 
thermocouple. The thickness of material in this case was 
much smaller than for the pills, being about 0.4 mm, 
and the voltages used in the conductivity measurements 
were also much less than those necessary for the pills. 
The density of such sprayed coatings was about 1 
g/cm’. The tubes were baked-out on the vacuum system 
at 450°C and the heaters outgassed by heating to a 
temperature somewhat higher than that used for con- 
ductivity measurements. 

Figure 4, curve 5 shows a plot of loge vs 1/T for pure 
BaS (the same material that was used for Cathode 
VII (a)) after the bake-out and outgassing procedure. 
The Q value for this curve is 2.8 ev. Curve 6 is a plot 
after the BaS had been activated by applying 4 volts 
for 5 hours at a temperature of 1200°K. The current 


Sprayed coatings 
(5) BaS inactive Q=2.8 ev 
(6) BaS active Q=1.6 ev 
(7) BaS+30 ppm Fe inactive Q 
(8) (9) BaS+30 ppm Fe active Q 


1.8 ev 
1.2 ev 


drawn at maximum activation was 60 microamp and 
the Q value for this curve is 1.6 ev. 

Plots of loge vs 1/T for BaS with 30 ppm Fe impurity 
(the same material as that used in Cathode VII (6)) are 
also shown in Fig. 4. Curve 7 was taken after the bake- 
out and outgassing procedure without any attempt at 
activation. The Q value for this curve is 1.8 ev. Curve 8 
was taken after activation at 1150°K by applying 2 
volts for several hours. The maximum current drawn 
was 3 milliamp and the Q value for this curve is 1.2 ev. 

Certain similarities and differences in the results 
obtained by the two methods of measuring conductivity 
should be noted : 


(1) The activity of the unactivated specimens of 
BaS and Fe was of the same order as the activity of the 
activated pure BaS specimens. 
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Fic. 5. (a) Log of ion currents of BaS* and BaO* vs reciprocal 
temperature, showing the relative vapor pressures of BaS and BaO. 
(b) Diagram of the mass spectrometer source. 


(2) In the case of the pure BaS specimens, activation 
changed the activity by a factor less than 10. 

(3) In the case of the BaS and Fe specimens, activa- 
tion was much easier and resulted in increases by factors 
of 100-1000. 

(4) The specific conductivity of each specimen was 
obtained from the geometry but no allowance was made 
for density. The density of the compressed pills was 
about 3 times that of the sprayed coatings. The results 
indicate a relation between specific conductivity and 
density. A similar effect has been noted with specimens 
of differing density of magnesium oxide. 

(5) The compressed pill of BaS with Fe impurity 
before activation showed two different conductivity 
regions, whereas the sprayed cathodes before activation 
showed only one such region. Note that the Fe content 
of the compressed pills was much higher than that of 
the sprayed coatings. 

(6) Activation produced a decrease in the activation 
energy of all specimens. 
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(3) Thermoelectric Power 


The double cathode tube described in Sec. (6) was 
also used to measure thermoelectric emf’s and their 
variation with temperature. As previously indicated, the 
temperature of each cathode could be separately con- 
trolled, hence a temperature difference could be main- 
tained across the sample about a mean temperature. 
The thermoelectric emf was measured for a set of tem- 
perature differences and a plot of emf vs temperature 
difference was linear with the slope giving the thermal 
emf per degree, dE/dT, at the mean temperature. 
By this method, compensation could be made for any 
discrepancies in the two thermocouples due to asym- 
metry in position. 

The emf’s were measured using a Leeds and Northrup 
type K-2 potentiometer with a galvanometer of sensi- 
tivity 4X10~° amp/mm to indicate balance. The use 
of this indicator restricted measurements to the tem- 
perature range in which the resistance of the coating was 
less than 10° ohms. The warmer electrode was always 
positive, indicating negative charge carriers. 

The value of dE/dT was determined at several tem- 
peratures for the pure BaS in two states of activation 
and for the BaS+30 ppm Fe impurity in two states of 


Jase II. Thermoelectric data for BaS and BaS+30 ppm Fe 
for unactivated and activated specimens. 








Temperature 





Material State of activity range dE/dT 
Pure BaS Curve 5, Fig. 4 700-850°C 2.7 +0.1 mv per degree 
Pure BaS Curve 6, Fig. 4 770-1000°C 2.3+0.2 mv per degree 
BaS+30 ppm Fe Curve 7, Fig. 4 475-850°C 1.4+0.1 mv per degree 
BaS+30 ppm Fe Curve 8,9, Fig.4 475-850°C 1.1+0.2 mv per degree 








activation. The value of dE/dT was found to be con- 
stant, and it was observed that the lower states of 
activity gave the higher values of dE/dT. Table II isa 
summary of the thermoelectric data. When the de- 
termination of dE/dT on the activated BaS and Fe was 
begun, the material had an activity corresponding to 
curve 8, Fig. 4; however, when the conductivity was 
redetermined after the thermoelectric power data were 
taken, the conductivity had decreased (curve 9, 
Fig. 4). 

The following points are suggested by the experi- 
mental results: 


(1) The thermionic emission and conductivity results 
appear to be capable of interpretation by a semicon- 
ductor picture of barium sulfide as an N-type semi- 
conductor. 

(2) The sign of the thermoelectric effect indicates 
negatively charged carriers in agreement with the 
above concept, and also its value decreases with in- 
crease in activity. However, the results show the thermo- 
electric power to be constant with temperature whereas 
on the semiconductor picture, the temperature depen- 
dence of the conductivity and thermoelectric power 
should be similar. A similar constant thermoelectric 
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wer with temperature was found by Young" for BaO 
in the low temperature region. As yet there is no ex- 
planation of these results. 


(4) Evaporation Studies 


A 50-50 mixture of BaS-BaO was applied to the 
platinum strip source of a Nier mass spectrometer in a 
manner similar to that used by Aldrich.” The source of 
the spectrometer is shown diagrammatically in Fig. 5(a). 
As this platinum strip is heated by passing current 
through it, material will be evaporated into the ionizing 
chamber in the path of the electron beam directed at 
right angles to the axis of the spectrometer. The electron 
beam will ionize the evaporated material producing 
BaS* and BaOt ions and also Ba* ions by dissociation 
and ionization. These positive ions drift up into the slit 
system of the spectrometer, are accelerated, analyzed 
according to their e/m ratio, and then collected. If the 
assumption is made that the ionization efficiencies for 
BaS and BaO by 75 volt ionizing electrons are the same, 
then a comparison of BaS* and BaOt ion currents at 
any temperature is the same as a comparison of the 
vapor pressures of the two materials at that tem- 
perature. 

Figure 5(b) is a plot of the ion currents vs 1/T, and 
it will be seen that the BaS* ion currents are smaller 
than the BaOt by about two orders of magnitude, 
indicating a correspondingly lower vapor pressure for 
the sulfide. It can also be seen that in order to obtain 
a similar amount of evaporation from BaS as one gets 
from BaO operated at 1400°K, the sulfide must be 
operated at 1600°K. The slope of the plots in Fig. 5(b) 
is a measure of the heat of sublimation and the values 
from these slopes are 


82 kcal/mole for BaO 
104 kcal/mole for BaS. 


Such measurements indicate that the mass spectrom- 
eter can be useful in the comparison of vapor pressures 
and in the estimation of heats of sublimation of re- 
fractory materials where more standard methods are 
inapplicable. It is based on the two assumptions that 
the probability of ionization by the ionizing electrons 
for the comparison materials is the same and that the 


®L. T. Aldrich, J. Appl. Phys. 22, 1168 (1951). 
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ion currents produced are proportional to the vapor 
pressures of the materials. It would seem useful to 
explore such assumptions extensively on other materials 
for which the heats of sublimation are accurately known. 


CONCLUSIONS 


This study has established a Richardson work func- 
tion for barium sulfide of 2.1 ev with a thermionic emis- 
sion at 1000°K comparable with that from pure barium 
oxide. The variation of conductivity with temperature 
has been studied as well as the thermoelectric power. 
An n-type semiconductor model is capable of explaining 
the results apart from the constancy of the thermoelec- 
tric power with temperature. The vapor pressure of 
BaS is found to be much less than that of BaO with a 
value for the heat of sublimation of 104 kcal/mole. 

The authors are pleased to acknowledge the guidance 
and encouragement of Professor A. S. Eisenstein and 
the assistance of their colleagues. One of us (Walter 
Grattidge) expresses appreciation for the hospitality 
extended him. 


APPENDIX A 


Spectrographic analyses are expressed in parts per 
million in Table III. The samples are designated by 
number of the cathode on which data were taken. 











TABLE III 
I IIb Viae BaCO,4 

Fe*® 30 «30 1 3 
Al >10 10 10 t 
Mg >20 30 20 50 
Mn t t tee 0.5 
Si p <3 2 t 
Sn 20 wie ae wate 
Pb >10 3 1 0.5 
Na 10 pace ree 10 
Cu 5 <5 1 0.5 
Ca p p p 5 
Sr >30 30 < 100 30 


indicates trace present. 
“p” indicates that element was present but no estimation 
was made of its concentration. 








® The Fe in samples VIa, VIb, and VIIb were analyzed colorimetrically 
and contained 1 ppm, 300 ppm, and 30 ppm, respectively. 

> This analysis is typical of all material prepared by the hydrosulfide 
method. 

¢ This analysis is typical of all material made by the reduction of BaSO«, 
and would include the material used on Cathodes V, VIa, and VIIa and, 
with the exception of Fe, Cathodes VIb and VIIb. 

4 Material used by Sparks, reference 8. 
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Scattering of Electromagnetic Energy in a Randomly Inhomogeneous Atmosphere 
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First-order perturbation theory is used to evaluate the scattered power at a receiver resulting from random 
inhomogeneities in the propagating medium. The integral expression for this scattered power is equivalent to 
the expressions as used by Pekeris and Booker and Gordon. However, it is shown that it is not appropriate to 
use a space correlation function of refractive index as defined by the above authors. Instead, this paper 
defines a time correlation function of refractive index which permits formal evaluation of the time average 
scattered power. It is also shown that, whereas a space correlation function of refractive index is not amenable 
to direct experimental evaluation, the time correlation function as defined in this paper is directly measur- 
able. Finally, it is shown that for so-called small-scale turbulence the average scattered power does not 
depend appreciably on any particular model of atmospheric turbulence, whereas for large-scale turbulence the 
frequency and scattering angle dependence of the scattered energy is affected greatly by the particular time 
correlation function chosen or by the assumption that scattering is the result of randomly located spheres. 























I, THE HERTZ POTENTIAL FOR THE 
SCATTERED RADIATION 


ONSIDER a nonconducting medium with dielec- 
tric constant « which may be written 


e(r, ()=€0+se,(r, ¢) 


where s is a small positive number and ¢& is a constant 
representing the time average of «. From Maxwell’s 
equations it can be shown that the Hertz vector =(r, /) 
satisfies the equation 


s<1, 


S€) Cn 1 
Vat+—vV(V- x)—(€0+5¢€:)u—= -— f Sat (1) 
€9 or €0 
For a homogeneous medium (i.e., ¢,=0), Eq. 1 reduces 
to the well-known wave equation. With ¢,+~0, Eq. (1) 
may be solved by perturbation theory where it is 
assumed that « may be expanded in a power series 

of s, i.e., 
R= NotSttSxzt:--, 
E=E,+sEi+s°E.+ ---, 

where E,,= V(V- xn)— €ou(0?x,,/0f). Upon substitution 


into Eq. (1) and equating powers of s, we obtain the 
following two equations for x» and =: 








oe Zo 1 

V? x0— €ou = ——f Sar, (2a) 
or co 
Cn €1 

Vexi— €ou = ——E). (2b) 
oF €9 


Equation (2a) yields the solution of the wave equation 





e,(r;, t— Rj /c)e(r;", t-—R;", of ax 





for a homogeneous atmosphere, while Eq. (2b) is the 
inhomogeneous wave equation and has the solution 


1 €1 R’ R’ 
a(t, p= — f 2(r.-—)p(r, -—)ds, (3) 
41re€o v R’ c Cc 


where c is the velocity of light in a medium with 
capacitivity ¢) (not free space) and R’=|r’—r]. Since 
E, is the primary incident field, we see that the Hertz 
potential for the scattered radiation (to a first approxi- 
mation) results from the elementary dipoles induced 
by the primary field. 

The integral in Eq. (3) is over all of space. Let us 
divide our whole space into small macroscopic volumes 
in each of which the incident field is constant in magni- 
tude and direction. x; may then be written 


1 





1S 


€ 
; J —(r/, t—R; /c)Eo(r;’, i- R; /c)dv;. (4) 


4ey i i; 


From Eq. (4) and the relations connecting E and H 
with x, it can be shown that, neglecting the near fields, 


Ei=) E,,=—? } Oe a;X (a;X =1:), 
Hi=) Hi=F Yo y aX ii; 


where a; is a unit vector in the direction r—r,’ and Yois 
the characteristic admittance of a medium with capaci- 
tivity €. Thus the scattered power density at the re- 
ceiver during one cycle (e€, being considered constant 
over one cycle of the carrier) is given by P(r, /)=4ReE; 
< H,*, which is the real part of } Yo(k?/47)? multiplied by 





RY R;'' 
aixBo( 1/,-—)| [a,b (1/7 ) 
Cc & 









“i )--: . 


It might be well to indicate at this point that each term 
of the double sum in Eq. (5) is a random function since 
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—dv;‘dv;*._ (5 


R; R,;”’ 





it involves integrals of random functions. Therefore’ 
P,(r,/) is a random function of position and time’ 








(P 





the 


ith 
nce 
rtz 
xi- 
ced 


us 
nes 
mi- 


1H 
lds, 


# is 
aci- 
 Te- 
tant 
cE, 
d by 











SCATTERING OF ELECTROMAGNETIC ENERGY 


The simplest statistical property of P,(r, /) to evaluate 
is its time average which is defined by 


| er 
(Piju= lim — J Pats a 





"5 |E "(——) f fxe-e 
=o a a; By =¢ 
: ae : 4nrR,’ vi a 


Xexp{ — jkL (Ro'+R’)— (Ro +R") }}dv'dv", (6) 


where X; is the angle between a; and Ep;. In Eq. (6) we 
have introduced the time correlation function of €1/¢o, 
defined by 





M(r'— rv’) t= lim — d 
( T+0 2T 


1 T e(r’, t— R’/C) e(r”, t—R"/c) 
lim — dt. 
T+2 2T —T €o €9 


1 F e\(r’, t) e(r”, t) 
J . 


—T €0 €o 





The second approximate equality holds if ¢; does not 
change measurably in a time of length (R’—R’”)/c. 
In addition, it was assumed that Ep,(r’,/) may be 
written as | Eo;| exp[7(w!—kRo) |, Ro being the distance 
from the transmitter to the point of integration in 2. 
Naturally, in all of the cross-product terms in Eq. (5) 
the time average of ¢,(r,’, /)e:(r;’, t) is zero except in 
the immediate neighborhood of the surface common to 
»; and v;. Clearly, this surface effect is negligible com- 
pared to the volume integrations in Eq. (6). 


II. EVALUATION OF THE AVERAGE 
SCATTERED POWER 


Since }¥o| Eo;|?= Po; is the power incident on 2;, (6) 


may be rewritten 
k? sinX;\? 
(Pi)w= : (Pii)0= Re > Pral ) Ii, (7) 
i a 4rR; 


where 


n= f f xe-v" 


Xexp{— jk (Ro’— Ro”) + (R’—R") }}dv'do”. 





To evaluate /;, imagine that the volume 2; is sufficiently 
far from the transmitter so that it may be assumed that 
a plane wave traveling in the +2 direction is incident 
on 2;. To this order of approximation Ro’ — Ro” =2'—2”. 
With the origin of coordinates centered in v; and the 
receiver at a distant point xoyoZo 


R’=[(x’—20)?+ (y’— yo)? + (2’— 20)” ]3, 


aia ( = x xot+ y'yo+ *), 
a 


t Note that the correlation function is explicitly assumed to be a 
function of the vector distance between the two points at which 
the time correlation of «, is evaluated. 
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where d= (xo?+yo?+20°)4. Letting a=x/d, B=yo/d, 
1 =20/d, 


R’'=d—(ax'+ By’+72’). 
A similar expression holds for R”. Therefore, 
ra — a(x’ —2x")+B(y’—y"”)+-y(2/—2)]. 


Since the vector r’—r” has components x’—”, y’— y", 
z’—2'’, I; may be written 


22 x 
r= f ne f N(x!—2", y’—y", 2/—2'’) 
=-=§4 —Zi1 


Xexp{ jkLa(x’—2x”)+B(y’—y”) 
+(y—1)(s'—2")}dx’---dz”, (8) 


where, for simplicity, it is assumed that the volume of 
integration may be taken as a rectangular parallelepiped. 
If we leave the double-primed coordinates unchanged 
and introduce &=2’—x", n=y'—y", f[=2'—2”, Eq. (8) 
becomes 


22 v2 z2 22-2!" ye—-y’’ 23-2" 
a2 Mey YM — 2 YM —(21-+2'’) M—(yrty’’) Y—(2z14+2"") 
XN (E, 0, Slet*lattort—viigg.. dz”, (9) 


In Eq. (11) let us integrate over ¢ and x” first, i.e., 


z2 z2—z’’ 
=f f Men seietagae” 
—21 Y—(z1+2'") 


The inner integral over é is a function of x” since the 
limits depend on «’’. Let us call the inner integral F(x’’). 


Integrating by parts 
72 2 «6dF 
-f ae” —(x" dee", 
— 


—Z1 x 


J=u x" F(x") 





which, upon evaluation, yields 
z1+z2 
s=f 
—(z1+22) 
Thus a double integral has been reduced to a single 


integral. It is clear then that the sixfold integral in (9) 
can be reduced to the triple integral 


z1+z2 vity2 zit+z2 
ron ff" 
—(zit22) Y—(yrty2) Y —(214+22) 
|é| In| f 
+L 
X1+ Xe Vit yo 21+ 29 


XN(E, 0, Hei*lektOrtO-Yildednde. (10) 


(xi +x2—|é|)N(E, 0, S)e***dE. 











Equation (10) is an exact expression for the double- 
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volume integral in (6). However, it can be further sim- 
plified under some conditions. If, for ||, || or 
\¢|>L, N(&, n, £) is essentially zero and if all three 
dimensions of the scattering volume, namely 21+ 2, 
vite, 21 +22 are much greater than L, then Eq. (10) 
may be rewritten with negligible error as 


sity J J f N(E, 1, Cei*tlattOrH—-0Ndtdnde. (11) 


If, now, .V is assumed to be an isotropic function, i.e., a 
function of r=(#+7?+¢°)!, then Eq. (11) can be re- 
written (see Appendix IT) in the form 


42; aa , 
I= f N(r) sin(Tr)rdr, (12) 
0 


" 





where I= 2k sin(@/2), k= 22/\, O=angle between the 
direction of the energy incident on 2; and the direction 
of the receiver from 1;. This is formally identical with 
the result of Booker and Gordon! as given by the real 
part of the equation one line above their Eq. (2s). It 
should be recalled, however, that .V has been defined 
differently from p as given by Pekeris* and Booker and 
Gordon! and it is only in the sense as defined in this 
paper that Eq. (12) is correct. If V(r) is set equal to 
N(O)e-*!", where V(0)= ((€1/€0)?) is the time average 
of (€:/€o), then J; as used in this paper is the same as the 
I used by Booker and Gordon. 


III. SMALL-SCALE TURBULENCE 


If V(r) is essentially zero for r>Z and L<)/2z, then 
it is said that the scale of turbulence is small. For this 
case, the major contribution to the integral in Eq. (12) 
comes when I'r=(4zr/X) sinO/2 is a small quantity. 
The sine may then be replaced by its argument and 
Eq. (12) becomes 


x 


Laden, f N(r)r'dr. 


0 


From the above it is clear that for small-scale turbu- 
lence, the integral, /;, is independent of scattering angle 
and frequency but its amplitude would certainly depend 
on the specific form of .V(r). 


IV. LARGE-SCALE TURBULENCE 


Several simple functions will be used as possible 
functional forms for V(r), and it will be shown that the 
wavelength and scattering angle dependence of /; is 
quite different for the different functional forms of 





! H. G. Booker and W. E. Gordon, Proc. Inst. Radio Engrs. 38, 
401 (1950). 
?C. L. Pekeris, Phys. Rev. 71, 268 (1947). 
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N(r). The following forms will be chosen: 


N(r)=N(0) exp(—r/I), (13a) 

N(r)=N(0) expl—(r/1)*], (13b) 

NV(r)=N(0)/L1+(r/)? Ff, (13¢) 

V()=N(O[1-(r/D PE r<i (13d) 
==() r>l, 


where / is an appropriate scale factor. For the foregoing 
cases Eq. (12) becomes 


P 82l*v;N (0) 
* [i+ yep 


r\? 
(b) I= !xl*0;N (0) «p|-(>) ; 


(c) J;=7°l’v,N (0) exp{—T7}, and 





N(0) 6 
(d) J,;=42l%2; |4-— sin(I'/)+2 cos(rt) | 
(Tl)4 (T7) 


Each of the foregoing cases is quite different one from 
the other when I/ varies from zero to fairly large values 
(e.g., 20). It would thus appear that before reliance can 
be placed on this approach to the problem of scattering 
by random inhomogeneities, an experimentally reliable 
form for NV must be obtained. A graphical comparison 
of the above results are shown in Fig. 1. Since the corre- 
lation function given by Eq. (13a) has already been 
suggested by previous authors,'~* Fig. 1 presents the 
intensity of the scattered radiation for the different 


+5 












” 
=) 
Ww 
a 
w-20 |- 
o 
-25 
-30 
-35 = 
-4 . . ew ee We = 
we” 10 12 #14 #16 «#18 20 
_—s | 
477 sin > 


Fic. 1. The dependence of the scattered radiation on the 
correlation function. The scattered radiation is measured in 
decibels above that obtained when the correlation function 1s 
N(0) exp{—r/l}. 


3 George Birnbaum, Phys. Rev. 82, 110 (1951). 
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correlation functions expressed in db relative to that 
obtained for Eq. (13a). 


V. SCATTERING CROSS SECTION 


At this point, it might be convenient to define a 
scattering cross section per unit volume for the volume 
»;. Using Eq. (12), Eq. (7) can be rewritten 


Po: 
(Pi)w= DL —air,0;, (14) 
i R? 
yhere 
. (2 sinX,)? p* 
o-—_—— f N(r) sin(T'r)rdr. 
4rT 0 


Inspection of Eq. (7) shows that o; is the scattering 
cross section per unit volume, per unit incident power, 

r unit solid angle. It thus has the same dimensions 
as the scattering cross section defined by Booker and 
Gordon.! It is defined here, however, in terms of the 
time average scattered power. 


VI. SCATTERED BY SPHERES 


In scattering by spheres, where the cross-sectional 
profile of refractive index has the same form as V(r), 
the scattering cross section of each sphere would be 
given by 


Rk? sinX;\? 
o=( ) 
Ar 
Rk? sinX;\*f4r * 3 
= (—") I f N(r) sin(t dr : 
4r r 0 


The average scattering cross section for a volume con- 
taining 2 spheres per unit volume randomly located 
would then be m times as great (simply adding the 
powers in a unit volume): 


RsinX?\? [4a f” 2 
o;= (— ) n= f N(r) sin(U7)rr| . (15) 
An r 0 


For small-scale turbulence, Eq. (15) would differ from 
Eq. (14) at most by a multiplicative factor since the 
integrals in both of these equations become independent 
of frequency and scattering angle. The two expressions 
for ¢; could be made identical merely by adjusting a 
relative to N(0). However, for large scale turbulence, 
they would in general differ in their dependence on fre- 
quency and scattering angle. 

To obtain the average total power scattered, one must 
perform the summation in Eq. (7) or approximate the 
summation by an integral. When taking the gain of the 
transmitting and receiving antennas into account, the 
average available scattered power to the receiver (P, )sy 
may be written as 


(P,)w= Pod? f 








v 


f N(r) exp[ — jk(Rot+R)]do| 





£i8r . 
(4x ‘Ro)?R? 








where g; and g, are the gains of the transmitting and 
receiving antennas and are functions of direction from 
the transmitter and receiver, Po is the radiated power 
and )’g,/4zm is the absorbing area of the receiving an- 
tenna. 


VII. CONCLUDING COMMENT 


In the previous mathematical development two 
assumptions (among others) have been made in order to 
obtain a fairly simple expression for the scattering cross 
section of a portion of space. One assumption is that 
space may be broken up into macroscopic volume ele- 
ments sufficiently small so that the magnitude and 
direction of the incident electric field may be considered 
constant. The other assumption is that these same 
macroscopic volumes have linear dimensions much 
larger than the scale of turbulence. Great care must, 
therefore, be used in applying the results of this paper 
to propagation over an earth. In propagation typical of 
FM and TV broadcasting with high transmitting an- 
tennas, the lobe structure due to the ground-reflected 
ray may be such that it is impossible to find volume 
elements satisfying both of the above conditions. In 
this case, as well as in the case when the time correla- 
tion is not isotropic, the exact expression for J; as given 
in Eq. (10), rather than the simpler expression found in 
Eq. (12), may prove useful. However, it is important 
not to divide space into volume elements which are too 
small since then the time average of the cross-product 
terms in Eq. (5) will not necessarily be negligible. 

Grateful acknowledgement is extended to K. A. 
Norton, J. Feinstein, and C. H. Page of the National 
Bureau of Standards and J. B. Keller of New York 
University Mathematics Department for many helpful 
suggestions and discussions. 


APPENDIX I. EVALUATION OF THE 
DOUBLE INTEGRAL 


i= ff -o- Pd (r’, t) 


vena — jk{(Ro—Ro’)+(R—R’) }}dvdv’. 


It is the purpose of this appendix to point out this 
writer’s objections to the mathematical evaluation of 
the above integral as presented in references 1 and 2. 
In reference 2, it is stated: ‘“To evaluate J we make the 
following change. At present the coordinates of dv at P 
and of dv’ at P’ are both measured from an origin 0, 
and either of the two volume integrations could be 
carried out first. Let us now regard dv’ as the inner 
integration and let the coordinate of P be measured 
relative to P’ instead of 0.” The foregoing integral may 
then be rewritten in the manner of Booker and Gordon: 


nn RK (Ro— Ro’)+ (R- R’)} jdv } 
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1 €1 €1 : 
aw SOC) 
€.\? v €0 €0 
X(<)) 
€0 Ay 
hence 


()).f 


Xexp[— prt (Ro— Ry’)+ (R—R’)} ]do. 


but 


The above mathematical development is open to the 
following two objections. In the first case, when in- 
tegrating over dv’ to obtain p, the vector distance be- 
tween ¢:(r)/€9 at P and ¢;'(r’)/e9 at P’ must be main- 
tained constant throughout the entire volume. Careful 
inspection of the above double integral will show that it 
is impossible to keep the vector distance between P 
and P’ constant and at the same time keep [(Ro— Ro’) 
+(R—R’)] constant. This error is negligible, however, 
in integrating over a small volume sufficiently far from 
both transmitter and receiver. In the second case, and 
this is more serious, since P is being measured from P’, 
the limits on the variables of integration of dv depend 
on P’ and it is not permissible to integrate over dv’ first. 
There is, of course, a more complicated way of manipu- 
lating the double volume integral, J, which would per- 
mit integration over dv’ first while keeping the coordi- 
nate differences, P— P’, constant. But in this case there 
would result, in effect, eight double-volume integrals 
instead of just one. Furthermore, the volume of integra- 
tion as well as the separation between the two points 
would depend on P—P’. As a matter of fact for some 
values of P—P’, the volume of integration for dv’ be- 
comes vanishingly small. Integrating a random function 
over a very small volume will obviously yield a random 
result rather than something as well defined as a corre- 
lation function, as is implied in the derivation presented 
in references 1 and 2. . 

The reader can convince himself of the above by 
considering the simpler case of the following double 
integral, 


i of 
f f e(x)e(x’) exp[ jk(x—x’) ]dxdx’, 


and introducing £=x—x’, i.e., measuring P from P’. 
It might be appropriate at this point to indicate that 
the space correlation function for the refractive index 
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of the atmosphere (as defined in references 1 and 2) 
is not amenable to direct experimental evaluation, while 
the time correlation function as defined in this paper 
is already being measured at the Bureau of Standards 
by G. Birnbaum and his colleagues. To make this point 
clear, consider the space correlation function, p, de. 
fined above. To evaluate that integral experimentally, 
it would be necessary to perform many volume integra. 
tions (one for each separation between the points P 
and P’) over fairly large volumes of space in a period of 
time so short that €; does not vary in time. This is not 
possible with today’s experimental techniques. How- 
ever, the time correlation function as defined in this 
paper can be measured directly by setting up two re- 
fractometers*~* at two points in space and correlating 
the refractive index as it varies in time at these two 
points. 


APPENDIX II. EVALUATION OF THE INTEGRAL 


f f f N(E, 0, &) exp{ jkLat-+Bn+ (y—1)¢dédndy. 


It is here assumed that N(é, 4, ¢)=N(r), where 
r=?+7?+¢%. For this case it is most convenient to 
introduce spherical coordinates. Now, af+8n+(y—1)t 
=r-A=|A|rcosé, where A is a fixed vector with 
components a, 8, y—1. It should be remembered that 
a, B, y are the direction cosines of the receiving loca- 
tion from the scattering volume. In particular y=cosQ, 
where 9 is the angle between the direction of propaga- 
tion and the direction of the receiver from the scattering 
volume. Therefore, 


| A| =[o?+ 6+ (y—1)?}#=[2(1—cos@) }!=2 sin(@/2). 


Choosing the polar axis along A, the integral in ques- 
tion may be written 


an f wore] f exp(jI'r cos6) snado fir, 
0 0 


where ['=2ksin(Q/2). The inner integral becomes 
2 sinI'r/Tr. The remaining integral is, therefore, 


4nr 
— N(r) sin(Tr)rdr. 
r 


4G. Birnbaum, Rev. Sci. Instr. 21, 169 (1950). 
5C. M. Crain, Rev. Sci. Instr. 21, 456 (1950). 
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Gaseous phenomena induced by short-duration sparks at atmospheric pressure have been photographed 
during the first microseconds of their existence by a flash-schlieren technique. The growth of the heated gas 
domain (kernel) expanding from the spark discharge has been observed for air and argon. The kernel con- 
tinues to expand rapidly, but subsonically, after the spark current ceases and after the shock wave separates. 
It develops further into a torus about the spark electrodes and eventually decays. The development of flame 
from a heated gas kernel in a flammable mixture is illustrated. Energy relationships for the expanding argon 


kernel are discussed. 





INTRODUCTION 


XTENSIVE work has been done on the spark 
ignition of gaseous combustibles. Treatments of 
spark ignition have been published by Lewis, von Elbe, 
Guest, and Blanc’* and by Fenn,‘ which represent the 
latest attacks on the problem. The thermal ignition 
theories developed therein are shown to be in fair 
accord with experimental values of minimum spark- 
ignition energies, quenching distances, and lean flam- 
mability limits. The summation of these investigations 
has resulted in an over-all understanding of the prin- 
ciples involved in the process. However, direct observa- 
tion and analysis of the ignition and propagation of 
flames from sparks during the early phases of the process 
has received little attention. Motion picture techniques 
yield a limited number of frames with relatively long 
exposure times and thus are not suitable for a detailed 
study of the process as it exists during the first milli- 
second. This paper reports experimental observations 
on the heated gas domain (kernel) which is induced by 
an electric spark and from which a flame is observed to 
propagate in a flammable mixture. The heated kernel 
expanding from the path of the electrical discharge is 
studied photographically during the first microseconds 
of its existence as well as during its later development. 
The experimental techniques utilized make possible a 
detailed examination of the phenomena, particularly 
in the early phases, which has not been done before. 
The nature of the electrical discharge through the gas 
is not in question here. 


EXPERIMENTAL TECHNIQUES 
Apparatus 


The observations and measurements reported derive 
from flash schlieren photographs of a gaseous spark dis- 
charge and the associated gaseous phenomena at at- 


* Work supported by Bureau of Ordnance, U. S. Navy, NOrd 
Contract 7386. 
aan” Guest, von Elbe, and Lewis, J. Chem. Phys. 15, 798 
? B. Lewis, and G. von Elbe, J. Chem. Phys. 15, 803 (1947). 
*Blanc, Guest, von Elbe, and Lewis, Third Symposium on 
Combustion and Flame and Explosion Phenomena, Madison, 
Wisconsin (The Williams and Wilkins Company, Baltimore, 
Maryland, 1949), p. 363. 
* John B. Fenn, Ind. Eng. Chem. 43, 12 (1951). 
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mospheric pressure. As shown in Fig. 1 the ignition 
spark is made to pass between electrodes mounted in a 
free vertical jet of gas in the schlieren field. A precision 
interval timer (varitimer) provides accurate control of 
the time between the firing of the ignition spark and the 
illuminating Libessart spark so that any phase of the 
development of the phenomena following the ignition 
spark from coincidence to one thousand microseconds 
may be photographed.® Electromagnetic radiation from 
the ignition spark is picked up by the varitimer which 
subsequently fires a Libessart spark controlled by a 
hydrogen thyratron in series with the gap. The effective 
exposure time for the Libessart gap is about one- 
quarter microsecond with the result that the rapidly 
changing phenomena are resolved. The effect of the 
finite light duration, however, is observable as a slight 
blurring of the pattern for the most rapidly changing 
phenomena (shock waves). The dioptric schlieren sys- 
tem, shown diagrammatically in Fig. 1, produces bi- 
lateral symmetry in the schlieren image by use of a 
bilateral light-source slit and a fine wire as a schlieren 
stop. This system produces excellent definition but 
does not show the sense of the density gradients. The 
choice of focal lengths results in a magnification of the 
schlieren field of 3.4:1 on the camera screen. 

The gases under observation were supplied from 
commercial cylinders through flow-control apparatus 
to the free vertical jet mentioned above. The adjustable 
spark electrodes were so arranged that the spark and 
subsequent phenomena occurred wholly within the gas 
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Fic. 1. Schematic diagram of the experimental 
schlieren arrangement. 


5 Edmonson, Gayhart, and Olsen, J. Soc. of Phot. Engrs. 3, 3 
(1952). 
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jet. Thus, within limits of present observation, the 
spark occurs in an atmosphere of uniform composition 
and pressure. 


Characteristics of the Electric Spark 


The ignition spark was produced by the discharge 
of a condenser through an “‘overvolted” gap of pointed 
electrodes. Control of the spark was obtained by trig- 
gering a hydrogen thyratron (Type 5C22), in series with 
the spark gap, with a pulse produced by either a manual 
push button or a varitimer. The arrangement was 
similar to that used for the Libessart gap. 

The sparks involved in the work of references 1, 2, 3, 
and 4 are simple condenser discharges with minimized 
external circuit losses. The energy dissipated at the gap 
under such conditions is a maximum and can be com- 
pared to the potential energy stored within the con- 
denser. For our experiments, the variation and un- 
predictibility of the uncontrolled spark-gap breakdown 
is a disadvantage, and for this reason the aforemen- 
tioned control system has been used. The thyratron 
provides precision control of the spark-gap breakdown 
but introduces the disadvantage of energy dissipation 
in the thyratron. Circuit losses, other than that intro- 
duced by the thyratron, have been minimized. 

For simplicity of interpretation of the results, a short 














Fic. 2. Current-time trace for ignition spark. A. Thyratron 
grid firing pulse. B, C. Anode current pulse. C, D. Cable oscilla- 
tion. This illustration has been traced from an oscillogram. 


* Roth, Guest, von Elbe, and Lewis, J. of Chem. Phys, 19, 12 
(1951). 


duration spark is desirable, and it thus becomes neces- 
sary to investigate the effect of the hydrogen thyratron 
upon the time duration of the spark current. The cur- 
rent pulse has been determined utilizing the voltage 
drop across a small series resistor in the cathode return 
of the thyratron. This voltage is displayed as a function 
of time on the screen of a synchroscope, and the result- 
ing current-time trace photographed. A drawing, 
traced directly from the oscillogram, is shown in Fig. 2, 
The time from grid trigger to anode current is 0.55 
microsecond. The value quoted by Heins’ for this 
thyratron is 0.50 to 0.90 microsecond, depending upon 
the stiffness of the trigger pulse. The length of the cur- 
rent pulse proper is 0.45 microsecond. Oscillation or 
“ringing” caused by slight cable impedance mismatch 
continues for another 0.3 microsecond. Thus the time 
duration of the spark is effectively less than 0.45 micro- 
second, since the effect of the cathode resistor used in 
this test is to lengthen the time of current flow. These 
measurements of current pulse duration were made 
utilizing a GE 0.01 microfarad Pyranol condenser. For 
the vacuum condensers used in part of this work, the 
current pulse time certainly does not exceed the afore- 
mentioned value. 


RESULTS AND DISCUSSION 


The development of the phenomena associated with 
an ignition-spark discharge in air during its very early 
phases is shown in Fig. 3. The spark was obtained from 
a bank of vacuum condensers (2175 mmf) charged to 
8000 volts. The first picture of this series shows the 
spark gap, without an ignition spark, silhouetted by the 
schlieren light source. The subsequent series of pictures 
spaced at quarter-microsecond intervals shows the sys- 
tematic development of the gas phenomena associated 
with the spark up until and after the separation of a 
shock wave from the hot gas kernel left in the wake of 
the discharge. Each photograph shows a separate and 
indpendent spark. The high degree of reproducibility 
of the phenomenon makes the series of photographs 
equivalent to a motion picture of a single spark at a 
rate of four million frames per second. In order to 
obtain these pictures it was necessary to use two vari- 
timers tripped simultaneously by radiation pick-up 
from a third and independent spark discharge. One 
varitimer controls the ignition spark and the other the 
Libessart gap. The time from ignition spark to schlieren 
photograph is thus the difference in the settings of the 
two varitimers. With this arrangement it is possible to 
flash the schlieren light source even before the ignition 
spark. No attempt has yet been made to correlate the 
beginning of the current trace of the spark with the 
appearance of the schlieren pattern; hence, for the time 
quoted in this article, the picture preceding the first 
appearance of the schlieren pattern has been taken 


7 Harold Heins, Electronics Engineering Manual (McGraw-Hill, 
Inc., New York), Vol. V, pp. 246-252. 
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Fic. 3. The formation of the heated kernel and shock wave 
from an electric spark in air. Each photograph is of a different 
spark. View perpendicular to axis of electrodes. Time of photo- 
graph given in microseconds. 


arbitrarily as a reference zero time. In this series of 
pictures the direct light from the spark, which is re- 
corded on the film as the bright line between the elec- 
trodes, is not to be confused with schlieren patterns. 
This same direct-light exposure appears in each picture 
of the series since the camera shutter is open for one- 
fiftieth of a second for each spark-synchronized expo- 
sure. Thus any light emitted by the spark or the hot 
gases will record on film independently of the schlieren 
system if its intensity is above the threshold for the 
film. The second picture (¢ =0 microsecond) of the series 
shows the direct spark light but no schlieren pattern, 
thus indicating that the schlieren exposure was made 
before refractive index gradients were introduced by the 
spark. The next picture ({=0.25 microsecond) shows a 
faint pattern surrounding the direct exposure. This 
pattern persists with increased intensity to approxi- 
mately one microsecond. Thereafter a rapid change sets 
in and a steady development of the inner core ensues. 
By 2.00 microseconds it is apparent that a shock wave 
has separated from the residual hot gases and is travel- 
ing into the surrounding atmosphere. The shock wave 
as well as the hot gas kernel remaining behind the shock 
shows a well-defined boundary which is amenable to 
accurate measurement. The width of the boundaries, as 
seen on the film, is partially determined by the effective 
duration of the light source. 

The nature of the faint pattern which precedes the 
rapid development stage has not been investigated. 
Since the pattern does not appear if the schlieren light 
is flashed early enough, and since it does rotate with 
the schlieren stop, its source is not direct radiation from 
the spark region. Any direct radiation proceeding from 
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the region of this pattern would mark the film without 
regard to the timing, as does the direct spark light be- 
tween the electrodes. This observation is corroborated 
by schlieren pictures taken later when the kernel has 
been swept clear of the electrodes by the gas stream. 

The rapid development of the kernel for several 
microseconds is interpreted as deriving from the de- 
livery of spark energy to the gas for about one-half 
microsecond after spark breakdown occurs. The dura- 
tion of current flow, being less than half a microsecond, 
encompasses only two successive photographs. The 
remainder of the development thus occurs in the 
absence of current flow. After the separation of the shock 
wave, the residual heated gas kernel continues to expand 
subsonically. The further development of the kernel is 
shown in three successive stages in Fig. 4. In these 
pictures two views, taken perpendicular to and parallel 
to the axis of the electrodes, show the complete geom- 
etry of the kernel at each phase of its development. 
At 15 microseconds, the kernel is an ellipsoid and the 
concentric shock wave is still in the field of view. By 
112 microseconds the kernel has developed into a torus. 
The kernel thus possesses the characteristics of a closed 
vortex, as does a smoke ring. The striated pattern ap- 
pearing in the side view within the torus was observed 
to reverse when the polarity of the electrodes was 
reversed, thus indicating that the sense of the vortical 
motion is determined by the direction of current flow. 
The mass motion required for the development of the 
torus may (possibly) arise from impulsive forces exerted 
by the electric field on the ions produced by the spark 
discharge. The toroidal shape has been consistently 
obtained for all gases examined including flammable 
mixtures. The toroidal development is also observed 
with and without the thyratron in series with the spark 
and for condensers of widely differing dielectrics (e.g., 
vacuum condensers and oil condensers). 





(b) 


Fic. 4. Toroidal development of the heated air kernel from a 
spark. Spark gap with series hydrogen thyratron, 7000 volts, 
0.01 mf Pyranol condenser. Each photograph of a different spark. 
Top view, along electrode axis; bottom view, perpendicular to 
electrode axis. Time in microseconds. 
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Fic. 5. Air and flame kernels from an electric spark. Top, the 
development of a heated kernel from an electric spark in a stream 
of air; bottom, the development of a flame kernel from an electric 
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away by the air jet and thus corroborate the statements 
made earlier on the subject of light emission from the 
kernel. 


Kernel Behavior in Argon 


A detailed history of the growth of a heated kerne| 
resulting from a spark in argon during its expansion 
phase after shock-wave separation is shown in Fig, 6, 
Argon was used in order to avoid dissociation effects 
and other energy processes associated with polyatomic 
molecules. When the actual ignition process is con- 
sidered these effects must be taken into account. The 
kernel was viewed only perpendicular to the spark axis, 
in which aspect the kernel outline appears as an ellipse. 
The major and minor axes were measured, and the 
volumes of the ellipsoids were computed as _ those 
generated by revolving the ellipses about the axis of the 


spark in a stoichiometric propane-air stream. Ignition spark spark electrodes. The resulting kernel volume is dis- er 
identical in the two series. Time given in microseconds. , ‘ aa ‘ col 
played as a function of time in Fig. 7. This curve shows a 
sl . that the expansion of the kernel proceeds rapidly but | 
Ignition of Propane-Air Flame at a decreasing rate for the first ten microseconds = SO, ee 
When the air jet is replaced by a jet of flammable at which time it is apparently slightly over-expanded. - 
mixture, ignition occurs when the spark energy exceeds After a slight decrease in volume it proceeds to expand ber 
a minimum ignition energy for the particular flammable slowly again, and this slow expansion ultimately leads adi 
mixture. Such an ignition in a propane-air mixture is to the development of the aforementioned torus and an 
shown in Fig. 5. This figure compares the growth of an eventually kernel decay. The rapid expansion of the 1 
air kernel with that of the incipient flame for identical kernel after the shock separation, however, is subsonic, foll 
sparks and delay times. The steady growth of the flame This general pattern of behavior has been observed to 
as contrasted to the eventual decay of the air kernel] hold for several gases (Nz, A, air, and propane-air 
is apparent. The development of a torus is also evident ™ixtures). : ; Sn 
in the intermediate stages of the kernel growth in both The continued rapid expansion of the kernel after spa 
flame and air. Unlike the other photographs of this the spark current has ceased flowing and the shock as 
report, the flame pictures were taken with a schlieren ‘Y© has separated requires explanation. The — sho 
system equipped with a conventional single knife edge. sion is too rapid for interpretation in terms of diffusion up 
The resulting pictures are not bilaterally symmetric, of - ge gp a gog: ee or a . tmosphere, equ 
and the relative sense of the horizontal density gra- peg 5 se heashiey. She presen cor 
dients is apparent. These pictures show the appearance appear to be associated with a changing pressure in the att 
of the spark electrodes after the kernel has been swept gases within and surrounding the kernel. There can be 2 
no appreciable pressure differential acro.s the kernel - 
boundary since that boundary is observed to move ns 
subsonically with respect to the undisturbed atmos- mf 
phere. Therefore the entire mass of gas behind the shock na 
wave must be at pressures above atmospheric, and this ns 
general elevated pressure must drop as the shock wave . 
aa sas - - ad ee progresses. This viewpoint is substantiated by measure- ve 
® ments made on the shock wave. The shock-wave ve- foe 
locity has been determined as a function of time from ms 
measured values of the shock-wave diameters from the 
@ Fig. 6. This velocity is supersonic at 4.00 microseconds 
(just after separation of kernel and shock wave) with i, 
a Mach number of 1.5 and decreases as the shock wave at 
propagates away from the kernel. The velocity becomes inn 
13.9 a3 228 aed a8 o indistinguishable from sonic velocity (Mach number tio 
(b) unity) in about 16 microseconds, which is in accord Fr 
Fic. 6. Development of heated argon kernel from™a spark. with the kernel expansion. From the value of the Mach tio 


Spark gap with series thyratron. 7000 volts, 0.01 mf. Each snap- 


number at 4.00 microseconds, the static pressure ratio co! 


shot of a different spark. View perpendicular to the electrode axis. : Z ‘ reat 
across the shock is 2.56. This value for the ratio is to be kn 


Time given in microseconds. 
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Fic. 7. Volume of argon kernel 





as a function of time. Data from 
measurements of photographs of 
Fig. 6. 
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compared with the pressure ratio [(V;/V,)7=2.52] 
computed from the adiabatic law of expansion utilizing 
kernel volumes measured at 4.00 microseconds and at 
pressure equilibration. This agreement is somewhat 
better than is expected from the accuracy of the meas- 


urements. From this result it is concluded that the 


kernel expansion is approximately represented by the 
adiabatic law from the time of shock-wave separation 
until the time of pressure equilibration. 

The condenser energy 1/2 CV? is utilized in the 
following manner: 


1/2 CV’-—E,=E,+E,, (1) 


in which E; is the loss in the circuit external to the 
spark gap, E, is the fraction of the condenser energy 
existing as internal energy of the kernel at the time of 
shock wave separation, and E, the loss from the kernel 
up to this time. Because of the obvious lack of thermal 
equilibrium and the uncertainty as to the physical 
conditions prevailing before shock-wave separation, no 
attempt has been made to evaluate the quantity E,. In 
reality, thermal equilibrium probably does not exist 
within the kernel at shock separation ; however, the sub- 
sequent kernel expansion is surprisingly well represented 
by the adiabatic law. On the basis of the foregoing 
measurements, the assumption is made that the adia- 
batic law holds, i.e., that one may ascribe a temperature 
to the kernel gases and that there is, therefore, no change 
in mass M, of the kernel during this time. With these 
restrictions an analytical expression can be obtained 
for the internal energy of the kernel at the time of 
shock-wave separation together with an expression for 
the change in internal energy due to the subsequent 
expansion. Let the state variables be V,, P,, and 7, 
at the time of shock-wave separation. Define Vo as the 
volume of M, corresponding to the initial gas condi- 
tions Ty and Po. Refer to the P—V diagram of Fig. 8. 
From the time of spark discharge to shock-wave separa- 
tion the mass of gas has been transformed from the 
condition A(Vo, Po, To) to D(V., Ps, T;) along an un- 
known path. Since the internal energy change from 





12 16 20 24 28 32 3% 40 44 48 


TIME (microseconds) 


A to D is independent of the path, one may evaluate 
this quantity along the path ABD: 


E,=AU|as+AJU| zp, (2) 


where 


AU| AB = poV 0cp(Tz— T.)—Po(V.— Vo), (3) 
AU | sp=poVoc.(T,—T=), (4) 


in which pp is the initial gas density, c, and c, are the 
heat capacities, and T, is a temperature between T» 
and T,. Noting that along BD 








T Po 
T= (5) 
P, 
and using 
Te Pi, Vy? Po 
—= - and pot,T>=——, (6) 


T, Poo VoV. y—1 


in which the subscript f refers to the time of pressure 
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Fic. 8. P—V diagram for expansion of argon kernel. The un- 
known path from A to D is indicated by the irregular dotted lines. 
D is the point just after shock-kernel separation, and C is the point 
of pressure equilibration. 
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equilibration at C, then 
Pof Vy" 
y—1 Vr 


A similar calculation yields the internal energy of the 
kernel at pressure equilibration as 


Po 
E;=——_LV;— Vo]. (8) 
y—1 


Since Vo is small compared to both V, and V;, one ob- 
tains a good approximation for the internal energy from 
Eqs. (7) and (8) if we neglect Vo. The energy expended 
from D to C is given by 


Vs Po Vy? 
E,—E,= [ pav =—-( - v;). (9) 
Ve y~1 V,7 





The fractional Joss of energy because of the expansion is 
E,—E; (V;/V,)7"*-1 
E,  (V4/V.)""—Vo/V; 





(10) 


Therefore, if Vo/V; is neglected in (10), one obtains a 
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minimum fractional energy loss given by 

E,—Ey (V,/ V)r'—1 
E, — (V,/V,)7 





(11) 


Thus it follows that the change in internal energy during 
the adiabatic expansion can be calculated together 
with good approximations to E, and Ey. This method, 
applied to circuits where E, is minimized or to those 
where 1/2 CV’—E, is measured, thus makes available 
a method for evaluating E,. Utilizing the measured 
value of V;/V,=1.7 from Fig. 7, (11) becomes 


E.~E, 
=0.3. 
E, 





This calculation indicates that the internal energy of 
the kernel varies with time and that part (as shown for 
argon, a considerable part) of the energy transferred 
from the spark is distributed throughout the surround- 
ing infinite atmosphere as the work required to expand 
the kernel. That part of the energy remaining in the 
kernel is available for ignition purposes. 

The authors wish to thank Dr. F. T. McClure, Dr, 
W. H. Avery, and Dr. W. G. Berl for their interest in 
this work and for valuable suggestions made during 
discussion of the paper. 
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Effect of Internal Strains on Linear Expansion, X-Ray Lattice Constant, 
and Density of Crystals 
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General formulas are derived for the shift in x-ray diffraction maxima due to small distortions in simple 
cubic crystals. The special case of radial distortions due to lattice defects is considered in detail; it is found 
that the relative change in lattice constant computed from the shift in diffraction maxima is of the order of 
magnitude of the defect concentration and larger by as much as 100 percent than the linear expansion when 
the concentration of defects is of the order of one percent or less. A comparison is made of lattice constant, 
linear expansion, and density expected in crystals containing Frenkel defects, Schottky defects, or F centers. 





INTRODUCTION 


HE principal assumptions made in calculating 

the shift in x-ray diffraction maxima due to small 
radial distortions are given in the first section. A more 
general treatment given in Appendix 1 shows that the 
symmetry arguments upon which the simplified treat- 
ment is based are justified. In the second section the effect 
of a random distribution of defects, each of which pro- 
duces a small radial distortion, is estimated in various 
ways; by averaging the values obtained by methods 
which are thought to overcorrect the results for sym- 
metric crystallites with those which undercorrect, a 
formula is obtained for the calculated change in lattice 
constant accurate to about 10 percent. The corres- 
ponding increase in linear dimensions is derived in 
Appendix 2; in Appendix 3 the effect of Schottky and 
Frenkel defects is compared, and in Appendix 4 the 
change in density due to F centers is computed. The 
significance of these results is brought out in the third 
section where experimental results are discussed and 
experiments which may yield some new information 
about lattice defects in ionic crystals are proposed. 


I. SYMMETRIC CRYSTALLITES 


The distortion in a simple cubic crystallite of iden- 
tical atoms having a lattice vacancy (or interstitial 
atom) at the center may be assumed to be such that 
all atoms in the crystallite are displaced radially from 
their normal positions, as shown in exaggerated form in 
Fig. 1. The change in x-ray lattice constants produced 
by radial strain of this sort is readily calculated in 
simple cases. Let the normal positions of the atoms be 
denoted by the vector set 


r= L,a;+L2a2+ Las, 
having as their reciprocal system the vector set 


B az fy ib;+ hobot+ hsbs, 


where L,LoLl3 and hyhohs are integers and a;-by.=djx. 
The vector describing the displacement of each atom 


is assumed to be radial and hence may be written in 
the form 


Ar=rf(r). 


The positions occupied by the atoms in the distorted 
crystallite are then given by the vectors 


R=r+Ar=r[1+/(r) ]. 


The phase of the x-rays coherently scattered by an 
atom at vector position R relative to those scattered 
by an atom at the origin is given by 


2r 
aati 


where So is a unit vector in the direction of the in- 
cident beam and § is a unit vector in the direction of 
scattering under consideration. The scattered waves 
all have the same phase in the case of the idealized 
crystal for which R=r and the vector S—Sp/A coincides 
with a reciprocal lattice vector, as the phase differences 
are then multiples of 27 for every scattered wave; the 
determination of the values of S—S)/\ which satisfy 
this condition, hence producing strong “reflection,” 












\e 














ee 
. 
* 


X — Positions of Atoms in undistorted Crystal: r*L.o.+l,9,+1,0, 
O=— Positions of Atoms due to radial distortion: R= £(i+fir)) 
@ = Brogg angle for undistorted Crystal, nA=2dsin®@, 

when diffraction maximum occurs at 6+ 46, calculated 


lattice constont changes : ag = —cot 640 


Fic. 1. Illustration of radial distortion in a simple cubic crystal. 
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thus locate.points in reciprocal space from which the 
values of the a vectors are then computed. The dis- 
tortion of the lattice produces a shift in the directions 
in which strong reflections occur, and hence the cal- 
culated values of the b and a vectors are affected. In 
order to investigate the effect quantitatively, let us 
first consider a symmetric crystallite having a lattice 
defect at the origin. As a further simplifying assump- 
tion, suppose that the crystal is so mounted that S— S)/ 
X coincides in direction with a; and hence also with 


b; in this special case (the usual Bragg spectrometer 


mount, for instance). In the undistorted crystal, the 
strong reflections would then occur at angles of in- 
cidence such that S—S)/A=/,;b;+0-+0 or to reflection 
from crystal planes having Miller indices (4,00). It 
can be seen from symmetry arguments that the effect 
of radial distortion will be to produce a strong reflec- 
tion at a slightly different angle of incidence but that 
S— S> will still coincide in direction with a; and b;. From 
the shift in the diffraction maximum a new value of b,; 
would then be computed; the change can be expressed 
in the form 
hyb,’ = (y+ Ah,)b,, 


since the two vectors are parallel, and it is readily 
shown that the relative change in the direct lattice 
vector a; which we shall denote by Ad/d is given by 


Ad/d=— Ahy/hy. 
The problem then resolves itself into finding that 


value of Ah, which yields a maximum in the intensity of 


the wave diffracted from the distorted crystallite. 
Assuming the waves scattered from each atom to be 
identical in amplitude the expression for the relative 
amplitude of the total wave is 


2x1 
E(S, So, ) = i al eal So) . R(L,L2L3) 


Li LeL3 


= > exp27i(h,;+Ah,)b; . [r(1+f(r)) ] 


LiLe2L3 


= y exp2mi(h,+Ah,)L,(1+ /(r)) 


Li LeL3 


= > exp2ril,[iif(r)+4n(1+/(r))], 


Ii L2L3 


since exp27il,h,=1. If f(r) and Ah, are sufficiently 
small that the products L,Ah; and L,/,f(r) are much 
less than unity, then to a first approximation, 


x x 
E+ & (142+=)- Ze 1+—) 
LiL2L3 2 LiLeL3 2 


where 


a(Ahy) = 2riL [hy f(r) + 4h, (1+ f(r))] 
= 2miL,{ hy f(r)+Ah; ]. 


The term in x vanishes by symmetry. The diffraction 
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maximum occurs at 
OE 


d(Ah) 
Hence, 


Ox 
 2x——. 
IyleLs 9(Ahy) 


=0= 24 — 


0(Ah,) ets 








> Lr(f(r)+Ah,)=0, 


Li LeL3 


bh x Lefr)+an X L2=0, 


I1L2L3 Ii LeL3 


Ay DL (r) Ad DLYf(r) 
—= —-——— or —=-—_—_. 
hy > L? d > L? 


It can be seen from this formula that the relative 
change in lattice constant depends primarily on the 
long-range effect of the distortion rather than upon the 
effects near the origin since each summation involves 
L;’. In other words, the result depends mostly on the 
form of f(r) for large r values and is nearly independent 
of f(r) at small r values (unless the crystallite contains 
only a few atoms, say less than 10°). The theory of 
elasticity indicates that under quite general conditions 
(isotropic media in which Cauchy’s relations hold) 
the strain Ar/r varies as r~*. This suggests that the ap. 
propriate form of f(r) is A(a/r)* where A is a constant 
and a=|a;|. The subsequent discussion is based on the 
assumption that f(r) is of this form; for a more exact 
treatment an additive constant must be included in 
f(r), as shown in Appendix 5. 

The results of summations and _ integrations for 
cubical crystallites containing V=5* to VN =30* atoms 
indicate that 

Ad/d=2.35 (4%A/3N), 


whereas for spherical crystallites the coefficient is 
found to be slightly larger: 


Ad/d=2.5 (44A/3N). 


The reason for writing the result in this form is that 
the macroscopic linear expansion is exactly Al/| 
=4rA/3N, as shown in Appendix 2, and comparison 
of the two expansions may be readily made. For this 
idealized case the results are thus seen to differ by more 
than a factor of two. 

That this result is qualitatively correct may be seen 
from the fact that the x-rays essentially average the 
interplanar spacings throughout the crystallite as the 
formula for Ad/d shows, but the macroscopic linear 
expansion depends only on the displacement of the 
outermost atoms of the crystallite which are smaller 
than average since f(r) is assumed to decrease with r. 


Il. ASYMMETRIC CRYSTALS AND EFFECT OF 
RANDOMLY DISTRIBUTED DEFECTS 


In any attempt to observe the effects of such strains 
experimentally one must use specimens of macroscopic 
proportions having a large number of defects in ut 
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known positions. If a completely random distribution 
of identical defects could be obtained, say by heating 
the crystal and then quenching it to prevent coagulation 
of the defect centers, an estimate of the expected effect 
could be obtained directly from the results for spherical 
crystallites by applying appropriate weighting factors 
computed from the probability distribution.' Thus, let 
a spherical surface be constructed about each defect 
in the crystal, the diameter of the sphere being equal 
to the distance to the nearest defect. The probability 
that the closest defect is in the range dr at a given dis- 
tance r is given by 


w(r)dr=4rr'n[exp(—42r'n/3) |dr, 


where m is the average number of defects per unit 
volume. From this function the relative number of 
spheres of each diameter can be computed, the contri- 
bution to the scattering can be weighted in accordance 
with the volume of the sphere, and an average Ad/d 
can be found. Admittedly, a large fraction of the volume 
of the crystal is omitted completely by this procedure, 
but even if the contribution of the portions outside the 
spheres is assumed to be zero, the average Ad/d is only 
about 30 percent lower than the value for a single 
sphere containing as many atoms as the average 
number of atoms per defect. It therefore appears that 
no large correction is needed, and the value of Ad/d 
will still be much greater than Al//, which is completely 
independent of the distribution under these assump- 
tions. 

A second way of estimating the effect of the random 
distribution of defects upon Ad/d is to visualize the 
randomness as a perturbation of the completely uniform 
distribution. Thus in a rectangular crystallite contain- 
ing n defects per unit volume, suppose that the defects 
are arranged at equal intervals of n~# and that cubes 
having edges n~# are constructed about each defect. 
A certain amount of randomness can now be introduced 
by allowing each defect to move about in its cubical 
cell; the average distance between defects is only 
0.55n-4, so that an average displacement of each defect 
from the center of its cube might be taken as 3n~ for 
a crude approximation. Restricting the displacements 
to the three basic lattice vector directions a;,a2,a3, the 
Ad/d factor for each cell can be computed and a new 
average found. The calculations are more complicated 
as the symmetry properties required in the previous 
formula are not satisfied; approximations were used 
in the cases of displacements of the defects along the 
a) and a; directions but these are not believed to affect 
the result a great deal. The new average is found to 
be about 17 percent lower than for a single symmetrical 
cube of volume n~'. From this and the previous result 
it is concluded that a reduction of about 20 percent 
in Ad/d is to be expected. 

Neither method of estimating the effect of the random 





'S. Chandrasekhar, Rev. Modern Phys. 15, 1 (1943). 





distribution of the defects takes account of the fact 
that atoms near two (or more) defects undergo simul- 
taneous displacements which may be comparable in 
magnitude. In order to calculate the change in the posi- 
tions of the diffraction maxima in this general case, 
more elaborate formulas must be used. To determine 
the order of magnitude of this combination of dis- 
placements upon Ad/d, the case of a rectangular crystal- 
lite having the form of two adjoining cubes, each con- 
taining one defect at its center, was computed assuming 
that the line joining the two defects was parallel to one 
of the basic lattice vectors. The average value of Ad/d 
was found (from the formulas in Appendix 1) to be only 
about 10 percent lower than that for a single cubical 
crystallite having one-half as many atoms and with 
the defect at the center of the cube. Thus, the neglect 
of the displacements due to all but one of the defects 
is not thought to invalidate the previous conclusion that 
Ad/d is nearly twice as great as Al/l. Allowing a 20 
percent reduction, then 


Ad/d=2.0(44A/3N), 


where WN is the number of atoms per defect. 


Ill. APPLICATION TO ACTUAL CRYSTALS 
(A) AgBr 


The results of Berry”? and Strelkow’ on AgBr indicate 
that Al/l and Ad/d are virtually the same above 
350°C. From the previous calculation the conclusion 
follows that Schottky defects certainly must occur 
in this temperature range since, if only Frenkel de- 
fects occur, there would be a factor of two between 
the two expansions. In the case of Schottky defects 
there is an additional contribution to the macroscopic 
expansion due to the diffusion of the displaced ions to 
the surface; and, hence, as shown in Appendix 3, 


Al/l=(1+42A)/3N, 


where N is the number of atoms per Schottky defect. 
However, the effect of the new surface layers upon 
Ad/d is quite negligible. The experimental results 
indicate that Ad/d and Al/I are to be equated so that 
if only Schottky defects occur: 


2.0 (44A/3N) =(1+472A)/3N, 
which is satisfied if A~1/4r=0.08. 
From the form of the displacement function 
Ar=rf(r)=rA(a/r)}, 


it can be seen that the constant A denotes the fraction 
of the lattice spacing through which nearest neighbors 
adjacent to the defect are displaced in the ideal case. 
This is only an estimate in the case of an ionic crystal, 
such as AgBr, since ions of opposite sign are involved 


2C. R. Berry, Phys. Rev. 82, 422 (1951). 
’P. G. Strelkow, Phys. Z. Sowjetunion, 12, 73 (1937). 
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and f(r) is known to be irregular near a vacancy. From 
the calculations of Mott and Littleton‘ the relative 
displacement of nearest neighbors at a cation or anion 
vacancy in NaCl is thought to be about 0.07, so that 
the average A computed for AgBr by the above pro- 
cedure is correct at least in order of magnitude. Of 
course, if a fraction a of the defects are Frenkel defects, 
then, as shown in Appendix 3, the average A value 
would have to be smaller in the ratio (1— a)/(1+a@) in 
order to explain the observed results. Thus, if 3 of the 
defects are Frenkel type, the average value of A would 
be only 0.04 and the value decreases rapidly as a@ in- 
creases. The approximate agreement of A to the calcul- 
ated values for 0<a<4 thus seems to indicate that 
Schottky defects predominate in AgBr above 350°C. 


(B) KCI 


The observations of Burstein, Oberly, and Davis- 
son’ of the effect of pressure upon the color center 
absorption in various alkali halides led them to con- 
clude that there is a displacement of the ions near an 
F center toward the vacant site. This suggests that 
there may be an observable change in x-ray lattice 
constant when the concentration of F centers is ap- 
proximately 10'* cm~*. The concentration of scattering 
centers in the perfect KCl lattice is of the order of 
10%/30, so that the number of atoms per defect is about 


N= 10**/(30X 108) =3X 10° cm-. 
Hence, the expected increase in lattice constant is 
Ad/d=2(49rA/3N)=3(—1)(3X 10) = —2X10-, 


assuming that A=—ja. F center concentrations of 
5X 10'* cm~* would then produce a relative change in 
lattice constant of approximately one part in ten 
thousand, which is certainly detectable and with proper 
precautions might be measured with 10 percent 
accuracy. The interpretation of the results of such an 
experiment would be less ambiguous than those for 
AgBr as the F centers can be almost completely dis- 
persed by proper heat treatment (quenching the crystal 
by the method of Scott and Bupp*), and by additive 
coloring a predominance of F centers is assured so that 
the effect of other types of defects may be neglected 
safely. If sufficient accuracy is attained, there is the 
possibility that the results of the x-ray measurements 
could be compared to density measurements’ to deter- 
mine the displacement constant since the two quantities 
depend upon it in different ways (see Appendix 4): 


Ad/d=2(4/34A)/N, Ap/p=—(4eA+1)/N. 


Both vary as V-' so that the ratio Ad/d+ Ap/p depends 
upon A alone. 


*N. F. Mott and R. W. Gurney, Electronic Processes in Ionic 
Crystals (Oxford University Press, New York), p. 61. 

* Burstein, Oberly, and Davisson, Bull. Am. Phys. Soc. 26, 
No. 6, Paper 03. 

* A. B. Scott and L. P. Bupp, Phys. Rev. 79, 341 (1950). 

? Estermann, Leivo, and Stern, Phys. Rev. 75, 627 (1949). 
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The observations of Pick and Weber® of density 
changes in KCl due to small concentrations of CaCl, 
and SrCl, indicate that lattice vacancies occur, although 
not quite in accordance with the substitution theory jy 
which each Ca and Sr impurity ion produces a K jy 
vacancy. The discrepancy may possibly be explained 
by an over-all decrease in the lattice constant due ty 
the defects. The Goldschmidt radii of both Ca and 5 
ions are definitely less than for K ions, and the resultan; 
shrinking about these ions may offset the expansion 
occurring at the vacancies. Further experiments with 
BaCl; impurities might shed some light on this question, 
as the radius for the Ba ion is only about 2 percent 
greater than that for the K ion. Thus, with BaCl, as ap 
impurity, the principal effect upon the lattice constant 
could be ascribed to the vacancies alone and the inter. 
pretation of the results greatly simplified. 


(C) LiF 


Measurements of the thermal expansion of several 
alkali halides have been reported by A. Gott? who 
found that the macroscopic linear expansion was 
larger than the x-ray lattice constant expansion in 
every case. In LiF at 350°C, the difference in the two 
relative expansions is of the order of 10~*. Assuming 
that only Schottky defects occur (see Appendix 3), 


Al Ad 1 
———=—(1—491A)~10-. 
1 od 3N 


From this it can be seen that V < 10° if | A | ~42. From 
diffusion and conduction experiments,!® one expects 
N~10° (in rock salt) at this temperature, so that it 
seems unlikely that the difference in the two expansions 
can be explained by Schottky defects alone. Mor 
measurements of these crystals at high temperatures 
might clarify the interpretation of these results. 


(D) Mixed Crystals 


The theory does not seem to be applicable to the 
case of mixtures of ionic crystals. C. R. Berry" has 
pointed out that the data on the system KCI-KBr 
indicate a ratio Ad/d+Al/l~1 instead of 2.0. How- 
ever, for large impurity concentrations (~10 per- 
cent) upon which this ratio is based, the theory may 
not apply; moreover, the calculation of Al/! is made 
from density changes and assumes that the mixed 
crystals are perfect—i.e., free of voids which would 
make Al/I erroneously large but would not affect the 
x-ray measurements of Ad/d. For these reasons it is 
believed that the experimental observations do not 


8H. Pick and H. Weber, Z. Physik 128, 409 (1950). 

* A. Gott, Ann. Phys.. Lpz. 41, 520 (1942). 

0 _ Crooks, and Maurer, J. Chem. Phys. 18, 123! 
(1950). 

4 Private communication based on observations by: F. Ober- 
lies, Structurbericht 2, 214 (1928-32); G. Tammann and W. 
Krings, Z. anorg. u. allgem. Chem. 130-32, 242 (1923-4). 
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sity rove that the theory is wrong; in any case it would be _ is small over the entire range of the summation. The 
aCl, | desirable to have more data on such systems. relative intensity of the scattered wave is then of the 
Ou ; form 
e APPENDIX 1. GENERAL FORMULA FOR RELATIVE 1 2 
CHANGE IN LATTICE CONSTANT AS MEASURED EE*= {=(1-—t2n87)| +{X 278}, 

: FROM X-RAY DIFFRACTION MAXIMA , 2! ; 
in 
e€ to The oprwner — of the wave —_— — ra and the values of Ah; for which the intensity is maxi- 
dr J array of identical atoms at positions K 1s given by the ium satisfy the three conditions simultaneously : 
tant # summation over the R.vectors: : , 
sion 0(EE*) 
with E=>, ex [2=i(—k)] =0, j=1, 2, 3. 
tion, ow r , 8(Ah;) 
cent sderi ivati 
isan! Inthe undistorted crystal the R vectors are given by eR AG: A EOD 
0(EE* 
tant R=r= L,a;+ Least Las, ( bai > 1p 5P 
_ a(Ah 2 
and at the diffraction maxima the unit vectors So and (Ah) ? ; 
§ denoting the directions of the incident and scattered X {© (O—[275]2xL1)}+2{d 278} {Y 2x11} =0. 
waves satisfy the condition r r r 
veral S—S,o Assuming 297° &<1, 
who —— = hb, +-hob.+h3b3=B, 
was r —N DY Li+(X Li) 6)=0, 
n j r r r 
an where the vector set b; is the reciprocal of the set a; ; : 
mine and the sets L; and h; are integers. In the distorted where NV denotes the total number of atoms in the 
! crystal the positions of the atoms may be denoted by © rystal given by N=¥ (1) 
Rar} Ar= (Lit ALy)art (Let ALs)aet (Lat ALs) as a 
where AL; may be considered as functions of r aloneand Regarding Ah, Aho, Ah3 as unknowns independent of 
AL;<1 for all r. To determine the values of S—S./A the summations the equation may be rearranged for 
‘rom | for which the intensity of the scattered x-rays from the computation as shown below; the second and third 
pects distorted crystal is a maximum, the deviation from the equations are obtainable from the second and third 
at it | ‘eciprocal lattice vector of the perfect lattice may be conditions: 
; assumed to be small and expressible in the form AB, — - 
se pr P Ai{(XhyY—- NEL} 
in acl + Aho (Li) (L2) — NEE (LiL2)} 
Bes + Ahs{(QL1)(2L3)-— ND (LiL3)} 
——=B+ AB= (,+- Ah)b ; 
X ( ' ) , = N DLL AL 1+ AeAL2+h3AL;) | 
+ (hot Ahz)be+ (h3+ Ahs)bs. —(LL))(S[MAL AMAL +h3AL3]). (1) 
» the ‘ i iv i , 
Asse <* oe 
KBr + Ahef (2/L2)P?—-NY(L2’)} 
Tow- E=)° exp{27i[ (B+ AB) - (r+ Ar) }} + Ahs{ (>> L2) (>> L3)— N>(L2L3)} 
per- e = NSC L2(AAL,+ hoALot+ hzAL3) | 
se => exp{27i[AB-r+B-Ar]} => exp{2z7id(r)}, — (Le) (SAL 4+ AAL2+h3AL;3]). (2) 
nade r r 
nixed - 
ould | When the factor exp27i(B-r) is omitted since it is unity Aint (QL1)(2Ls) ND (Lils)} 
+ the and the second-order term AB- Ar is neglected and + Ahof (20L2)(2Ls)— NX (LoL s)} 
sey ; + Ahs{(30L3)?—N>DL} 
it is ™ 
a i(r) = Ah, L,+ AhoLet+ Ah3L3+ hyAL,+ htoALo+ hzAL3. - ND [L3(mAL+ hoALo+ h;AL;) 
Expanding the exponential in its power series: — (Ls) ALi + heAL2+h3AL;3]}). (3) 
- 1 In the case of an (4,00) reflection from a cubical 
; E =¥(1+28i8-—[2nsP), crystallite having a symmetric distortion relative to the 
Ober 2! center so that 
d W. 
Only the first three terms are used assuming that 4(r) ~Lj=DAL;=0, j=1, 2,3 
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and 
DLLjLi=0, j¥k 


(when the origin is taken at the center), the first equation 
reduces to 


Ah{—N>ELY}=NMDT LAL, 
or 


Ad Ah, > LAL, 


‘ hh 2 


The second and third equations yield Ah,.=Ah;=0 
since sums of the form }>L;AL,=0 when j#k. These 
results justify the assumptions made in the text for this 
case. To make the results completely identical one has 
only to remember that in the special case of radial dis- 
tortion it was assumed that 


Ar=rf(r)= f(r)(Liairt+-L2a2+ Lsas), 
whereas in the general case 
Ar=Al,a;+ ALlcaot AL gaz. 
In the special case that AL;= L;/(r), then 
Ad DLif(r) 
d@ TL?! 


A fairly simple result is also obtainable for the case 
of (4,00) reflections from a crystal in which the origin 
of the distortion is displaced along the a; direction so 
that >> 2,+0 and )-AL,+0. However, 

LiL; =0 
j=2, 3, 
> L;AL,;=0 


so that Afo= Ah;=0 as before and 


Ad Ah, (SLi:)(AL,)—NE(LAL)) 








d hy (<L,)°-NUL? 

or 
Ad (CL) CLfe))-NILAS@) 
d (<L,2—-NDL? 


In the general case the three linear equations in Ah; 
must be solved simultaneously. Keeping the equations 
in their most general form makes it possible to compute 
the effect of a large number of randomly distributed 
defects in a single crystal. Thus, the locations of the 
defects in the crystal could be determined by choosing 
sets of three numbers at random, the effect of each 
defect upon the position of each atom could be com- 
puted, and the sum of the displacements determined 
for each atom; from these sums the AL; values could be 
obtained and all of the coefficients in the three equations 
(1-3) could be computed. Such a method of finding 
Ah; and thence AB would be too laborious for hand 
calculation, but machine methods are obviously possible 
and are being considered. 
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APPENDIX 2. EXPANSION OF A CRYSTAL CAUSED 
BY RADIAL DISTORTION 


In the case of a radial distortion such that 


Ar=rf(r)=rA (“) 4 
r 


the change in volume of a spherical crystallite of 
radius rp containing V atoms is 


AV = (4ar?)[Ar(ro) ]=4 are Aare? |= 41a A, 
so that 





and hence the relative linear expansion is approximately 


Al 1AV 4A 


1 3V 3N. 





As the increment in volume is independent of the di- 
mensions of the crystal, the effect of having more than 
one lattice defect in the same crystallite is simply to 
increase the expansion linearly with the defect concen- 
tration. Hence the same general equation holds for 
Al/l, but N becomes the average number of atoms 
per defect. 

If Frenkel defects occur there will in general be a 
different A coefficient for each constituent. In the case 
of ionic crystals, both the lattice vacancy and interstitial 
ion produce a swelling of the lattice so that the effects 
do not cancel; in any case the results can be described 
by an average A constant. If Schottky defects occur 
there is a quite different contribution to the expansion 
due to the ions which diffuse to the surface; the ions 
at the surface always increase the linear dimensions 
and if |A|<j{z the contribution of the surface layers 
will predominate over that due to the vacancies. 


APPENDIX 3. COMPARISON OF Ad/d AND Al/I FOR 
FRENKEL AND SCHOTTKY DEFECTS IN 
IONIC CRYSTALS 


Owing to the fact that Ad/d~2Al/I for any lattice 
defect, whether a vacancy or interstitial ion, any 
crystal having only Frenkel defects should have 
Ad/d~2Al/l. Assuming for simplicity that the 4 
coefficients are the same for vacancies and interstitial 
ions and that the fraction of Frenkel defects is a, then 
there are an Frenkel vacancies and (1—a)n Schottky 
vacancies per N’ lattice sites where is the total 
number of defects and N= N’/n is the average number 
of lattice sites per defect. The number of interstitial 
ions is an, and hence 


Ad 4A 4rA(1+a) 
—= 2( = ) Lean (1—a)n]= o(——). 
d 3N’ 3N 
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- AV =4rAa*{2an+ (1—a)n ]+ (1—a)na', 


since (I—@)n ions diffuse to the surface from the Schottky 
defects. Hence 


AV na’ 
; [4A (1+ a)+(1—a) ] 
a’ 


VON 
A 





and 11 
—=—[4rA(1+a)+(1-a)]. 
Ll 3N 


In the special case Ad/d= Al/I then 
4rA(1+a)=(1—a) 
1 1—a 
Mitre mem, 
4ri+a 
APPENDIX 4. CHANGE IN DENSITY CAUSED BY F 
CENTERS PRODUCED BY ADDITIVE COLORING 


or 


In additively colored crystals there is a predominance 
of negative ion vacancies (F centers) ; for each vacancy 
formed there are two ions at the surface, and if the 
masses are m, and mz for the positive and negative ions, 
respectively, the increase in mass per F center is m, 
but the increase in volume is 44Aa*+2a’ due to the 
effect of the vacancy. The relative change in density for 
a crystal containing NV’ atoms and n F centers is then 








Ap A(M/V) VAM—MAV V AM—M(AV/V) 








» M/V vz OM M 
nm,— N’(m,+m,/2)[ (4r7A+2)a'n/N'a* | 
: [(my-+-m,)/2]N’ 
m—[m,+m2/2]\(4rA+2) 
(my ma/2)N 


where as before N= N’/n. 
When m, and mz are equal, then 


Ap/p=—(4rA+1)/N. 


‘Of course if m,;=m2 and A=—342 then Ap/p vanishes; 


the change in x-ray lattice constant would still be 
observable, however. 


APPENDIX 5. DISTORTION IN ISOTROPIC MEDIA 


The exact solution for the radial displacement in a 
hollow sphere of elastic material obeying Cauchy’s 
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relations and having Young’s modulus E is 


1 piri— por’ 5 ro'ri3(pi— po) 1 
Ar=— rr - —- — - — 
2E re—r} 8E 


’ 
re—r? r 


where the internal surface has radius 7, and is subject to 
pressure p,; the outer surface is concentric with the 
inner one and has radius ro and pressure po.” 

Assuming that the effect of a vacancy or interstitial 
atom is to create an internal pressure, that the external 
pressure is zero, and ro>>r, 


1 rr 5 ri a\3 ) 
Ar= —p,—+ “=| 4 (-) +B|=r r), 
2g ro gE r? r J 





where A=5,7;°/8Ea’® and B= p,r;°/2Er,’. Thus the 
form for f(r) assumed in the text is oversimplified, but 
correct in the power of r; the added constant introduces 
no difficulty in the calculation; the results for single 
spheres become 


Ad Ar Al 471A 
—=2.5A—+B and —= +B 
d 3N Ll 3N 





The ratio of B to A for this case is 


B 4a? 167 4 
—--(-) i ’ since —rro= Na’, 
A 5\fr 15N 3 





so that Ad/d+ Al/l=33/18 instead of 5/2 for single 
spherical crystallites. 

In crystals containing large numbers of defects dis- 
tributed at random the method of calculation employed 
in the text indicates that a slight reduction in the first 
term for Ad/d will persist ; however, a relatively large 
correction in the value of the constant terms for the 
spheres constructed about each defect is to be expected 
since the external pressure at these surfaces is by no 
means zero, so that 


1 
2Er,* 


Due 





(pir’— por’), 


and B may nearly vanish. On account of this effect it is 
believed that the ratio 33/18 is too small and that the 
value Ad/d+Al/I~2.0 derived in the text is most 
nearly correct 


2 A. E. H. Love, Mathematical Theory of Elasticity (Cambridge 
University Press, Cambridge, 1927), p. 142. 
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Bonding of Thin Films* 


H. P. MEISSNER AND J. BYRNE 
Chemical Engineering Department, Massachusetts Institute of Technology, Cambridge, Massachusetts 


(Received June 30, 1952) 


Unsupported films of nitrocellulose of 0.25 micron and less in thickness bonded immediately and spon- 
taneously in air to solid surfaces which they were made to touch. Bond strength increased with diminishing 
film thickness. Similar behavior was shown by films of gold, regenerated cellulose, polymethy! methacrylate, 
and gelatin. This bonding power of nitrocellulose films, which was apparently not attributable to static 
electricity or to mechanical] joint formation, was lost while immersed in water, benzene, or hexane, but was 


regained upon removal and drying. 





HIS study was undertaken following the acci- 

dental observation that films of nitrocellulose 
less than about one-quarter of a micron in thickness 
showed a bonding behavior not encountered with 
thicker films or with nitrocellulose in bulk. That is, 
it was found that such thin nitrocellulose films stuck 
spontaneously and immediately to any solid surface 
with which they were brought into contact. The re- 
sultant bond was sometimes so strong that the film 
could not be peeled away without tearing. Substantially 
thicker films of nitrocellulose showed no such bonding 
behavior even when pressed upon a surface with 1000 
lb force per square inch. It is the object here to describe 
an experimental investigation of this phenomenon. 


PROCEDURE 


Thin films of various thicknesses for each of the 
materials were made and tested to determine their 
bonding properties. The materials investigated, namely, 
nitrocellulose, polymethyl methacrylate, cellulose, gela- 
tin, and gold, are characterized in Table I. After forma- 
tion, the films were stored in a covered box to protect 
them from dust. 


Film Formation 
A. Nitrocellulose 


A few drops of a 3 percent by weight solution of 
nitrocellulose in technical grade amyl acetate were 
placed on the surface of distilled water in a large 
beaker. A film formed upon the water surface as the 
amyl acetate evaporated and dissolved in the distilled 
water. A cylinder made of aluminum pipe, roughly 
j-in. diameter and 1-in. long, was next lifted up through 
this film so that the film closed one end of this cylinder. 
This mounted film was dried for 24 hours in a ventilated 
oven at 95°C. 


B. Polymethyl Methacrylate 


A 5 percent solution by weight of polymethy! metha- 
‘crylate was prepared, using a solvent containing ap- 
proximately 10 percent amyl acetate and 90 percent 

* Based in part on a thesis presented by J. Byrne in partial 


fulfillment of the requirements for the degree of Doctor of Science 
at the Massachusetts Institute of Technology. 


benzene, the proportions being adjusted to give a clear, 
smooth film. Films were cast, mounted, and dried as in 
the case of nitrocellulose. 


C. Cellulose 


Cotton linters were dissolved in 60 percent aqueous 
benzyltrimethylammonium hydroxide, forming a 5- 
weight percent solution. A few drops of this solution 
were placed on the surface of a 10 percent water, 9 
percent glycerin mixture, whereupon a film formed. 
Several hours later, these films were strong enough to 
be mounted over a }-inch hole in an aluminum plate, 
gently washed for 12 hours in distilled water, and dried 
in an air-conditioned room at 23°C and 65 percent 
relative humidity. 


D. Gelatin 


Gelatin was dissolved in hot water to form a 3 percent 
solution. This solution was cooled to within a few 
degrees of the gelation point, whereupon a loop of thin 
wire was drawn up through the solution and the result- 
ing film was allowed to dry at room temperature. This 
film was then floated off the wire loop onto the surface 
of distilled water maintained at room temperature 
(room temperature being well below gelation tempera- 
ture). The film was mounted on an aluminum plate, 
and then dried in an air-conditioned room at 23°C, 
and the desired humidity. 


E. Gold 


Commercial gold leaf, about 2.5 microns in thickness, 
was mounted by being clamped between glass rings each 
roughly 1 inch in diameter. By dissolving the excess 
gold in aqua regia, it was possible to obtain gold films 
of thicknesses from 0.15 to 1.3 microns. 


Measurement of Thickness 


The thickness of all but the gold films was measured 
with a Jamin interferometer! using the following for- 
mula: 


(n—1)(z)=(A)(), 


4 W. E. “Williams, A pplications of Interferometry (Metheun and 
Company, Ltd., London, 1929), p. 42. 
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BONDING OF 


where » is the index of refraction, z is thickness in 
millimicrons, \ is the wavelength of light used in milli- 
microns, and N is the number of interference fringes 
determined by the Jamin interferometer. It was as- 
sumed that the index of refraction for these materials 
in bulk was the same as in thin films and the following 
values were used: nitrocellulose? 1.51, gelatin? 1.525, 
cellulose* 1.54, and polymethy! methacrylate® 1.41. The 
reproducibility of the thickness measurement on any 
one material, as calculated from the above relation and 
values, was found to be plus or minus 0.02 micron. 

The gold film thickness was measured with a Sheffield 
Visual Gage, which utilizes a combination of optical 
and mechanical amplification to provide readings which 
have a precision of plus or minus 0.05 micron. 


Bond Testing 


A qualitative test of bonding behavior involved 
bringing the mounted film into contact with a solid 
surface or a second film. Development of a bond was 
judged by whether or not a detectable force was 
required to peel the film manually from the solid surface. 
Variation in the tension of the mounted films made it 
impractical to place this test upon a quantitative basis. 
Moreover, quantitative results of any peeling test are 
particularly difficult to translate into useful terms, 
since the results are complicated by film stiffness, 
thickness, and the like. 

A shear test was finally adopted for the bond evalua- 
tions reported here. This test involved bringing the flat 
end of a tiny metal cylinder, herein called the “probe,” 
very gently into contact with the film to be tested, as 
shown in Fig. 1. This test could be carried out with the 
film and probe in air, or totally immersed in a liquid. 
The flat end of the probe was kept polished with Crocus 
cloth. Due care was exercised to maintain this flat end 
parallel to the plane of the film surface at all times, 
and to assure that no significant force was applied 
normal to the plane of the bond. A force was next im- 
posed upon the probe tending to move it in a direction 
parallel to the film surface. The minimum force required 
to move the probe, in other words to break the bond 
between the probe and the film in shear, was then de- 
termined. The probe was attached to an extension of 
one arm of an analytical balance, and a shearing force 
could be applied and increased at will by adding weights 
to the pan connected to the other arm of the balance. 
The reproducibility of measurement of this breaking 
load was found to be plus or minus 0.02 gram when 
testing a given area on one film. 


?Emil Ott, editor, Cellulose and Cellulose Derivatives (Inter 
science Publishers, Inc., New York, 1943), p. 1070. 

*C. D. Hodgman, editor, Handbook of Chemistry and Physics 
(Chemical Rubber Publishing Company, Cleveland, 1948), thirtieth 
edition, p. 2224. 

‘P. H. Hermans, Contributions to the Physics of Fibers (Elsevier 
Publishing Company, Inc., Houston, 1946), p. 118. 

* Reference 3, p. 910. 
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Critical Bonding Thickness 


The maximum thickness at which bonding could be 
detected by this test procedure is herein called the 
“critical bonding thickness.” This determination in- 
volved testing a series of films, each thicker than the 
preceding by an increment of roughly 0.03 micron, 
and ranging from a thickness of 0.01 micron for the 
thinnest film to 0.6 micron for the thickest. In this 
test an arbitrary shearing force of 0.02 gram was im- 
posed on the probe, as being the smallest force whose 
action could be conveniently observed. It was assumed 
that a bond had formed when the probe remained 
stationary. An equivalent determination of critical 
thickness is the extrapolation of a shear-test curve of 
the type shown in Fig. 2. 


RESULTS 


The effect of film thickness upon the load required to 
break a bond in air between a brass probe and nitro- 
cellulose films is shown in the typical curve, presented 
in Fig. 2. It is evident that no detectable bond formed 
down to a film thickness of about 0.25 micron, at which 
point a bond appeared to develop, and below which the 


TABLE I. Critical thickness of bonding. 








Critical 








thickness 
of bonding Tempera- 
Probe tests microns ture °C 
Nitrocellulose 
Collodion, mallinkrodt “parlodion”  0.22-0.24 23 to 85 
Hercules, 11.97 percent N, viscosity 
17 seconds 0.22-0.24 23 and 70 
Hercules, 12.05 percent N, viscosity 
850 seconds 0.22-0.24 23 and 70 


Cellulose 
Regenerated from a solution of 
cotton linters in benzyl-trimethy] 
ammonium hydroxide, 65 percent 
relative humidity 0.17-0.25 23 
Polymethy! methacrylate 
Rohm and Haas; molecular weight 
of around 10° by viscosity meas- 
urement 0.19-0.23 23 
Gelatin 
Atlantic Brand “‘super-clarified”’ 
(General Foods Corporation) 


relative humidity 10to65 percent 0.14-0.16 23 


relative humidity 7Opercent 0.16-0.18 23 
relative humidity 80 percent 0.21-0.25 23 
relative humidity 90 percent 0.27-0.33 23 
Gold 
23 karat, purchased in sheets 0.0001 
inch and then reduced to final 
thickness by acid leach 0.2 -0.25 23 
Lamination tests 
Laminated nitrocellulose films 
“parlodion” 
total thickness of laminate 0.23-0.25 23 
Two film tests ‘‘parlodion” 
0.2 -0.25 23 


thickness of thinner film 
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Fic. 1. Schematic diagram of apparatus for testing bond strength. 


breaking load increased rapidly with decreasing thick- 
ness. The critical bonding thickness in this case was 
therefore somewhere around 0.25 micron. No bond 
strength data are presented in Fig. 2 at thicknesses 
below 0.1 micron because such very thin films usually 
tear before the load can be raised enough to break the 
bond in shear. Temperature and average molecular 
weight appear to have no effect upon the curve ob- 
tained, within the range of these variables studied. 

For any given film, the load required to break a bond 
was found to vary more nearly with the diameter of the 
brass probe than with its area. This is evident from 
Table II, where there are presented breaking load data 
as read from curves similar to those from Fig. 2° for 
brass probes of different diameters bonded to nitro- 
cellulose films. Some uniformity of values is evident for 
stress per unit diameter (load in grams)/(probe diam- 
eter in mm), while no uniformity is apparent for values 
for the ratio (load in grams)/(probe area in sq mm). 

The critical bonding thicknesses for various materials, 
determined in part by Bowman,® Cohen,’ Duhnkrack,'® 
and Kunstenaar’® are presented in Table I. These results 
were found to be independent of whethez the probe 
was made of brass, nitrocellulose, or steel. The range 
of values reported is from the thickest film which 
always gave a definite bond to the thinnest film which 
never bonded. This spread appears partly due to the 
difficulty of obtaining uniform films, and is relatively 
large with cellulose and gold because these films were 
least uniform. There is also some evidence that the 
conditions of drying the films contribute to the scatter 
of the data. 

Also presented in Table I are findings for nitro- 
cellulose laminates. The critical bonding thickness of 
laminates containing two to four component films was 


®R. J. Bowman, Master of Science thesis, M.I.T., 1951. 

7E. S. Cohen, Master of Science thesis, M.I.T., 1951. 

8 G. B. Duhnkrack, Bachelor of Science thesis, M.I.T., 1951. 
*°M. Kunstenaar, Master of Science thesis, M.I.T., 1950. 
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the same as that of monofilms. Once formed, a laminate 
did not have bonding capacity unless it was thinner 
than 0.25 micron. The component films recovered their 
original bonding power upon being peeled away from 
the laminate. Similarly, thin films lost their capacity 
for further bonding after bonding to the surface of any 
relatively thick solid. They also recovered their origina] 
bonding power upon being peeled free. 


Thin films showed a complete loss of bonding power » 


while immersed in nonsolvent liquids. For example, 


nitrocellulose films having a thickness well under 0.25 


micron did not bond under water, n-heptane or ben- 
zene. Upon removal from water, the nitrocellulose films 
again bonded upon drying or upon being shaken to 
remove surface water. On the other hand, films dipped 
into hydrocarbon solvents recovered their bonding 
capacities only slowly after immersion. Drying for 
about one hour in air was required before restoration 
was complete. 

No special attempts were made to protect films after 
formation other than storage in air in a covered box, 
Some diminution of bonding power occurred with 
aging, in that films one month old formed bonds which 
were only two-thirds as strong as when new. 


DISCUSSION OF RESULTS 
Bond Testing 


The bond test used here is not entirely satisfactory, 
since it does not cause simple failure in shear. That is, 


part of the film under the probe face stretches and slips | 


before break occurs. This may account for the fact 
that breaking load is approximately constant when 
expressed in grams per unit of diameter. It therefore 
appears that this test method cannot give more than a 
qualitative indication of bond strength. It is hoped that 
further work will develop test procedures whereby the 
true tensile or shearing strength of bonds formed by 
these thin films can be determined. 


TABLE II. Bond strength tests. 








Nitrocellulose, Hercules Powder Company, viscosity 850 seconds, 
brass probe, at 23°C and 50 percent relative humidity 





Area stress 
Probe Breaking* Linear stress g force/ 
Thickness diameter load g force/mm sq mm of 
micron mm g diameter probe area 
0.20 0.13 0.03 0.23 2.3 
0.20 0.35 0.08 0.23 0.82 
0.20 0.51 0.15 0.3 0.75 
0.20 0.78 0.16 0.2 0.33 
0.15 0.13 0.15 1.15 11.5 
0.15 0.35 0.35 1.0 3.6 
0.15 0.51 0.55 1.1 2.8 
0.15 0.78 0.58 0.75 
0.10 0.13 0.55 4.2 42> 
0.10 0.35 1.00 2.8 10 
0.10 0.51 1.20 2.4 6.0 
0.10 0.56 1.35 2.4 2.8 








® These data read from curves like those of Fig. 2. 
b Highest value of shearing stress found was 90 g force/sq mm. 
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Despite the limitations of the test methods used, it 
appears that a bond did in fact form between the probe 
and the thin films tested. These bonds differed from 
those formed by materials in bulk with respect to the 
effect of temperature, pressure, and the rate of bond 
formation. That is, Meissner and Merrill’ found that 
materials brought into contact with a smooth surface 
would adhere only at temperatures above their second 
order transition temperatures. Thus, bonding of bulk 
nitrocellulose occurs only above its second-order transi- 
tion temperature of 55°C. On the other hand, thin films 
of nitrocellulose bonded equally well at 23°C, and 70°C, 
and 85°C as shown in Fig. 2 and Table II. Again, 
even at temperatures considerably above 55°C, bulk 
nitrocellulose will form bonds only after the appli- 
cation of pressure for a finite time. Roughly speaking, 
attainment of a given bond strength at a given tem- 
perature in such a bulk system requires that the 
product of pressure and application time must equal 
a certain value, smaller values of this product resulting 
in lower bond strength. Again by way of contrast, thin 
films bond at all temperatures upon the lightest con- 
tact and, as far as discernible, bond strength is immedi- 
ately attained. It should be noted, however, that the 
effect of pressure upon film bonding has not yet been 
explored. 

The development of a mechanical, or interlocking, 
type of bond between the film and the probe might be a 
possible explanation of the thin film bonding described 
here. Two types of such bonds are imaginable: first, a 
bond caused by the penetration of the probe into the 
film with concomitant folding of the film around the 
end of the probe; second, a bond formed by minute 
spines on the probe surface which penetrate into the 
film. However, microscopic examination failed to reveal 
evidence either of film folding, as just described, or of 
spines on the probe. Moreover, these explanations fail 
to account for the bonding detected between films in 
lamination experiments, where no such mechanical 
interlocking could have developed. These qualitative 
lamination experiments resulted in the same value for 
the critical thickness as experiments using a probe. 
Finally, the failure of a bond to form between probe 
and film while totally immersed in a liquid indicates 
that the joint formed is not mechanical. It therefore 
appears that bonds formed by these thin films cannot 
be attributed to mechanical causes. 


Early in the work it appeared that electrostatic 
charges might have an important effect upon the results 
obtained. The following findings were taken as evidence 
that electrostatic charges were not of primary im- 
portance: First, the results were reproducible while 
electrostatic phenomena are notoriously erratic; second, 


H. P. Meissner and E. W. Merrill, Modern Plastics, p. 104 
(April, 1949), 





















































THIN FILMS 1173 
4.3 I 

me BRASS PROBE 
0.51 MM. DIAMETER 

§ ay seconos |"5M"» 

@50 | 23 

B 850 70 

& 17 23 

So 10————— a 

~ | 

b 3 

. 

= 4 

= ° 

Q os 

9S \ 

Nv 

© 

= ° okt] 6 

Bs 

y 

z Phi 

0 010 020 030 


THICKNESS , MICRONS 


Fic. 2. Relationship between breaking load and film thickness 
for nitrocellulose films tested at 23°C and 70°C with a brass 
probe 0.51 mm in diameter. 


the films were retested after exposure for 24 hours to 
an ionized atmosphere with no change in the findings; 
third, the films were deliberately charged with no 
change in the findings; and fourth, the gold-film experi- 
ments were made with both probe and film electrically 
grounded. 

It has been proposed that adsorbed gases and liquids 
present on the surfaces of these films were responsible 
for the bonding behavior observed. Since the amount of 
material adsorbed on a surface is presumably inde- 
pendent of film thickness, an explanation of bonding 
based primarily on surface impurities is inconsistent 
with the experimental finding that bond strength 
varies inversely with film thickness. 

These films, being extremely thin, are easily de- 
formed and so can nestle closely into the uneven surface 
of any solid which they touch. However, there appear 
to be two reasons why film bonding behavior cannot be 
attributed to the capacity to deform which results from 
thinness. First, it appears unlikely that the capacity to 
deform would be seriously affected by small quantities 
of hydrocarbons, yet these thin films temporarily lost 
bonding power after being immersed in hydrocarbons. 
Second, the capacity to deform is determined by proper- 
ties such as the moduli of the film material. The five 
materials used here have very different physical proper- 
ties, yet they showed an equal critical bonding thick- 
ness. This suggests that their bonding behavior is not 
primarily attributable to their capacity to deform. 

A qualitative survey, not yet complete, suggests that 
the thin films described here will bond to most solids, 
regardless of composition. Thin films of many other 
materials may be found to behave similarly, but the 
temporary failure of nitrocellulose films to bond after 
immersion in hydrocarbons shows that not all thin films 
will bond. The general limitations and explanations for 
thin film bonding can be determined only after further 
investigation. 
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Complete and quantitatively accurate solutions of the properties of electrically short transmitting and 
receiving antennas (of length 2/ such that 27//As=1) are obtained by determining the distributions of 
current that actually satisfy the integral equations. Components of current in phase and in phase-quadrature 
with the driving voltage or the incident electric field are evaluated together with the impedance, the effective 
length, and the gain. It is shown that when the King-Middleton method of solving Hallén’s integral equation 
by iteration is applied correctly, quite accurate results are obtained even in a first-order solution. The 
greatest error in the first-order formulas is shown to be in the resistance, a small quantity of higher order 
compared with the reactance. The newly determined values are combined with the King-Middleton second- 
order results to obtain more complete and more accurate impedances and effective lengths in the range of 


0S2rh/dAS1.4. 


I. INTRODUCTION 


CENTER-DRIVEN cylindrical antenna of half- 

length / and radius a is electrically short by defi- 
nition if its electrical half-length is less than unity. 
That is, 


Boh= (2mh/do) <1. (1) 


This may be interpreted quantitatively as By=0.5, 
although the less severe condition, Boh=S1, often is 
sufficiently restrictive. Most long-wave transmitting 
and receiving antennas are electrically short. 

Although the properties of short antennas have been 
determined approximately by assuming the distribution 
of current to be triangular and the distribution of charge 
uniform, accurate results can not be derived on this 
basis. The short antenna is, of course, included in the 
general analysis of cylindrical antennas based on the 
integral equation of Hallén.'~* However, since the re- 
sistance of a short antenna is extremely small compared 
with the reactance, the usual method of solving the 
integral equation by iteration, using a real expansion 
parameter defined in terms of a real trial distribution of 
current (e.g., the zeroth-order current?) is not entirely 
satisfactory. In particular, it leads to results that are 
relatively much less accurate for the resistance than for 
the reactance when, owing to the complexity of higher 
order integrals, only one or two iterations can be evalu- 
ated. This situation can be improved by introducing 
as a trial function in the integral equation a complex 
distribution of current instead of a real distribution. It 
can be improved further for the electrically short an- 
tenna by using the ratio of vector-potential difference 
(referred to the end of the antenna) to current to define 
the expansion parameter rather than the ratio of vector 
potential to current since the former is much more 





* The research reported in this document was made possible 
through support extended Cruft Laboratory, Harvard University, 
jointly by the Navy Department (ONR), the Signal Corps of the 
U. S. Army, and the U. S. Air Force, under ONR Contract 
NSori-76, T. O. 1. 
! E. Hallén, Nova Acta Royal Soc. Sciences, Upsala 11, 1 (1938). 
? R. King and D. Middleton, Quart. Appl. Math. 3, 302 (1946). 
3D. Middleton and R. King, J. Appl. Phys. 17, 273 (1946). 
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nearly constant over the antenna than is the latter 
when the antenna is short. If these changes are made, 
two simultaneous integral equations, each involving 
only real quantities, are obtained, respectively, from 
the real and imaginary parts of the integral equation for 
the vector-potential difference. These equations may 
be arranged so that the one involves only the conduc- 
tance, the other only the susceptance. However, in the 
general case, both components of current occur in each 
equation. It is to be expected that the separate solution 
of these two real equations by a method of iteration 
should lead to even more accurate results with a given 
number of iterations, especially for the conductance, 
than the conventional procedure of iterating in a single 
complex integral equation. This should be true particu- 
larly for very short and very long antennas. A study of 
the latter is reserved for another paper; the former are 
considered in the following. 

Although the analysis of the short antenna may be 
obtained as a special case of the general one as outlined 
above, it can be carried out much more simply, directly, 
and accurately as a separate problem, using a procedure 
that is not applicable for longer antennas. This is a 
consequence of the fact that in the short antenna the 
component of current in phase with the driving voltage 
or incident field is so small that its contribution to the 
equation for the susceptance may be neglected. Hence, 
both the quadrature current and the susceptance may 
be determined and used in the solution of the equation 
for the conductance and the in-phase component of 
current. 


II. INTEGRAL EQUATIONS FOR THE 
CENTER-DRIVEN ANTENNA 


The integral equation for the thin cylindrical antenna 
of half-length 4 and radius a when center-driven by 3 
discontinuity in scalar potential V» may be expressed 
as follows in terms of the axial component A, of the 
vector potential on the surface of the antenna :'~* 


*R. W. P. King, Theory of Linear Antennas [Harvard Univer 
sity Press (to be published) ]. 
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TRANSMITTING AND 


4rvoA.(2) 
1 exp(— jBo hr) exp(— jBo hre) 
. f 1 + je 
0 "1 r 








— jar 
=———[C cosBohf+4Vo sinBoht], (2) 


0 


where (=2/h is the normalized distance along the axis 
of the antenna, r:=[_(¢’— ¢)*+ a? }} is the distance from 
the element df’ on the axis of the upper half of the 
antenna to the point ¢=2/h on the surface of the an- 
tenna, r2=[(¢’+¢)?+-a@? }} is the distance from the cor- 
responding element dt’ in the lower half of the antenna 
to the same point ¢; a=a/h is the normalized radius; 
C is an arbitrary constant of integration; ¢9)=1207 
ohms, vo= 1/uo=10'/4a m/henry. The total axial cur- 
rent [(¢’) at ¢’=2'/h is complex. It may be separated 
into its real and imaginary parts and expressed in terms 
of the current 7(0)= Vo(Go+jBo) at the driving point 
as follows: 


U(S)=1L"(O)AIU GC) = CAG )G@ot+IflE)BolVo. (3) 


Gy and Bo are the input conductance and susceptance of 
the antenna; f,(¢’) and f,(¢’) are the real distribution 
functions for the components of current in phase and 
in phase-quadrature with the driving voltage. 

The integral for the vector potential in Eq. (2) may 
be separated into four terms using Eq. (3): 


4rvyA (2) ™ VoGolLd,” (+ jv, (0)] 
+VoBLW' (H+), (4) 














where 
: cosBy hr; cos» hre 
wo=f fue] + Jer. (5a) 
0 Lal To 
, sinBy hr; sinB» hre 
vr (S)= -f fu] + ke (Sb) 
0 Ty T2 
. cosB> hr; cosBp hre 
ve (= f LE »f + ke. (Sc) 
0 rT) T. 
, . sinBy hr; sino hre 
ve (= -f xa)| + ke. (Sd) 
0 Lal T2 


Note that all quantities in (5a) through (5d) are real. 

The substitution of (4) and (5a), (5b), (5c), (5d) into 

(2) gives 

4rvA (2) 

TG LG) — Bote’) 
0 


+ j[Gop,'(2)+ Bo(0)] 


—jlr 
=——[C’ cosBoht+sinBoht ], 


Fo 


(6a) 
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where C’=2C/V o. This equation is valid for all values 
of ¢ between 0 and 1. Let the vector-potential difference 
per unit voltage, viz., (4av0/Vo)[A.(z)—A.(h) ], be in- 
troduced using (6a). Also let the following real difference 
functions be defined : 


W,=v-(6)—-v,(1), (7a) 
W.=¥(5)—¥.(1). (7b) 


With this notation and the value of C’ given by (6a) 
with ¢=0, the following equations are obtained after 
separating the real and imaginary parts: 


GW ,”— BW = [ Gov,” (0) a Boi’ (0) J 
X [cosBohf —cosBok ], 


| (8a) 
GoW ,'+ BoW 1’ = [Gown (0) + Boy’ (0) ] 


2a 
X [cosBahf— cosByh ]— —L[sinBoht —sinBh]}. (8b) 
$o 


These are general expressions that apply to an antenna 
of any length. They may be rearranged so that one 
equation involves Bo, the other Go. 

The electrically short antenna presents a special 
problem owing to the fact that its resistance is very 
small compared with its reactance. In anticipation of 
the final results and to clarify the problem of retaining 
only the required terms, let it be stated that, subject to 
the general condition stated in Eq. (1), the following 
orders of magnitude are true: 


1 Ro 
Bo=—~Boh; Go=—~Bo'h'. (9) 
Xo X, 
It is evident, therefore, that it is possible to retain the 
principal term of order Boh and the first correction term 
of order 8,*h* in Bo in (8b) while all terms with Go as a 
factor are neglected. 
Subject to Eq. (9) the general integrals in (Sa-d) 
may be expanded as follows: 





V'(D=Wl (OAW OWN ++, (10a) 
VQ=WO+WwO+W(O+:,  (10b) 
where 

i 1 1 
"(t= J e)(—+— Jat (11a) 

0 r; T2 

— Bo*h? 1 

H"=— J fe) rvtrsdt’; — (A1b) 
sti f ()(re+r3)dg’; (Ae) 
‘or | A rT) 2 t; c 
Wi) = —2Boh i) f(g) ae"; (114) 
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Beh® 1 

Wi(=— f fe)nt+r2)de’; (Ie) 
— Beh* 1 

WO)= f Ke rttrsae’. (118) 
120 0 


Identifying subscripts r and ¢ may be added to the f’s 
and w’s as required. 


Ill. THE REACTANCE OF THE ELECTRICALLY 
SHORT ANTENNA 


If only terms with orders of magnitude §,)*h* and 
greater are retained, (8b) becomes independent of Go 
and may be solved for Xy9>= —1/Bo. Note that W,.”’ is 
of order Bo7h?. 


1 fo [Wo  Borh*W wo" (1—$*) 








—X,=—= —+ 
By) 2nBhli-¢ 6(1—¢)? 
We!” Bor?’ (0) (1—¢?) 
Pa | (12a) 
1-¢ 2(1—¢) 


For sufficiently small values of Boh, the leading term 
adequately represents the entire solution. It is 





1 to W wo” 
— X )=—=——_ , (12b) 
By 2xBAli—¢ 
This equation indicates that the quantity, Wy” 


=o’ (¢)—YWw"' (1), which is proportional to the princi- 
pal part of the vector-potential difference, varies linearly 
with {=2/h along the antenna. Evidently, the solution 
of (12b) is at hand if the distribution function /,(¢’), 
which makes W,” a linear function of ¢, can be deter- 
mined. More conveniently, the required distribution 
function must satisfy W,’’(¢) in the relation 


W 0” vo (S)—Weo (1) rw 
= =const= Ki”, (13) 
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Fic. 1. Potential and potential differences with triangular 
current; ¥(¢) stands for Yo’’(¢). 
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Fic. 2. Distributions of current and charge on short antennas 
with Q=2 In(2h/a)=10 and ~. 


for 0=f=1. Subject to (11) and (9), the leading term 
Vo’ (¢) in W/’(¢) as defined in (4c) is 


1 zm 
vo ($)= f jas’| —+— far’ (14) 


It is verified readily that the linear distribution 
f((=1-", (15a) 


when substituted in (14) for use in (13), does not givea 
constant for antennas with a/h finite. The function of 
¢’ defined by (13) with the distribution (15a) is shown 
in Fig. 1 together with the linear distribution (15a) for 
Q=2 In(2h/a)=10. The function Wyo’’(¢) also is shown. 
An inspection of these curves discloses at once that a 
distribution of current f(¢’), which has relatively greater 
amplitudes than (1—¢’) between ¢’=0 and 0.1 and 
between {’=0.8 and 1.0, is required to make the ratio 
(13) constant. Such a distribution may be constructed 
by combining the linear distribution (15a) with a nun- 
ber of other linear distributions with appropriate ampli- 
tudes but extended only over small fractions of the 
antenna. Since a distribution consisting of a superposi- 
tion of a large number of linear distributions over parts 
of the antenna is awkward in the subsequent evaluation 
of higher-order terms, an essentially equivalent distribu- 
tion has been constructed in the following analytically 
simple form: 


I'(§’)/To' = ft’) = exp(— 8t’) — e8t’™. (15) 


This distribution is represented in Fig. 2 for 2= 10, for 
which the values, 5= 1.46, n= 4, make (15b) an excellent 
approximation of the previously determined, analytt- 
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cally much more complicated current. If (13) is evalu- 
ated from (14) using (15b), it is found to be essentially 
constant for all values of ¢. This is illustrated in Fig. 3 
where the distribution (15b) is shown together with 
(13) and (14) evaluated using this distribution. Note 
that the principal component of current on the antenna 
I'(¢’)/Io' = f(¢’) has a distribution that departs con- 
siderably from a linear form. This is a necessary conse- 
quence of the fact that the vector potential itself is 
linear. Significant are the rapid drop in current as ¢ is 
increased from zero and the increase in current near 
the end at ¢=1. It is seen in Fig. 3 that the vector 
potential, which is proportional to ¥.0’’(¢), due to the 
exponential distribution (15b) is linear except very near 
t=0. The requirement that the vector potential must 
be linear down to ¢=0 is a consequence of the assumed 
driving condition consisting of a discontinuity in scalar 
potential at ¢=0. Since in practice this idealized gener- 
ator is approximated by a transmission line in the limit 
as the spacing of the line approaches but never reaches 
zero, the vector potential in any practical case is rounded 
off near (=0. It follows that, whereas the distribution 
(15b) with 6= 1.46 does not satisfy the idealized integral 
equation very near ¢=0, it does agree with it if the 
halves of the antenna are connected to a transmission 
line and separated a very small distance 26. Evidently, 
account must be taken of terminal-zone effects as de- 
scribed in the literature.*~* The idealized but physically 
impossible distribution function evidently must be one 
differing from (15) only near ¢=0 sufficiently to make 
¥(0)=8. Excluding values very near ¢=0 and ¢=1, 
the average constant value K;”’ of (12) is 


Ko = 6.60. (16) 


Except for the point at ¢=0, no part of the function 
(12) using (15) differs from 6.60 by as much as one 
percent. It follows that the modified exponential dis- 
tribution (15) is the ‘rue distribution of the component 
of current 7,’ in phase quadrature with the driving 
voltage for an antenna with Q= 10. 

With (16) and {)>=1207 ohms it follows from (11) 
that the limiting formula for Xo as Boh is made smaller is 


1 660X60 396.0 
Q=10: Xy=-—=— — 


Bo Boh Boh 


The variation of Xo with Bok as Boh is increased from 
near zero to 0.5 or even 1.0 may be determined more 
accurately by solving (12a) instead of (12b). Strictly, 
this requires a redetermination of the distribution of 
current. However, since it is a question merely of de- 
termining a higher-order correction term it is adequate 
to assume the same distribution of current so that the 
first term in the brackets in (12a) is simply Ky’ =6.60 





ohms. (17) 


*R. King, J. Appl. Phys. 20, 832 (1949). 


a9 t King and K. Tomiyasu, Proc. Inst. Radio Engrs. 37, 1134 
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as given by (16). Since for each value of 84 the sum of 
the last three terms in (12a) must be essentially a con- 
stant independent of ¢, the value at ¢=0 may be as- 
sumed to be a satisfactory approximation of this con- 
stant. With 6= 1.46, for Q= 10, 


W 02!’ (0) = Wo” (0) — Wea” (1) =0.367Bo7h?. (18a) 
From Fig. 3 it follows that 
Vo (0)=8. (18b) 


Substitution of these several values in (12a) with ¢=0 
gives the following expression for the reactance of the 
electrically short antenna with 2= 10: 


1 396.0 


Bo Boh 





[1—0.3838:2h?] ohms; yhkZ1. (19) 


0 


Points computed from (19) are shown in Fig. 4 on the 
curve for — Xo with 2=10. 


IV. THE RESISTANCE OF THE ELECTRICALLY 
SHORT ANTENNA 


With the susceptance determined from (8b) the con- 
ductance and its first correction term may be evaluated 
from (8a). Subject to (9) and using (11) and the series 
expansion of the cosine function, (8a) may be expressed 
as in (20a). Note that since Go is of the order of magni- 
tude of Bo*h* and By of magnitude {oh, it is necessary to 
include terms up to order Bo®h®. Since y1'(¢) actually is 
independent of ¢ as seen in (11), W,’=0, so that the 
lowest-order terms in (20a) are So'h*. The rearranged 
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Fic. 3. The function J,’(¢) and the constant Ky” for a short 
antenna with a modified exponential distribution of current. The 
small circles denote computed points. 
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equation is 
GoW 10" +GoLW 12" — $B0?h*h 0" (0)(1—¢?) ] 
= BLWi3'— 5 Bo*h*Pi'(0)(1 ae g?) ] 


Bo7h? 
- via (0)(1—$?) 





+B, Wa'— 


Both! 
va’ (20) 
24 





+ 


The leading terms of order 8o‘h' are: 


“ Wo” W 13" 
a - BJ ( —") i sara’) | (20b) 
1—¢ 1—¢? 


Since the distribution of current /,(¢’), which deter- 
mines y;'(¢) and W,=W,’+jW//, already has been ob- 
tained (and is given by (15b) with n=4 and 6=1.46 
for 2=10) the quantities on the right in (20b) may be 
evaluated. The substitution of (15b) with n=4 in 
Wu'(¢) and yz3'(¢) as given by (11) leads to 


W 3" — Boil’ 1—e-* e? 
= -—|= Ke’ 
ae sa | 








(21) 
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Fic. 4. Theoretical impedance of a short antenna. 


With 6=1.46 for 2=10, Yr'(0)= —0.9589Boh, y43'(0) 
= 0.027786,*h', K.;' = —0.15988,*h'. 

Since the entire right side of (20b) is equal to a con- 
stant, it follows that 


Wo” . Veo (¢) — Vro (1) 
1—¢? 1—s* 





=const= K,»”. 


(22) 


Evidently, the evaluation of K,9” involves the simul- 
taneous determination of the distribution function 
f¢’) of the small component of current in phase with 
the driving voltage. The correct value of f,(¢’) is that 
which reduces the function on the left in (20) to a con- 
stant for all values of ¢ in the range 0 to 1. The integral 
involved is (11a) with subscript 7 on y and f. 

It is shown in Fig. 5 that the parabolic distribution, 
f(¢’)=1—¢, when substituted in (11a) does not yield 
a constant when used in (18). On the other hand, by 
modifying the parabolic distribution by adding to it 
the distribution p(¢) shown at the bottom in Fig. 5 to 
obtain the distribution plotted in Fig. 5 as f,(¢)=1-" 
+ p(f), and then substituting this function in (11a) for 
use in (25), the following are obtained with Q=10: 
Ko" =6.90; Wo'’(0)=9.0. It follows that the curve 
flg)=1—§+ p(f) in Fig. 5 is the correct distribution 
for the component of current in phase with the driving 
voltage. 
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The substitution of the several numerical values for 
Q=10 in (20b) gives: 


G Ro [Kuw—3¥u'(0)Bo7h? 
ee | Ki” 
—0.1598+-0.4794 
7 | 6.90 





Bo X) 





|- 0.04638,°h*. (23) 


With (17), it follows that for a sufficiently short antenna 


——— 


Go ont Ry 
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with 2= 10, the input resistance is 


Ro=18.34Be?h?; (Boh <0.5). (24) 

In order to obtain the first-order correction for Ro 
it is necessary to solve (20a) instead of (20b). If it is 
assumed that the distribution of current is essentially 
the same as that determined from the leading terms in 
(20b), and the correction terms are evaluated at ¢=0, 
(20a) may be expressed as follows: 


1 
Kis’ — War (0) 82h? + Ws’ (0) — Sys’ (0) B7h?+ pat (O)Bo th 





~~ 
The numerical value of this ratio for Q= 10 is 
Go — Ryo 


—=—— = 0,04638,°h®(14+0.469B,2h?), (26) 
Bo Xo 


so that with (19), the resistance of the short antenna 
with 2= 10 is 
Ro= 18.3897h?(1+0.08687h?) ; BohZO.9. (27) 
This function is shown in Fig. 4. The following quan- 
tities not previously determined are involved in the 
evaluation of (25) for 
Q2=10: Yes’ (0) = —0.0005878,*h'; 
Wis’ (1) = —0.01696,5h*; 
W ws (0) = Ps’ (0) — Ps’ (1) = 0.01638 9°! ; 
v7" (0) = — Bo?h?/4; 
Wr2 (1) = — 2B 07h? /3; 
W 12!" (0) = ra!" (0) — Pro!" (1) = SBo7h?/ 12. 
The final expression for the impedance of the short 
antenna with Q2= 10 is 
Zy= 18.38 h?(1+0.086857h?) 
396.0 





—j (1—0.383857h?). (28) 
0 

This is accurate for 8y4=0.5 and an excellent approxi- 
mation for 89=0.9. Corresponding formulas for other 
values of 2: may be determined in the same manner. A 
comparison of this formula with the corresponding im- 
pedance obtained by solving the integral Eq. (2) by 
iteration following King and Middleton is carried out in 
Sec. VII. 

An alternative and equivalent method for determin- 
ing the resistance Ro in (27) is by applying the Poynting- 
vector theorem to the radiation field computed using 
the distribution of current in (15b). Actual evaluation 
for 2= 10 yields (27), as it should. The corresponding 
value for 2= « and a triangularly distributed current is 


2 
Ro= 208, i+ rae) : (29) 


(25) 


Kyo'+ W ,2'’(0) = 3 Borh*p,o'’ (0) 





V. DISTRIBUTIONS OF CURRENT AND CHARGE ON 
THE SHORT CENTER-DRIVEN ANTENNA 


Since the evaluation of the impedance (28) of the 
electrically short antenna with 2=10 involves the 
simultaneous determination of the distribution of cur- 
rent, this latter may be written down directly. With (3) 
it has the following form for Q= 10: 


I()=I"(H)+ gS), (30) 


where 
I"'(g) = 10" f-($) = To" 1 — £8? + p($) = Io" 1 — £7); 


Go 
= GoVo= Iy'—; (31) 
B 


0 


I'(§) = To’ f(S) = To'Lexp(— 65) —e*5"]; To’ = BoVo; (32) 
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Fic. 5. Potentials and potential differences related to the com- 
ponent of current in phase with the driving voltage in a short 
center driven antenna and in phase quadrature with the incident 
electric field in a short receiving antenna. 
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where for 2=10, p(¢) is in Fig. 5, 6=1.46 and n=4. 
Since p({) is a very small term in a very small com- 
ponent of current, it may be neglected in most applica- 
tions. For the infinitely thin antenna (Q= ~), 


’(e)=0;, '(O)=T)'(A-—O). { 


Yad 
a 


These distributions are shown in Fig. 2. 
The distribution of charge is derived from the equa- 


tion of continuity, d//dz+jwqg=0. Thus, neglect 
ing p(¢), 
g = i(q’’ n ig’ ). 34 
where 
l d[”’ 219" 21 9'Ge 
q' = = — t= - (35a) 
wh dt wh whBy 


1 dl’ 106 ne~® 
q = =— exp— 6¢+ ct}. (35b) 
wh dt wh 6 


For the infinitely thin antenna 


; (36) 
wh 


The quantities —(wh/Jo')q'(¢) and —(wh/Io')q’(¢) are 
10 for which 6= 1.46 and n=4; 


1 is shown for Q= =. 


shown in Fig. 2 for Q= 
(wh/To')q'(¢) 


VI. THE ELECTRICALLY SHORT RECEIVING ANTENNA 


The integral equation for the electrically short receiv- 
ing antenna is! *? 


4nrwA .(z)= f 


l 


‘exp—jAhohri exp—/Po hre 
T(e) + a¢ 
ry lo 
— Jar_ 
[Cc cosByhkt+U |, (37) 
Co 
When the 
receiving antenna is parallel to the incident electric 
field E at the center of the antenna, as is assumed here 
for simplicity, 


where the notation is the same as in (2). 


U=E/ Bo. (38) 
Let 


MEM) = (OAM (O=L 0 f LOT !AO), (39) 


where /"’(¢) is the component of current in phase, /’(¢) 
the component in phase-quadrature with the incident 
electric field, and Jo’ and J)’ are the components of 
current at the center, ¢=0, of the antenna. With this 
notation, (37) becomes 


4A (2) =" Ly." (0) + jv.’ (0) | 
+To'[ yp, O+ jy (¢) |, 


where y,'’(¢) and y,’(¢) are defined in (4a, b), ¥,’’(¢) 
and w,'(¢) by (4c,d) with a subscript s replacing ¢. 


(40) 


’R. King and C. W. Harrison, Jr., Proc. Inst. Roy. Engrs. 32, 


18, 35 (1944) 
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KING 


> 


If phase is referred to l’, (37) may be expressed as 


follows . 


~ 


= [ue"p,"(¢)— 


420A .(z) 


Vy 


l¢ ‘ cosBoht T 1 ie 41 


and wo’=1o’/U, uo =10'/U are the 
normalized components of current. Now let the vector- 
potential differences be introduced in (41) as in (7a, b 


where C’=C /l 


but with the subscript s replacing / 


[uo W 


"(e) ~ uo'W,'(¢) + if 


C’T cosB)hoO—cosBoh |. (42 


It is now convenient to substitute the value of C’ from 
(41) with ¢=0 into (42). The real and imaginary parts 
of the result are 





Cte” W (0) — 9 W (6) = [atop (0) — to’, (0 
X [ cosByht — cosBoh $3a 
dar 
[09 W,' (oO) +0 W (6) |=] ao. (0) + 0'f,'"(0) + 
Co 
X[ cosBoht — cosp A . (43b) 


These equations may be solved formally for mo’ and 19’. 
For the short antenna, 


COSByht — cc SBoh 


; ] 
1 ) 


W'(O=We"(O+W 2 (0/4 (45a) 
W'S) =o (O+We (4 (45b) 
W'(O=W3(O+Ws (64 (45c) 
V(H=W(O+AY (O)+--- (45d 


Note that W,'(¢)=0 since y,'(¢) is independent of ¢. 
It follows that W’(¢) is of the order of 8*/* and higher, 
whereas W’'’(¢) is of the order of unity. If terms of order 
not higher than 8»"h? are to be retained in (43), all 
terms in W’,’(¢) may be neglected; moreover, only the 


leading term in the trigonometric factor is required. 


Thus, (43b) reduces to 
Wo (tT) Wee’ (te) ar 
Uo. + — ty,'"(0) 87h? |=—-By*h*?. (46) 
1 — to 1 = to Co 


This includes a leading part of order 89*h* and a first- 
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order correction with factor 8o*#*. The leading term on 


the left gives 
Wo (C)] 2x 
Uo. — |= —-8,*h (47a) 
i-—¢ Fo 


But it has already been shown that with a modified 
parabolic distribution of current, 


Wo (¢) = ~ 
=const= Ko . (47b) 
1-—¢ 


By inserting ¢=0 in the higher order terms, the follow- 
ing result is obtained: 


) 


lr 
uy | Kyo’ +W 2’ (0)— 3 B7h*y,""(0) |= —Bo*h?, (48) 
Co 
SO that 
2rBy7h? Wy2"(0) 3p2h*y,’’(0) 
Uy = i— 4. (49) 
(oK ro” Ko rd 


For 2=10, K,9 = 6.90; p,/"(0) =9, W 2’ (0) = 0.454582". 
Hence 
By7h? 
uy = ———_ 
60 6.90 


[1+-0.4446,7h? }. (50) 


It is readily verified from (43a) that /’’(¢) is distributed 
essentially like 7’(¢) so that all subscripts s may be 
changed to r. It follows directly that uo’ is of the order 
of magnitude of 8y7h?, m’’ of the order of magnitude of 
B.°h®. Accordingly, uo’ may be neglected in determining 
the effective length and the gain of the antenna. For 
this purpose the current in the antenna, with 2=10, 
is given by 


I(¢) = 7Io' A— & + p(6))7 =I’ A— &), (5la) 
where 


Ty’ = Uno = 0.00242U By*h?(1+0.44467h").  (51b) 


Note that /(¢) is in phase-quadrature with the incident 
electric field. 

The effective electrical half-length Boh, of a sym- 
metrical antenna of half-length / is defined as follows :*:7 


J ; 
Bohte= Bolhe’’+ jhe’) = $uo(0)Zo=—1t9'(0)Zo. (52) 
) 


It is assumed that the electric field is parallel to the 
antenna. For 2=10, using (50) and (34) in (52), the 
effective electrical half-length is 


Boh.” = 0.478258 h(14+-0.061 87h?) = | Boh. , (53a) 
Boh.’ = 0.002218 9'h*(1+0.530807h*) = 0. (53b) 


The function h,/A»=h,'/ Ao as evaluated from (53a) is 
plotted in Fig. 6. Note that effective length of elec- 
trically short antennas is longer for thin than for thick 
antennas. In particular, for 8y<1, the curve for Q= 10 
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Fic. 6. The normalized magnitude of the theoretical effective 
length of a short receiving antenna 


in Fig. 6 lies below that for Q= «, which is given by 


Boh By*h 2 
Boh. = tan(Boh/2)= (4 ) (54) 


2 12 

The important fact that all curves for effective lengths 
of antennas with 2< « cross the curve for Q= ~ near 
resonance is considered in Sec. VIII. 

The directivity or gain of the receiving antenna 
parallel to the electric field (@=2/2) may be defined 
as follows :*? 

Fo Boh. |? 
D= : (; 
r Ro 


si 
wn 
anit 


With (53a) and the real part of (28), this gives: 
Q=10: D=1.500(1+0.0368)2h?). (56) 


Owing to the reciprocal theorem, the directivity or 
gain also can be defined in terms of the radiation field 
of the same antenna when driven. This is obtainable by 
conventional methods, but using the distribution of 
current (15b), not the commonly assumed triangular 
current. For Q=10, the result obtained in this manner 
is precisely (56), as it should be. The gain of the elec- 
trically short antenna is included in Fig. 7, where the 
range Boh>0.6 is computed from (56) for 2=10. The 
corresponding formula for the infinitely thin antenna 
with a triangular current is given by (55) with (54) 
and (34b). It is 


Q=2: D(d)=3[1+B7h?/30]. (57) 


Evidently, the directivity of electrically short antennas 
is quite insensitive to thickness provided this is suffi- 
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ciently small. The very slightly greater rate of increase 
of the gain for 2=10 than for 2= © apparently does 
not continue beyond 6)4=0.6 owing to a somewhat 
more rapid increase of Ro with 84 than given by (34a). 
This is discussed in Sec. VIII. Actually, the gain or 
directivity decreases with increasing radius a. However, 
when 89¢4=2a/Xo is very small compared with one, 
this decrease is of the order of magnitude of 8»?a’, so 
that it is insignificant in (56). If Boa is increased suffi- 
ciently, gains very considerably below 1.5 may be 
obtained. 


VII. COMPARISON OF THE NEW ANALYSIS WITH THE 
RESULTS OF THE KING-MIDDLETON EXPANSION 
FOR THE VERY SHORT CENTER-DRIVEN 
ANTENNA 


The integral equation for the center-driven antenna 
(2) was solved originally by Hallén using a method of 
iteration involving a series in reciprocal powers of the 
parameter 2=2 In(2h/a). Owing to the complexity of 
the integrals involved in higher order terms, King and 
Middleton modified Hallén’s procedure by introducing 
a different expansion parameter which achieved some- 
what more rapid convergence and hence greater accu- 
racy in the first few terms. The King-Middleton method 
involved expressing the current /({’) at (’=2'/h in 
terms of the current /(¢) at ¢=2/h using the distribu- 
tion function g(f, ¢’) =J7(¢’)/1’¢). Thus, 


4nwA (2)=1(0)¥(O=1(O[¥+7(0)] 








—j4r 
[C cosBohf+4Vo sinBoht], (58) 
Co 
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Fic. 7. The theoretical directivity or gain D(@2, Bo/) 
of a cylindrical antenna. 
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where 
1 


wo=v+r)= f g(f, £') 


0 


exp(—j8ohri) exp(— Bo hre) 
r) To 


By an appropriate choice of the distribution function 
g(¢, ¢’) the function ¥(¢)=42vA .(z)/7(¢) is separated 
into a principal real part YW and a complex correction 
term y(¢) that is small except near the ends ¢=1. The 
definition of a constant real function W is largely arbi- 
trary. It depends on the plausible assumption that the 
ratio of vector potential at the surface of a cylindrical 
conductor to the total current in the conductor is de- 
termined principally by elements of current adjacent 
to the point of calculation of the vector potential. In the 
original analysis** the validity of this assumption was 
verified specifically for Boh=2/2 and Boh=-a and the 
constant Y= Vx, was defined by 


Vxi=|V(0)\ /sinBoh; Boh=r/2, (60a) 


Wri= | V(A—do/4)\;) Bohk=x/2, (60b) 


with g(¢, ¢’) represented by the zeroth-order current in 
the form 


g(¢, ¢’)=sinBoh(1—¢’)/sinBohk(1—¢). (60c) 


It was verified also that no significant change in Vx, 
as defined in (60a, b) was observed when an approxi- 
mate first-order instead of zeroth-order current was 
introduced to define g(f, ¢’). Originally, no lower limit 
was specified in (60a) and it was assumed implicitly 
that ¥(¢) was sensibly constant at Vx, as defined in 
(60a) in the limit as 892 approached zero. It was shown 
that in this limit, Vx. approaches 2—2. Evidently, the 
essence of the King-Middleton method is to find an 
approximate current distribution function g(¢, ¢’) which 
leads to a function ¥(¢) that is sensibly constant over 
the antenna and thus permits the definition of this 
constant value as an appropriate expansion parameter. 
For electrically short antennas the component of cur- 
rent in phase with the driving voltage is so small com- 
pared with the quadrature current and the conductance 
is so small compared with the susceptance that an 
accurate determination of the conductance or resistance 
cannot be achieved in a first or even second-order solu- 
tion with a real zeroth-order distribution 
g(f, §°). 

Using the zeroth-order distribution function and 
V «i= 2—2as defined in (60a), the first-order impedance 
is given by [Zo ]i=[Ro ]it+jLXo]1, where 


function 


; 1+ (2 In4/Q—2) 
[Ro]= 208% —— — | (61a) 
1+ (In4/Q— 2)? 


(61b) 


— 60 2-2 
[Xh=—| — | 
1+ (In4/Q—2) 


Boh 
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For 2=10, the first-order values are 
[Ro }i:= 19.56897h? ohms; 
60X 6.82 (61c) 


——§ ohms. 


Boh 


[Xo] amie 


The correct values for 2=10 have been given in (34a). 
They are 
60X 6.60 


——ohms. (62) 
Boh 


Ro=18.38,?h? ohms; Xo=— 


Thus, the first-order King-Middleton values are in error 
for very short antennas by 6.9 percent in the resistance 
and 3.3 percent in the reactance. 

In view of the fact that the ratio of vector potential 
to zeroth-order current as defined by V«il(f)=¥(¢) 
(1—¢) is not at all constant near 2—2 as is seen from 
Fig. 1, the basic requirement of the King-Middleton 
method is violated. In view of this fact the degree of 
accuracy in the first-order solution is very satisfactory. 

An alternative procedure for defining the expansion 
parameter (which better satisfies the King-Middleton 
requirement of reasonable constancy in the generating 
function ¥(¢) or its equivalent for short antennas) is 
in terms of the vector-potential difference A .(¢)—A.(1) 
between the point of calculation at ¢=2/h along the 
conductor and the end of the conductor at ¢=2//=1. 
This difference is proportional to ¥(¢)—(1). It is 
evident from Fig. 1 that the ratio of this function to the 
zeroth-order current, i.e., [ ¥(¢)— ¥(1) ]/(1—$), is much 
more nearly constant at 


WV pp = ¥ (0) — ¥(1) =Q—2-—In4 (63) 


than is ¥(¢)/(1—¢) as defined in (60a) at Vx,;=Q-—2. 
It follows that Wp, in (63) is a better expansion param- 
eter for short antennas than is Vx. If (63) is used as the 
expansion parameter instead of 2—2, the first-order 
formulas are 

[Ro }1:= 208 7h? ohms, (64a) 


60(Q— 2—I|n4) 


[Xo]= [Xoh=— — ohms, (64b) 
Boh 


Q=10: [Ro },:= 208 o7h? ohms; 
60X 6.61 
(Xoh= =P ohms. (64c) 
Boh 


As compared with the accurate values in (62), the error 
in (64c) is 9.3 percent in the resistance and only 0.15 
percent in the reactance. Thus, the parameter Vp, 
leads to a high degree of accuracy in the reactance; as 
a result, the zeroth- and first-order solutions for Xo 
are identical and hardly differ from the correct value. 
On the other hand, the first-order resistance determined 
using Vp; is considerably in error, more so than the 
value obtained using the less accurate expansion param- 
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eter Vx:. However, this must not be misinterpreted. 
Since there is no contribution to the resistance in the 
zeroth-order term in the impedance, the analytically 
exact value for the first-order resistance [Ro |; is that 
appropriate to the assumed zeroth-order (triangular) 
current. And this is precisely 208,7h? ohms. It follows 
that an improvement in the accuracy of the first-order 
resistance can be achieved only if a distribution function 
is used that more accurately represents the actual cur- 
rent than the triangular distribution. In particular, the 
component in phase with the driving voltage must be 
included in the distribution function and a complex 
expansion parameter must be used. The alternative is 
to evaluate a higher order solution. However, since the 
resistance of a short antenna actually is negligible com- 
pared with the reactance, which, therefore, dominates 
the iteration, the effect of higher order iterations on the 
values of Go and Rj is likely to lead to very slow im- 
provement. It is for this reason that the separation of 
the problems of determining By and Gp» as in (8a) and 
(8b) is important for short antennas. 

It is interesting to compare the correct value (62) 
and the first-order values (61c) and (64c) of the react- 
ance with the value obtained from a well-known formula 
for the static capacitance Cy of two conductors placed 
end to end. The formula in question is equivalent to® 


1 60(Q— 2.485) 
Xo=— = — ohms, (65a) 
a ‘0 Boh 


which gives for Q= 10, 


607.515 


Xo=— ohms. (65b) 


Boh 


It is seen that this is in error by almost 14 percent as 
compared with the correct value given in (62). The 
reason for this may be found in the derivation of Co in 
(65a) which approximates the cylindrical antenna by a 
spheroid of revolution with an axially uniform distribu- 
tion of charge that is characteristic of the spheroid but 
not of the cylinder. 


VIII. COMPARISON OF THE NEW ANALYSIS WITH 
THE RESULTS OF THE KING-MIDDLETON 
EXPANSION FOR THE VERY SHORT 
RECEIVING ANTENNA 


The application of the King-Middleton method to the 
receiving antenna*®*'® is most readily carried out if the 
antenna is parallel to the incident electric vector. The 
integral equation (37) may be solved in the same 
manner indicated in (58) and (59) but using the zeroth- 
order distribution function g(¢, ¢’) = (cosByh—cosBoh) 


8K. Kiipfmiiller, Theoretische Elektrotechnik (J. Springer Verlag, 
Berlin, 1932), p. 66. 

*R. King, Cruft Laboratory Technical Report No. 20, Harvard 
University (October, 1947). 

10S. H. Dike, Technical Report No. 14, Radiation Laboratory, 
The Johns Hopkins University (June, 1951). : 
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(1—cos8oh). The function Wy:(¢) defined by (59) with 
this value of g(¢, ¢’) leads to an expansion parameter 
Wy, that differs somewhat from Vx;. Its properties are 
described in detail by Dike.'® In particular, for suff- 
ciently short antennas, Vy; approaches 2—1 instead of 
Q-2, the limiting value of Vx. This difference is a 
necessary consequence of the fact that the distributions 
of current in the two cases are not the same. Actually, 
since the difference between Vx; and Vy, Is relatively 
small for 2>10 and since in any converging process of 
iteration the results are insensitive to small changes in 
the expansion parameter, no large added error is in- 
volved if it is found convenient to use Vx, for the re- 
ceiving antenna as well as for the transmitting antenna.‘ 

The normalized current w= /o/U at the center of an 
unloaded receiving antenna of length 2/ parallel to a 
linearly polarized electric field E=8oU as given by the 
first-order iteration developed according to the theory 
of King and Middleton is‘ 


Q 1 
2- (1—cosB)h)+ [ F,\(0)—F,(¢) | 
jAr | Vv Vv 
My 
CoV l 
COSBoh + FiO) 
WV 


(06 


where WV is defined as in (59). The functions /,(0) and 
F,(c) are defined as for the transmitting antenna.*~‘ 


For the short antenna with 6 4=0.5 the leading 
terms are 
F (0) =3By2h?/2;) Fi) = — Bo*h®? + 72Bo7h?/3. (67) 


Since it has been shown that the component of currrent 
in phase with £ is negligible, only the quadrature com- 
ponent is required. From (66) and (67), this is 


jdmBo2h4t 2-243 


Uo= jo = (68) 


40 


Vy? 


If W is defined by (59) using the zeroth-order distribu- 
tion characteristic of the unloaded receiving antenna 
parallel to the electric field, viz., 


cosByht’ —_ CosBoh 1-— (2 


2¢C, (= —= (69a) 
COSBoAt — cosBoh 1 — c? 
the result for the short antenna is 
W= Vy, =2-1. (69b) 


Alternatively, if the vector-potential difference is used 
with the same distribution function (69a) to define 


Vol(O=(% (C)— Vr i(1) } (1—¢*), (70a) 


a function is obtained which is more nearly constant at 
its value at ¢=0 than is Vy;(¢)/(1—¢"). Thus, an ex- 
pansion parameter that more nearly fulfills the King- 
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Middleton requirements for short antennas is given by 


V p-=[WVu1(0)— Wu (1) J=2—3. (70b) 


This is the analog of Vp, for the transmitting antenna. 
The corresponding formulas for uo’ as defined in (68) 
with numerical values for 2= 10 are: 


- 2rByh? (Q+1) Bo7h? 
Voy =Q-1 [to |= = , (71a) 
Co (Q—1)* 607.36 
a. 27By*h* By*h? 
Vpr= Q—3: [to |= = 7 (71b) 
f(Q—3) 607.0 
The correct value for 2=10 is given by (50), viz., 
u’ = Boh” /60X 6.90. Evidently (71a) is in error by 6.7 


percent, (71b) by only 1.4 percent. If the analogous ex- 
pansion parameter for the transmitting antenna is arbi- 
trarily used for the receiving antenna, the corresponding 
values of mo’ are: 


2rBy7h? (Q—1) By*h? 
Vn = 2-2: LM i= = _ (72a) 
Co (Q—2)? 607.11 
V p:= Q—2—In4: 
2mBy7*h? (Q—1—2 |n4) By*h? 
Uy |= = . (72b) 
9 (Q—2—In4)*? 607.02 
Here (72a) is in error by 3 percent; (72b) by 1.7 percent. 


Note, however, that these errors apply only for By2=0.5 
and not in general to the several VY functions for an- 
antennas of arbitrary length! Since these values differ 
only slightly from the correct value, it is relatively 
unimportant whether an expansion parameter for the 
transmitting or for a receiving antenna is used even in 
the first-order solution for the quadrature current. In 
higher order solutions this difference naturally decreases 
further. The best first-order solution for up is (71b), 
using Vp, just as in the transmitting case it is Vp,. For 
longer antennas Vy; and Vx; are equally satisfactory. 

The effective electrical half-length Boh, of the receiv- 
ing antenna when oriented parallel to a linearly polar- 
ized electric field E is given by (52). By definition this 
effective length of the antenna is the length by which 
E must be multiplied to give the equivalent lumped 
voltage V = 2h,E=2h,U which satisfies the equation 


Io5=V/Zo, (73) 


where /» is the current at the center of the unloaded 
receiving antenna and Z,» is the impedance of the same 
antenna when cenler-driven. Note that the equivalent 
lumped voltage V is arbitrarily so defined that J») and 
Zy refer to physically entirely different situations. Experi- 
mentally /) must be measured on an unloaded receiving 
antenna, Z» on a center-driven antenna. Thus these two 
quantities are completely independent, theoretically, and 
experimentally. 
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Using the King-Middleton expansion parameters V x, 
for the driven antenna and Vy for the unloaded receiv- 
ing antenna as determined from the vector potentials, 
the first-order effective lengths are. 


Bok. i= 3[U0Zo i= 30X01 


(Q+ 1)(Q—2) 
1 89k| ——_——— 


“Ind 
(Q— y'(1+—) 
Q—2 


): [Boke ]1=0.463 Boh. (74b) 


- (74a) 


this gives 
Q=1 


_ 


Alternatively, if the preferred parameters Vp, and Vp, 
(which are determined from the vector-potential differ- 
ences) are used, the first-order effective length is 


Q—2—I1n4 
[Ahh Boh —-- | (75a) 
Q—3 


which gives 
Q=10: [Bok ];=0.472Boh. (75b) 


A comparison of (74b) and (75b) with the accurate 
value, Bo4,= 0.478, as given in (53a), shows that (75a) 
is in error by 3.1 percent, (75b) by less than 1.3 percent. 
The very small component /»”’ in phase with E has been 
neglected so that /)= jl’. 

The directivity or gain is defined by (55); the correct 
value for 2=10 is D=1.50 as given in (56). Using the 
first-order values of Boh, and Ro which are determined 
from Vx; and Wy, the first-order gain is: 


Q=10: [D)],=1.315. (76a) 


Similarly, using [Bo/, ], and [R,], as determined from 
Vp, and Vp,, 
Q=10: [D],=1.337. (76b) 


Of these, the first is in error by 12.3 percent, the second 
by 10.9 percent. The directivity is computed from 


D=30(uy' Xo)? Ro, (77) 


and involves the two independent quantities mu and 
Zo= Rot jXo. It is significant that the first-order values 
of uo’, Xo, and Ro used in the evaluation of (74a) in- 
volved errors of 6.7 percent, 3.3 percent, and 6.9 per- 
cent, respectively. It is primarily owing to the fact that 
the value of uo’ is foo small in the numerator while the 
independently determined value of Ro is foo large in the 
denominator that the error in the directivity is almost 
double the error in any one of its components. The 
improvement in the expansion parameter for the short 
transmitting antenna from Vx,;=2—2 to Vp,=2—2 
—In4 and for the short receiving antenna from Vy; 
=Q2—1 to Vp,-=Q-—3 in accordance with the King- 
Middleton principle, reduces the errors in uo’ and Xo 
(1.4 percent and 0.15 percent, respectively), in the 
evaluation of (74b), but the error in the resistance is 
increased to 9.3 percent. Since it has been shown in the 
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exact analysis in Sec. III that the correct value of the 
resistance can be obtained only if account is taken in 
the distribution function of the very small component 
of current in phase with the driving voltage, which has 
no effect on the value of a real expansion parameter, 
it appears that any attempt to adjust the expansion 
parameters specifically so that the correct value of the 
gain is obtained as demanded by Dike! is not well 
founded. This procedure would simply introduce large 
errors in u%»' or Xo, or both, and result in a “‘solution” of 
the short-antenna problem in which the two essential 
quantities, impedance and effective length, would all 
be in error, but this error would be so distributed that 
the directivity or gain is exact. Obviously, the only 
proper method for reducing the error in the first-order 
gain is to reduce the error in each contributing com- 
ponent, that is, in mu’, Xo, and Ro. The use of Wp; and 
Vp, in place of Wx; and Wy; accomplishes this aim for 
uo and Xp. It has relatively little effect on Ro, which 
plays no dominant role in the first few terms of the 
iteration since it is extremely small compared with Xo. 
Even with a complex distribution function and a com- 
plex expansion parameter it is questionable whether a 
really accurate value of Ro could be determined by one 
or two iterations so long as Xo is enormous compared 
with Ro. In any event, the problem of determining 
accurate values of mw) and Zp) which combine to give 
an accurale value for the gain has been solved earlier in 
this paper. 


IX. COORDINATION OF THE RESULTS OF THE NEW 
ANALYSIS OF THE ELECTRICALLY SHORT 
ANTENNA WITH THE GENERAL RESULTS 

OF THE KING-MIDDLETON ANALYSIS 


In Secs. Il through VI, the impedance, effective 
length, and directivity of an electrically short antenna 
(Boh<1) are determined quite accurately by evaluating 
the complex currents that satisfy the integral equations 
for both transmitting and receiving antennas. In Secs. 
VII and VIII these new results are compared with 
corresponding quantities derived from the first-order 
King-Middleton solution in the limiting case of very 
short antennas (8)<0.5. In general, the King- 
Middleton first-order values for reactance and effective 
length are in good agreement with the exact values 
whereas the resistance and the gain are not. Moreover, 
owing to the smallness of Ry compared with Xo and its 
consequent relative unimportance in the iteration, 
second-order resistances for short antennas are not 
likely to be much more accurate than first-order ones. 
Since the new analysis provides essentially exact values 
of Ro and Xo for Bpk=0.5 and quite accurate values up 
to about Bos=1, it is now possible to supplement the 
second-order King-Middleton data where these are least 
accurate. 

In Fig. 4 are plotted theoretical points for Ro and Xo 
as computed from the King-Middleton second-order 
formula®~* together with points (Q=10) calculated 
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TABLE I. Resistance and reactance of short antenna; 2= 10. 


Xo (ohms) 


Formula (19) K.M. 
for short second-order 

Boh antenna using VK Interpolated 
0 - 2 L — 2 
0.1 3945 — 3945 
0.2 1950 — 1950 
0.3 1274 —1274 
0.4 929 929 
0.5 716 704.8 716 
0.6 569 569 
0.7 460 ~451.3 460 
0.8 373.7 370 
0.9 303.5 293.8 - 294 
1.0 238.2 — 234 
a 177.4 - 177.4 
1.2 —127.1 127.1 
1.3 79.8 79.8 
1.4 34.3 - 34.3 
1.5 + 10.3 + 10.3 
1.6 + 54.7 + 54.7 
1.7 + 99.7 99.7 


from the new formulas for short antennas. It is seen 


that the curves of reactance, Xo, overlap in a wide 


range in which both formulas are good approximations, 
thus confirming the accuracy of the King-Middleton 
second-order reactances. On the other hand, the second- 
order resistances are seen to be considerably greater 
than the more accurate values from the new formula, 
just as predicted. Indeed, they lie quite close to the 
zeroth-order curve, [Ro |o= 20897h?(1+15897h?), up to 
about 8o4=0.9, where this formula ceases to be accurate 
even for an infinitely thin antenna. It is to be expected, 
therefore, that a smooth curve that satisfies the new 
theory for 6)4=0.8 and the King-Middleton second 
order values for 8o4=1.4 should yield an improved 
approximation of the actual resistance. This curve is 
shown in Fig. 4 for 2=10 and the set of interpolated 
resistances is in Table I. These are to be preferred to 
the King-Middleton second-order values where they 
differ from these. 


TABLE IT. Effective lengths of short antennas 


Boh ah \ 

Bon v 10 x 
0 0 0 
0.1 0.048 0.050 
0.2 0.096 0.100 
0.3 0.144 0.149 
0.4 0.193 0.197 
0.5 0.243 0.254 
0.6 0.293 0.291 
0.7 0.345 0.336 
0.8 0.398 0.380 
0.9 0.452 0.422 
1.0 0.516 0.462 
1.1 0.586 0.501 
1.2 0.654 0.537 
1.3 0.741 0.572 
1.4 0.866 0.604 
1.5 1.12 0.635 
1.6 1.30 0.664 
1.7 1.46 0.691 
1.8 1.61 0.716 


Ro (ohms 
ye ng SEC a 208h*( 1 “a shh* ) 
intenna using VK Interpolated Q=e) 
0 0 0 0 
0.183 0.183 0.200 
0.732 0.732 0.804 
1.66 1.66 1.82 
2.97 2.97 3.27 
4.67 4.99 4.67 5.17 
6.80 6.380 7.54 
9.35 10.30 9.4 10.44 
12.38 i230 13.89 
15.82 18.3 16.2 17.95 
19.90 21.0 22.67 
30.0 27.3 28.10 
37.8 35.4 34.33 
47.4 45.6 41.41 
59.1 58.2 
73.6 73.6 
91.7 91.7 
114.8 114.8 


Since accurate values of the effective length of a 
receiving antenna parallel toa linearly polarized electric 
field also are available from the new analysis for 
Boh<1.0, it is possible to supplement and correct the 
values obtained from the King-Middleton formulas.‘ 
Since a second-order determination of the normalized 
current uw at the center of an unloaded receiving an- 
tenna is unavailable, the effective electrical length has 
been evaluated using the first-order normalized current 
in conjunction with the 
That is, 


second-order impedance. 


Boh, = +I uo 1:[ Zo }2- (78) 


Since uw and Zo are independent quantities it is evident 
that the best over-all approximation of Sof, is achieved 
if the best available approximations of the individual 
factors are used. In Fig. 6 are shown values of | h,/Xo 

as computed from (78) using Vx; as the expansion 
parameter and the exact formula (53a) for 
8oh=0.5. The two sets of data are seen to be in good 
agreement in the sense that the accurate values for the 
short antenna lie on a smooth curve joining the approxi- 


from 


mate values obtained from (78). A list of values 
of | Boh.| for Q=10 corresponding to the smooth curve 


in Fig. 6 constitutes Table IT. 

By combining the values of | 89/,| from Fig. 6 or 
Table II with the interpolated curve of Ro in Fig. 4 or 
the values in Table I the directivity or gain may be 
computed using the formula 


D= 120( Boh, ’ Ry). (79) 


The numerical values of D so obtained are in Table 
III and in Fig. 7. It is seen that in the region near 
resonance where the effective length of thicker antennas 
rises sharply and crosses that of thinner ones the gain 
experiences an even more rapid rise since it is propor- 
tional to the square of the effective length. The detailed 
structure (2=10) involving a minimum at the be- 
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ginning and a maximum at the end of the sharp rise 
may not be accurate. In particular, the slight dip below 
D=1.5 appears questionable. Although these details 
may be altered by relatively small changes in Boh, or 
Ro, or both, this is not true of the sharp rise. Experi- 
mental results by Taylor and Morita" (using a method 
of determining the power to a line terminated in its 
characteristic impedance) show a minor minimum and 
a minor maximum near resonance, but the entire rise is 
smaller than predicted in Fig. 7. On the other hand, 
S. H. Dike and D. D. King" (using a method of deter- 
mining the power to a matched load—which Taylor 
and Morita rejected as insufficiently accurate) observe 
no minor extremes near resonance but, otherwise, con- 
firm the general shape of the gain curve except for Bod 
less than about 1.2, where the method fails. It may be 
concluded that only a highly accurate theoretical deter- 
mination of the gain or a correspondingly accurate ex- 
perimental measurement can resolve definitely the fine 
structure of the gain curve in the vicinity of resonance. 
Neither is available at the present time. The theoretical 
investigation might determine fof, and Ro or the dis- 
tribution of current and the electric field. 


X. CONCLUSION AND SIGNIFICANCE 


A method has been devised and carried out in detail 
for evaluating all essential properties of an electrically 


" R. King, Cruft Laboratory Technical Report No. 132, Har- 
vard University (June, 1951) and Proc. Inst. Radio Engrs. 40, 
113 (1952). 

2S. H. Dike and D. D. King, Technical Report No. 12, Radia 
tion Laboratory, The Johns Hopkins University (May, 1951). 
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TABLE III. Directivity or gain of short antenna. 


D 
Boh ) 10 q) eal 
0 1.500 1.500 
0.1 1.500 1.500 
0.2 1.502 1.502 
0.3 1.505 1.504 
0.4 1.509 1.508 
0.5 1.514 1.512 
0.6 1.518 1.518 
0.7 1.519 1.524 
0.8 1.520 1.532 
0.9 1.520 1.540 
1.0 1.521 1.553 
1.1 1.509 1.564 
1.2 1.450 1.578 
1.3 1.445 1.592 
1.4 1.546 1.609 
1.5 2.042 1.627 
1.6 2.211 1.647 
1.7 2.243 1.669 
1.8 2.137 1.698 


short transmitting or receiving antenna. Unlike other 
techniques employed heretofore, that depend on the 
solution of the integral equation by iteration, the new 
method determines with quantitative accuracy the 
complete distribution of current and the impedance of 
a transmitting antenna and the distribution of current, 
the effective length, and the gain of a symmetrical re- 
ceiving antenna placed parallel to the electric field. In 
addition to making available accurate data on the be- 
havior of electrically short antennas, a standard of 
comparison is provided for other methods that are less 
accurate but apply to antennas that are not so severely 
restricted in length. 
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Phase Changes in Silver—-Tin Amalgams* 
J. C. Morrett, G. RyGe, AND A. G. BARKOow 
Physics Department, Marquette University, Milwaukee, Wisconsin 
(Received June 30, 1952) 


XTENSIVE metallurgical investigation on dental amalgam, 

combined with some x-ray analysis, has resulted in three 
distinct setting processes for the silver-tin-mercury alloys. Since 
the usual dental amalgam contains between 50-60 percent mer 
cury, the equation for the setting process, assuming equilibrium to 
be obtained, is 


Ag,Sn+Hg-614+ y1+ 72 1 


Equation (1) is evident from the phase diagram of silver-tin 
mercury. However, Gayler,' utilizing micrographic analysis and 
thermal curves, found that the foregoing process is not realized 
and suggested instead the two-step reaction: 


Ag;Sn+Hg-61+ 72 ) 
Bity2>Bitv24 mJ’ 


Troiano* guided by Gayler’s equilibrium diagram and using 
x-ray methods exclusively, arrived at the reaction 


Ag;Sn+Hg-—-71+ 62+Ag,Sn (unattacked 
vi +62+AgsSn 


(3) 


Che equilibrium diagram suggests that the ultimate phases 
formed be beta-1, gamma-2, gamma-1; both theories must agree 
on this point. The point of controversy is the process by which 
equilibrium is finally attained. Since the dimensional changes of 
contraction and expansion are noted within the first few days 
after trituration, the identification of phases present immediately 
after amalgamation are most important. 

The use of the recording x-ray spectrometer to obtain continual 
diffraction patterns of specimens from the time of trituration 
onward was successful and yielded new and conclusive evidence on 
the chronological appearance of phases. It is evident from Fig. 1 
that gamma-1 and gamma-2 are present immediately after 
trituration. It is further evident that gamma-1 and gamma-2 are 


Vit yen ty2t+ Bi 


M | 23 NUMBER 10 oc 


rOBER, 


1952 





Fic. 2. Crystals of the gamma-1 phase (Ag:Hg;) grown on the polished 
surface of silver-tin (60 percent-—40 percent) in contact with mercury for one 


month. The alloy has AgsSn particles in a tin-rich matrix. Magnification 
10.5 X. 


formed independently of each other. On the basis of numerous 
traces made on samples of varying particle sizes of the Ag;Sn and 
trituration time the following reaction is suggested. 


>yi+y2+Ag;Sn (instantaneous 
vit 2 


"Tae vat 


Ag;Sn+Hg 


yiryeTy 


(4) 


YyitTyY2 


By 


There is no evidence for the last equation in (4)—it is included on 
the basis of the equilibrium diagram. The equations are identical 
with Troiano’s with the exception of gamma-?2 in Eq. (3). The two 
lines he attributed to the delta-2 phase were observed together 
with five other lines, but they all satisfy the gamma-2 parameters 

Efforts are being made to grow single crystals of the gamma-1 
(Ag2Hg;), gamma-2 (Sn7Hg) and beta-1 (Ag—Hg) phase. This is 
accomplished by sealing the polished face of a 60 percent Ag-40 
percent Sn sample in a tray of mercury. Removal of the sample 
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Fic. 1. X-ray spectrometer trace of 60 percent Hg and 40 percent 


AgsSn, as a function of time after trituration 


The particle size of the 


AgsSn was less than 325 mesh. The time of preparation and adjustment of sample in the spectrometer required ten minutes. From the trace it is 


apparent that the gamma-! and gamma-2 


phase are present immediately 


The gamma-phase gradually disappears 
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Fic. 3. Crystals are grown on the polished surface of AgsSn. (73.85 percent 
\g, 26.15 percent Sn) in contact with mercury for one month. The gamma-1 
phase (Ag:Hg;s) and gamma-2 phase (Sn:Hg) are suspected as being 
present, but crystal size is not large enough for single-crystal technique. A 
six-month sample is in preparation. Magnification 10.5 <. 


after one month discloses a crystal growth on the polished surface 
as shown in Fig. 2. The large crystals in the figure are approxi 
mately one-half millimeter cube. Investigation of crystals to date 
using a 5-cm radius camera and copper-K-alpha-radiation indicates 
an excess of gamma-1 with a lattice constant of 9.98A. The crystals 
appearing on the polished face of Ag;Sn (Ag—73.85 percent, 
Sn—26.15 percent) after one month are shown in Fig. 3. All 
crystals are too small for single crystal analysis, but from the 
picture several structures are suspected. It is hoped that a longer 
growing time will result in crystals large enough to check by x-ray 
analysis. 

* Work supported by a grant from National Institute of Dental Research 


1M. L. V. Gayler, J. Inst. Metals 60, 407 (1937 
2A. R. Troiano, J. Inst. Metals 63, 247 (1938 





Effect of Orientation on the Ultimate Strength 
of Linear High Polymers 
( ( Hstao 
The Pennsylvania State College, State College, Pennsylvania 


Received July 29, 1952) 


ECENTLY a number of scientists have investigated the 
mechanical properties of some oriented linear high polymers 
J. Bailey' reported some interesting results of the stretch orienta 
tion of styrene. C. C. Hsiao and J. A. Sauer? claimed that the 
effects of orientation on crazing and strength are intimately tied in 
with the effects of molecular structure. R. G. Cheatham and A. G. 
H. Dietz’ also reported the effect of orientation on the mechanical 
properties of polystyrene 
The understanding of the strength of some linear high polymers 
has been advanced through the development of a theory which 
permits calculation of strength as a function of orientation in 
terms of strain change. Experimental results of the effect of 
uniaxial orientation under tension %n ultimate strength are found 
to agree satisfactorily with theoretical calculations. Figure 1 
shows the agreement of the experimental and theoretical tensile 
strength of polystyrene at various states of uniaxial orientation 
when the material is tested either in the direction of orientation or 
perpendicular to the direction of orientation 
The effect of uniaxial orientation on the macroscopic strength of 
linear high polymers is calculated by taking statistically into 
account the nature and arrangement of the microstructure of the 
material in consideration. The results of this mathematical 
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Fic. 1. Effect of uniaxial orientation on tensile strength of polystyrene 


treatment are listed for a number of different conditions of uniaxial 
orientation under both tension or compression 


(a) Tensile ultimate strength in the direction of uniaxial 
orientation produced by tension. 


(1+.6)3 
S,.=2 —, 
(1+6)!+1 


where S, is the ultimate tensile strength in the direction of 
orientation at the state of orientation corresponding to a strain 
change of ¢ in that direction, and S» is the strength of this material 
without any preferred orientation. 
(b) Tensile ultimate strength perpendicular ta the direction of 
uniaxial orientation produced by tension 
(ite! 2 


Sa =2 a 
- (1+.¢)—1 7 


K—E So, 


where K and E are the values of Legendre’s complete integrals of 
the first and second kind, respectively. If the solutions of 


” Ve (1-38, (1-3-5, 
k=7[i+G)e+(a)e+Gs) | 
_* 1, (13), (13-5¥,, 
e=*|1-() . -(5)«-(; =) . 


are used, then the relationship between the modulus & and strain 
is given as k2=1—(1+6)™*. 
(c) Tensile ultimate strength in the direction of uniaxial 
orientation produced by compression 
1 


Sec=2 So. 
(1+e)!+1 


and 





.- 


| rr 

| | 

.STRENGTH IN THE DIRECTION OF ORIENTATION BY TENSION J 
| | | | ) | 










——— 


—+—— +__+.-—+ 4 + + + + 








i 

; 4 + 4 4 ; ; } : A 4 
STRENGTH 1 TO THE DIRECTION OF ORIENTATION BY COMPRESSION 

| j ) | | 


ee 





o =~ he ye He a - +--+ 
T» STRENGTH OF AMORPHOUS LINEAR HIGH POLYMERS | 
+ denne at + 4 } } } } 4 + ; + 
| | | | 
| 


| STRENGTH 1 TO THE DIRECTION OF ORIENTATION BY TENSION 


ULTIMATE STRENGTH IN & 
3 


} + } } + } + 
STRENGTH IN DIRECTION OF | 
+ ORIENTATION BY COMPRESSION 
ae es 
° = 














€ STATE OF UNIAXIAL ORIENTATION OR STRAIN 


Fic. 2. Effect of uniaxial orientation on ultimate strength of linear 
high polymers. 
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An interesting result can be obtained if the solutions for S, and S,, 
are added together for the same absolute value of e. That is, the 
summation of these two strength quantities is constant and is 
equivalent to twice the strength of amorphous material. 

(d) Tensile ultimate strength perpendicular to the direction of 
orientation produced by uniaxial compression. 

| 3 

a4{ O48 rx Ehs 

r (1+6)*—1 J 
in which the 
strength So of amorphous linear high polymers is given in percent 
of 100. All the values of ultimate strength should be obtained 
experimentally at constant temperature and constant humidity as 
well as constant rate of straining for comparison.‘ 


These results can be plotted as shown in Fig. 2, 


The theory applies also for cases of biaxial and triaxial orienta 
tion. Some experimental evidence of agreement has been found by 
the writer. However, the mathematical treatment is rather com- 
plicated. More detailed reports will be published later describing 
the effect of various types of orientation on the strength properties 
of linear high polymers 

1 J. Bailey, India Rubber World 118, 225 (1948) 

?C, C, Hsiao and J. A. Sauer, J. Appl. Phys. 21, 1071 (1950). 

+R. G. Cheatham and A. G. H. Dietz, Trans. Am. Soc. Testing Materials 
(January, 1952). 

CC 


. C. Hsiao and J. A. Sauer, Am. Soc. Testing Materials Bull. No. 172 
(February, 1951) 





On the Oscillating Cylinder Viscometer. I 
Aut A. K. IBRAHIM AND A. M. KABIEL 
Physics Department, Farouk Ist University, Alexandria, Egypt 
(Received June 16, 1952 


ONSIDER two coaxial cylinders. The outer has an inner 

diameter of 25 cm and is made to oscillate about its axis at a 
given amplitude ¢o and various frequencies m (in cps). The inner 
cylinder (J cm long with a diameter 2a cm) having a moment of 
inertia J (in g-cm*) about its major axis is suspended from a 
torsion fiber of restoring constant r (in g-cm?/sec?). 

When a Newtonian liquid of coefficient of viscosity (in 
g/cm/sec) and density p (in g/cm*) is placed between the two 
cylinders (the annalus is completely filled). Then according to our 
theory' on the oscillating cylinder viscometer for a Newtonian 
liquid, we have: 

Ao f p w a*n 


a | oa” Tu? rl +d[ (2rla*u*p Iw?—r)—(3 R)] 


SS 


where @) is the amplitude of the inner cylinder, R=(a+6)/2, 
d=(b—a)/2, and w=2-n. Since 


(2) se b+a / @ 
dn} nao 


. —+—-n, 
b—a 2a—b r 








@.fo 
(Z) 
@.e6 
° s 4 4 ‘ 
0 1 a 3 * 


0.059 sec. 
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therefore 


1 b—a 2a—br (*) 
7=- _——— -- -—-[ — : (3) 
4x? b+a l a \dn/ »~ 


It is evident from Eq. (1) that at zero frequency of the outer 
cylinder the deflection 4 of the inner cylinder must be zero, but 
from Eq. (2) (dy/dn) has a definite value even when the frequency 
of the outer cylinder is vanishingly small, i.e., zero. 

Therefore, it seems possible that we may obtain the (dy/dn) ,. 
values in two ways. For reasons that will be pointed out, both 
methods have their advantages and disadvantages. Therefore, it 
has been considered advisable to use both methods, and the aver 
age of the results obtained should be closer to fact than one 
method alone. 

First method.—First, and most simple, we may draw a tangent to 
the Y—n curve at the origin. The slope of this gives a measure of 
the quantity we need, i.e., (dy/dn This method has the 
advantages of being most direct but great precision cannot be 
claimed from this procedure 

Second method.—Second, it is possible, from the original y—n 
curve, to calculate values for ¥/n. A new curve (Fig. 1) can now be 


Os ee 














m™ (CAs) 


Fic. 2. a =2,0701 cm, 6 =2.1712 cm, 1 =25.4 cm 


(6y /6n2) n-0 =0.06 sec. 


2.79 10% g-cm?/sec?. 


drawn which shows the variation of ¥/n with n. Extrapolation of 
this curve to zero frequency (from the minimum frequency used) 
should lead to the quantity we need, i.e., (¥/m) ». 

This method has the disadvantage of being less direct but the 
advantage of defining the value of (dy/dn), 
accuracy than the tangent method. 

Experimental verification —The experimental results of Oldroyd, 
Strawbridge, and Toms? (in the case of liquid Paraffin B.P. of 
density 0.877 g/cm* at 25°C) may be represented in two ways 
(see Figs. 1 and 2). Then first, by drawing at the origin a tangent 
to the y—n curve, and second, by extrapolation to zero frequency 
of the outer cylinder, two values of the quantity (dy/dn) ,~» could 
be measured. 


» with much more 


It was thus possible to use these experimental values of 
(dy /dn) ,.9 to measure the coefficient of viscosity 7 by substituting 
in Eq. (3) and comparing the experimental values of » obtained 
with that in standard tables 


raBLe I, 


n g/cm/sec for paraffin B.P. at 25°C 


Tangent Extrapolation From standard % 
method method Mean tables deviation 
1.7688 1.7541 1.7615 1.76 0.085 


From. Table I we come to the conclusion that the comparison 
suggests that our theory may be regarded 
description of the facts for the nonelastic fluids 

It isa great pleasure to acknowledge the encouragement given to 
us by Professor Dr. M. A. Elsherbini. 


as a satisfactory 


1A. A. K. Ibrahim and A. M. Kabiel, J. Appl. Phys. 23, 754 (1952). 
2? Oldroyd, Strawbridge, and Toms, Proc. Phys. Soc. (London) 64B, 44 
(1951 
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When trouble is hidden in a blur of speed 
too fast to see, the cause is hard to find. 
Here’s the way to get the answer in a hurry 
without costly, tedious cut-and-try experi- 
mentation or theoretical analysis. 

With the Kodak High Speed Camera, 
you can take up to 3200 clear pictures a 
second on 16mm film. When projected at 
normal speed, the film shows action slowed 
as much as 200 times—makes visual analy- 
sis quick and easy. And the films are avail- 
able for study over and over. 


This high speed “eye” is daily solving 


This eye spots 


the Kodak HIGH SPEED Camera 


complex problems of design, production, 
and product performance—problems 
where usual methods of analysis would be 
slow and costly. One manufacturer pro- 
jects high speed movies within two hours 
after they are taken—the solution to a 
problem is on the drawing board the same 
morning it is discovered. We'd be glad to 
send you, with our compliments, a folder 
showing how this company uses the Kodak 
High Speed Camera so effectively. East- 
man Kodak Company, Industrial Photo- 
graphic Division, Rochester 4, N. Y. 


~" Kodak 
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STANDARD CONTAINER 


A durably constructed container for the storage and trans- 
port of liquefied gases, featuring a double wall separated 
by a high vacuum of 10%m.of Hg or lower. All internal 
surfaces are polished to a mirror-like finish for greatest 
reduction of radiation losses. The strong steel outer casing 
is of exclusive design which eliminates damage frequently 
caused by rough handling. The container is suspended 
between heavy steel shock absorbing springs at the neck 
allowing free movement in any direction. Avoid costly 
repairs and evaporation losses — specify Hofman. 


FREE / “formas conramans 









AND FLASKS 


h ofm GND tasoratorics, Inc. 


212-218 WRIGHT STREET, NEWARK 5, NEW JERSEY 























THE EIMAC 100-1G 
IONIZATION GAUGE 


Eimac's 100-IG ionization gauge 
is a rugged, durable electronic 
pressure gauge capable of meas- 
uring pressures from 10-3 mm 
to less than 10-8 mm of mer- 
cury. A pure tungsten filament, 
gas free molybdenum grid and 
plate structures and a long neg- 
ligible leakage path are features 
of the 100-IG. Its adaptability 
to any preferred circuit, its sta- 
bility, and ability to be thor- 
oughly out-gassed make it the 
most precise and practical instru- 
ment of its type. 


For further information 


write our application engi- 
neering department. 


EITEL-McCULLOUGH, INC. 


San Bruno ¢ California 
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GREATER INDEX OF REFRACTION 


@ MORE BRILLIANT 
@ MORE BEAUTIFUL 


THAN DIAMONDS 
TITANIA GEMS 


Completely cut and polished. 12 one 
Pee wr ee OE bn ee eee anal 

SPECIAL: $ 

Limited supply of 20° Prisms 

of Titania available at. ..... Each 
Mounting for Ladies’ and Men’s Rings Available 


Send for FREE booklet & ring size chart 


OCI Lapidary Go. 


Dept. JP-52, 511 East 12 St., New York 9, N. Y. 


Fed. Tax 
Included 
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fore, represents the time constant of these capacitors 
under normal conditions of operation. 


an | “ “ 
Curve #1110 is of particular interest and illustrates the Oe Beh oe ee STABELEX D CAPACITORS 
long self time constant of Stabelex ““D’’. The time con ° TIME CONSTANT OF A IOMFD. CAPACITOR 
stant of the 10 MFD capacitor illustrated on this curve x MAINTAINED AT NORMAL ROOM CONDITIONS 
? : 5 > \F TEMPERATURE AND HUMIDITY 

is 200 days, or 4800 hours. This curve represents measure > 
ments on capacitors allowed to stand at normal room © 
conditions of temperature and humidity. This, there- z 

x 

a 

x 

oO 


Performance curves illustrating various characteristics of 
the Stabelex “D”’ Capacitor will appear in this magazine 
each month. 


OUTSTANDING FEATURES 


Insulation resistance at 20° C. after three minutes charge 
900,000 megohm microfarads 


Insulation resistance at 75° C.—78,000 megohm micro 
farads 


PERCENT OF) INITIAL 


Insulation resistance at — 75° C.—JIn excess Of 5 million 
megohm microfarads 


Change in capacitance from 25° C. to —80° C.; +0.76°% 
Self time constant of 10 MFD capacitor—4800 hours INDUSTRIAL CONDENSER CORPORATION 
Q at 50 kilocycles—10,000 


Power Factor at | KC—0.00025 5267 ft. Callvoruie Avense 


Chicago 18. IWlineis, U.S.A. 
SEND FOR CATALOG I1!17 TODAY 
After a long’ period of research, Industrial! Condenser Corpora- 


tion now offers to industry for the first time the first of their 
family of Stabelex capacitors, Stabelex ‘‘D"’, which has been 


Please send me my FREE copy of your new Catalog 
1117 on Stabelex ‘‘D’’ Capacitors. 


Name..... | 


produced for special applications for some time. Company... .. - Position 

Complete information, performance curves, characteristics, and Street | 
suggested applications of the various types now available will Cite... .... mer a a, == pee 

be found in this catalog. 
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CREEP TEST IsTRUMENTS + METERS + MICROMETER SLIDES > INTERFEROMETERS » SPECTROPHOTOMETERS » LABDRATORY SUPPORTS 
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PRECISION SPECTROMETER 














For highly accurate determinations of refactive indices and dispersion, measurement of prisms and wedge 
angles, and similar applications. Direct reading to | second. Polarizing and other attachments are available 


A completely new instrument incorporating many adjustments contributing to the attainment of higt 
precision and operating convenience. Cat. No. Li24. 


Request Bulletin 165-50 


THE GAERTNER SCIENTIFIC CORPORATION 


1212 WRIGHTWOOD AVE. ° CHICAGO 14 ° U.S.A. 











NOW! A HIGH-SENSITIVITY, HIGH-SPEED 
: MICROOSCILLOGRAPH 


CENTRAL RESEARCH LABORATORIES MODEL 2 


Signal-axis deflection factor only 0.2 volt per trace width! 


_ 


Variation in signal-axis sensitivity less than 5 
to 10,000 megacycles! 


per cent from 0 


Three beams, three independent deflecting systems, and direct 
photographic recording as in Model 1. 





Unretouched single-sweep oscillogram, 3000-megacycle output of 
2K41 Klystron into 50-ohm load (1.2 volts rms). Enlargement, 
50 diameters. 





Write us for prompt, complete information 


CENTRAL RESEARCH LABORATORIES, INC., RED WING, MINN. 
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uartz is one of sciences most 
important tools. Its many unique 
properties range from absolute and 
unchanging musical pitch, to chemi- 
cal inertness to nuclear materials. 
Hanovia is one of the world’s major 
producers of clear quartz products. 
Hanovia’s optical grades of fused 
quartz are universally known. But 
many, many other quartz laboratory 
tools are also available: graded joints, 
spherical and standard taper joints, 
tubing, rods, plates or special shapes 
to specification. 
Detailed information and _ prices 
are available on all the above, upon 


request. 


(Special Products Division) 
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Silicone 


DIFFUSION 
PUMP FLUIDS 


Dow Corning 702 and 703 


Stable to Air and Moisture 
at 150° to 225°C 











Patina 


After almost 4 years’ service in an electron 
microscope, Dow Corning 702 has yellowed 
slightly but is still as clear and liquid as ever. 


ECOND only to mercury in chemical and 
thermal stability, Dow Corning Silicone 
Diffusion Pump Fluids withstand oper- 
ating conditions which completely de- 
compose organic oils. So resistant to oxidation and 
moisture that they remain clear even after distillation 
at atmospheric pressure, these fluids are unaffected 
by the accidental admission of air to a hot system. 
Chemically unable to break down and form carbon- 
aceous deposits on jets, boilers or fore pumps, they 
remain in usable condition almost indefinitely. 


Pump speeds and limiting back pressure for these 
silicone fluids equal those for the best organic 
oils, as do the ultimate vacua attainable with Dow 
Corning 703. For applications which do not require 
the lowest pressures, the economical Dow Corning 
702 has a lower boiling point and operates against 
higher forepressure. 


The rapid recovery of these fluids, plus their resis- 
tance to decomposition, means increased production 
and reduced maintenance costs in lens coating equip- 
ment, metallizing units, electron microscopes and 
vacuum tube manufacture. 


Write Department CP-2? 
for data sheet. 


DOW CORNING ' 
UKs” DOW CORNING CORPORATION 


Midland, Michigan 
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\ VARIABLE 


DELAY LINES 
SUPERIOR 


Transmission Characteristics 


with 


MINIATURE 
TYPE 506 





@ FAST RISE TIME @ NO TIME JITTER 
@ EXCELLENT STABILITY @ SMALL SIZE 
@ HAIRLINE ACCURACY @ LIGHT WEIGHT 


SPECIFICATIONS 
TIME DELAY: Continuously variable from 0 to 0.225 
microseconds 
RISE TIME: 0.0005 vt microsecond, where t is the 
amount of delay in millimicrosecond 
CHARACTERISTIC IMPEDANCE: 1090 ohms nominal 
ATTENUATION: The attenuation in db per 100 milli 
microsecond delay is: essentially zero below 10 
me, 0.5 at 15 me, | at 20 me, and 1.8 at 30 me 


SIZE: 1” deep, 4” long, 4” high 
WEIGHT: 14 ounces 


TYPE 302 





Type 302 distributed-parameter line offers the exclusive 
feature of continuously variable time delay from zero to 
0.6 microsecond. 


SPECIFICATIONS 
TIME DELAY: Continuously variable from 0 to 0.6 
mic rosecond. 
RISE TIME: 0.00082 Vt microsecond, where t is the 
amount of delay in millimicrosecond 
CHARACTERISTIC IMPEDANCE: 960 ohms nominal 
ATTENUATION: The attenuation in db per 100 milli 
microsecond delay is: approximately zero below 
I me, 0.3 at 5 me, 0.95 at 10 me, 1.3 at 20 me 
and 1.5 at 30 me, 


WRITE FOR DATA! 


Please send data on [ |] TYPE 506 [| TYPE 302 








Name Title 
Company 
ae aa —— 
ADVANCE ELECTRONICS CO. 
P.O. Box 394 Passaic, New Jersey 











BACK ISSUES 


Single Copy 
The Physical Review 


Prior to July 1929. $3.00 
July 1929—-December 1941 1.50 
January 1942—December 1946 3.00 
Thereafter hats 1.50 
General Index, 1893-1920 1.00 
Reviews of Modern Physics 2.25 | 
Journal of the Optical Society of America 
1917-1921. . 2.00 
Thereafter. .... 1.00 
Cumulative Index, 1917-1935 2.00 


The Journal of the Acoustical 
Society of America 


Prior to January 1947 3.25 | 
Thereafter . A 2.35 °| 
Cumulative Index, 1929-1939 4.50 | 
Cumulative Index, 1939-1948 5.00 | 


American Journal of Physics 
(Formerly American Physics Teacher) 


1933-1936 2.00 

Thereafter 1.50 | 
The Review of Scientific Instruments 1.00 
The Journal of Chemical Physics 1.50 
Journal of Applied Physics ZS | 


(Formerly Physics) 
Special prices for complete volumes and complete sets. 
Orders may be sent to 
AMERICAN INSTITUTE OF PHYSICS 
57 East 55 Street New York 22, N. ¥ | 























Projeet Physicist 


An outstanding opportunity for a capa- 
ble, experienced senior physicist for funda- 
mental research and development of 
special cathode-ray tubes. 


\ thorough experimental background is 
required with experience in electron tube 
and other high vacuum techniques. Ex- 
perience in electron-optics and/or thin film 
techniques is desirable. 


To work in the well-equipped Manhattan 
laboratory of one of the oldest electronic 
concerns. Top compensation for qualified 
man. 


Wrile, including full details and salary 
required to Director of Research 


Freed Radio Corporation 
200 Hudson Street New York 13, N.Y. 
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Sead for Your Pree Copy 
New “REVIEW” of... 


© GALVANOMETERS* 

e MICROPHOTOMETERS 
e THERMOPILES 

© SPECTROMETERS 

e MONOCHROMATORS 


P. J. Kipp & Zonen, of Holland, world 
renowned manufacturers of these and other 
specialized scientific instruments, have issued 
the first complete catalog of their line. Your 
copy will be mailed as soon as we receive your 
request. Please ask for “Review #50-R.” 
We are the exclusive United States repre- 
sentatives for Kipp & Zonen. Your corre- 
spondence is invited on any precision apparatus 
problem where we may be able to serve you. 


*Immediately available in many types 





JAMES G. BIDDLE CO. 


Electrical & Scientific Instruments 


1316 ARCH STREET, 


PHILADELPHIA 7, 




























































THE LOWEST EVER Low | 
CAPACITANCE OR [“yx0 > 
ATTENUATION ad 
: TA1 (74/17 /Onlo 
BS ars rA2 (74! 13 02804 - 
, A34 (73 | 0.6/1.5 [0884 
shor rivers ToUSA. [dS ng mis 
: CAPAC. 
ars 
Cable your rush order for ps 
shipment by air freight. ci | 7.3 [150 | 2.5 > —— ets it 
PCi | O21 1: 1132 [3.1 [O36 @aeeete 
Settlement b oun SJ check 1 63 it 173 783 fe 
TRANSRADIO LTD 
138A CROMWELL ROAD. 
LONDON S.W.7. ENGLAND Saat 1220) 24 | 


€441 4.1 1252 | 2.4 11.63 Saco 


CABLES TRANIRAD LONDON 
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PRECISION RESISTORS 


Accuracy from + 1% to 0.05% as required— 
ge Any mounting arrangement 


Over 50 Standard 
Types Including: 


7 


\ 3 JAN-R-93 | Her oth”A” and “BR” characteristics 


pa < “ide, bord stability 0.003%) 


--<\matehed pais end sh 


F  \miniature TYPE : 
‘ Sermetsn or. 


NS Low-temperature eee types 


<\ Types with pre 








<\Loa-type wir seca 


» Qyerte style resistors 
vee’ types 
sistors 


Precision 


< Special card resistors 








Ls Write for Shallcross Data Bulletin R3A j 


Shallcross Manufacturing Company 
Collingdale, Pa, 











XXVIII 


= ADKY 0.01% 
= STABILITY! 


For deflecting a proton beam, a major 
nuclear research center required a 
power supply variable from 17 to 40 
KV—D.C., with the output stable to 
1 part in 10,000 over a period of 
weeks. 








Write for 
Information 





Specifications: 

Input: 117 Volts, 60 cycles | phase, 600 VA. 

Output Voltage: 15,000-40,000 Volts, Positive 
Grounded. (H.V. Negative) 

Output Ripple & Noise: Less than 2 volts 
(0.005%). 

Stability: After 4 hour warmup; output voltage 


drift is less than 4 volts, or 0.01% over a period 
of 2 weeks. 


Size: Control & High Voltage Tank—70"x22"x18". 
Feedback & Regulating Tank—60"x22"x18". 
Oil Requirements: 20 gallons. 


BETA Electric Corporation 


333 East 103rd St. -« New York, 29 
ENright 9-8520 














FOR DC ANALOG SYSTEMS, FAST & SLOW 
Operational viettetan 


GAP/R MODEL K2-W 


op Ti 


. 





SPECIFICATIONS, GND. 


+300vdc 
JSAGES: Feedback Computors, d -300 
; a simalators, Baer amaelthals, vde~ our 
v9 LTAGE 


Rpt ee ig gee 2 ae NEG. H 
> pe ual “pair gf —oe pos. n°" 
each is pees IN 
PUTS: Sechanen Se S0b theese, up to 
‘ >—o 
OWER: Total consumption o% watts. ae eae 
IS: 2 12AX7. PLUG: 
RICE: $424 4 a. WEIGHT: 2.8 0 


* =“ ace and to 50 volts plus or minus. 
+, 54846 Complete, Postpaid in ‘USA. 










me Ph <i 


an Dg pm or 
: oy rd yety eds 


Roar A A. Philbrick Researches, Inc. 


230.Congress Street, Boston 10, Massachusetts 








RESEARCH ENGINEERS 
PHYSICISTS 


Johns Hopkins 
University has positions in the fields 


The Radiation Laboratory of the 


@ Electronic Circuits 
@ Microwaves 
@® Communication Theory 


@ Infra-Red 
This University Laboratory offers a variety of 
challenging problems at both senior and junior 
levels. A position here means 


@ Favorable arrangements for advanced study 
in the Graduate Schools 


Faculty rank and privileges for Senior Staff 
One month paid vacation 


An air-conditioned laboratory near the Uni- 
7 — 


RADIATION LABORATORY 
1315 St. Paul Street 
Baltimore 2, Maryland 
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ONE INSTRUMENT FOR THE 


[Jltraviolet Visible [nfrared Range 


" FARRAND 
DOUBLE 
MONOCHROMATOR ana SPECTROMETER 





THE NEW 


LOGRING 
Digital Graph Plotter 


It is now possible to make spectra! measurements in the ultra- 
violet, visible and infrared regions throughout the range of 0.2 
to 35 microns—WITH A SINGLE INSTRUMENT by simply inter- 
changing prisms. 


| The optical system comprises a double monochromator thereby 
reducing scattered radiations to a negligible magnitude. High- 
est spectral purity—Isolation of extremely narrow wave lengths 
and greatest resolution are obtained in any one chosen region 
by selection of prism material for optimum performance. 
BULLETIN #806 
ON REQUEST 





PRECISION OPTICS, ELECTRONIC 
AND SCIENTIFIC INSTRUMENTS 


FARRAND OPTICAL CO., Inc. 


BRONX BLVD. and EAST 238th STREET - NEW YORK 70, N. Y. 












es wads 


The 
Roto Steppers 





provide 360° clockwise and 


mon THE LOGRINC DIGITAL GRAPH PLOTTER 
counter-clockwise rotation in 2° 


automatically plots one variable against another 
increments as standard. Shaft out- : 


put has sufficient torque to drive 
many low torque mechanisms, 


indicators, potentiometers, sel- 


algebraically in incremental steps, in response to 
electrical impulses. It is ideally adapted for use as 
a read-out device for electronic digital computers, 


syns, synchros, switching devices especially digital differential analyzers, and for use 


in connection with such problems as aircraft track- 
ing and automatic data reduction. 


and others. Features 24 volt 


NEW UMIveRsa® 

y » system, long life solenoids and 

Ve Ud combinations. 

| pp - © plots at speeds up to 20 steps per second, in incremental 
steps of 1/64 of an inch. 


ce PRT TE et re 











































AS LISTED BY PRODUCT NO DIA. 3.13 IN 
eg? 1S eal : . . : 
) , o simultaneous movement on both axes in either direction. 
Ppsitioné "me | te | veut | Oe pana | p——§ * can ~ — electronically or by external or remote 
i511 21 V switches or relays. 
15 Tas he y ¢ will make several carbon copies or duplicating stencil. 
“15-31 400 y° v v 1 ® instant manual positioning of pen and drum. 
6915-4) 4.00 v v v \ ie ® takes 12” x 18” paper or continuous 12” strip. 
*AVAILABLE WITHOUT SHAFT OUTPUT 4 


Mechanical simplicity ... high reliability . . . digi- 
tal accuracy...quick pen cartridge change... 
self-contained power supply. 





Write for [Engineering Data 
G. M. GIANNINI & CO., INC. 
Pasadena 1, Calif. 


Additional information supplied on request. 


| | ia eee 
Bie pomaries RESEARCH COMPANY 
| | i tH Hi 141 South Pacific Avenue 
Hera Redondo Beach, California 
| BPS) ee 
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ASSURE PERMANENT 
OPPORTUNITY FOR 


GUIDED MISSILES 
TELEVISION 


ADDRESS INQUIRIES TO 


ELECTRONIC PHYSICISTS 
ELECTRONIC ENGINEERS 


OUR STEADILY EXPANDING LABORATORY OPERATIONS 
POSITIONS AND UNEXCELLED 
PROFESSIONAL GROWTH IN 


RESEARCH & DEVELOPMENT 


ELECTRONIC NAVIGATION 
SOLID STATE PHYSICS 


.VACUUM TUBES 
RADAR 


THE EMPLOYMENT DEPT. 


CAPEHART FARNSWORTH CORP. 
FORT WAYNE, IND. 








ENGINEERS 


AND 


PHYSICISTS 
BS-MS-Ph.D: 


Responsible positions in mechanical, electrical or 
electronic engineering, physics or engineering 
physics for advanced development and design of 
special equipment and instruments. Prefer men 
with minimum of two years experience in experi- 
mental research design and development of 
equipment, instruments, intricate mechanisms, 
electronic apparatus, optical equipment, servo- 
mechanisms, control devices and allied subjects. 
Positions are immediate and permanent impor- 
tance to our operations. Southwestern location 
in medium sized community. Excellent employee 
benefits. Reply by letter giving age, experience 
and other qualifications. All applications care- 
fully considered and kept strictly confidential. 


Ind. Rel. Manager, Research & Development Dept. 


PHILLIPS 
PETROLEUM COMPANY 


Bartlesville, Oklahoma 














“QUARTZ RESEARCH” 


Engineer or physicist experi- 
enced in preparation and test- 
ing of quartz oscillator plates 
wanted for investigation of 
electrical and some chemical 
properties of quartz crystals. 
Position offers opportunity to 
participate in established pro- 
gram for introduction of syn- 
thetic quartz crystals. Knowl- 
edge of crystallography help- 
ful. Good salary. Submit pho- 
tograph and details of educa- 
tion and experience to: 


THE BRUSH DEVELOPMENT 
COMPANY 
Employee Relations Dept. 
3405 Perkins Ave. 
Cleveland 14, Ohio 
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RADIOELEMENTS 


For Research 


high specific activity 
PILE-PRODUCED ISOTOPES 


naturally radioactive materials 


RADIUM — RADIUM D — POLONIUM 








Visit our booth at 
NATIONAL METAL EXPOSITION 
Philadelphia Convention Hall 
October 20-24 


ALPHA — BETA — GAMMA 
AND NEUTRON SOURCES 


1952 





7\> 


=] ATOMIC ENERGY OF CANADA LIMITED 
? COMMERCIAL PRODUCTS DIVISION 
P.O. BOX 93 — OTTAWA, CANADA 


formerly 


ELDORADO 
Mining and Refining (1944) Limited 


[EPLAB | 
Thermopiles 
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For many years the thermopile has 
been the accepted instrument for meas- 
uring Radiant Heat from Radiant Heaters 
at the American Gas Association Testing 
Laboratory in Cleveland, Ohio. Since 
1930, when Vandaveer first described his 
work in this field,* an Eppley thermopile 
has been used for this purpose in hun- 
dreds of tests and the results have been 
consistent and accurate to within 1 per 
cent. 

This is but one of many applications in 
the field of radiant energy measurements 
for which Eppley Thermopiles are ideally 
suited. They may be obtained with win- 


dows of different materials, and various 
types of black are available for receiver 
coatings. 


All Eppley Thermopiles are sup 
with a certificate of calibration, this 
calibration being made against a Stand- 
ard Lamp from the National Bureau of 
Standards. 





lied 
Pr 


If you have a problem involving the 
measurement of radiant energy we invite 
you to write us, describing your problem 
in as much detail as possible. We will 
be glad to make rec dations and 
there will be no obligation. 





*Vandaveer, Industrial & Engineering Chemistry, Vol. 22, page 596, June 1930. 


BULLETIN No. 3 ON REQUEST 


THE EPPLEY LABORATORY, INC. 


SCIENTIFIC INSTRUMENTS 


NEWPORT, 


OCTOBER, 1952 
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Mi anita 
Aerophysicists 
Designers . 

Engineers 






North American encourages advanced thinking, because 
they know looking ahead is the only way to maintain lead- 
ership in the aviation industry. That’s why North American 
needs men of vision If you like hard thinking and would 
like to work for a company that will make the most of your 
ideas, you'll find real career opportunities at North Ameri- 
can. North American offers you many extra benefits, too. 


North American Extras—Salaries commensurate with 
ability and experience * Paid vacations * A growing organ- 
ization * Complete employee service program * Cost of 
living bonuses * Six paid holidays a year ¢ Finest facilities 
and equipment * Excellent opportunities for advancement 
¢ Group insurance including family plan ¢ Paid sick leave 
¢ Transportation and moving allowances * Educational re- 
fund program * Low-cost group health (including family) 
and accident and life insurance * A company 24 years 
young. 


Write Today — Please write us for complete information 
on careeer opportunities at North American. Include a 
summary of your education, background and experience. 


LISTED HERE ? 


Is 4 a(244, 





Airborne Electronic Equipment 
Equipment Flight Tests 
Precision Instruments 
Automatic Controls 
Propulsion Systems 
Servo-Mechanisms 
Airframe Studies 

Radar Devices 
Instrumentation 

Micro Wave Techniques 
Metallurgical 
Electroplating 
Engineering Planning 





























NORTH AMERICAN AVIATION, INC. 


Aerophysics, Electro-Mechanical Research Division 
Dept. 5, Personnel Section, 
12214 Lakewood Boulevard, Downey, California 


North American Has Built More Airplanes 
Than Any Other Company In The World 








HIGH VACUUM 


for 





RESEARCH 





SC-3 
HIGH VACUUM 
EVAPORATOR ... 

. . combining versatility, dependa- 
bility, low cost. 








Amorg the uses of the SC-3 are... 
@ ELECTRON MICROSCOPE WORK 
@ MIRROR WORK 
@ LOW REFLECTION FILMS 
@ BEAM SPLITTERS 
@ ELECTRICAL FILMS 


. can be used as a pumping system for other high 
vacuum equipment. 





LARGER VACUUM UNITS 


built) are available. 


standard or custom- 


All types of vacuum coating including low reflection, 
front surfaced mirrors, interference filters, dichroic 
mirrors & crystal coatings. We are developing special 
coatings and will gladly quote on special filming 
problems. 








OPTICAL FILM ENGINEERING CO. 


2735-J NO. 6TH ST. PHILADELPHIA 33, PA. 
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DIGITAL COMPUTER RESEARCH 


Your inquiry is invited concerning a | 


Logical Design 


position on our staff if you are 


experienced in the design and develop- Component Development 


ment of automatic data processing Programming 


systems for military, industrial and Magnetic Recording 
commercial applications. 


Circuit Design 
Input & Output Devices 


HUGHES 


| 
Rinnsenes 





RESEARCH AND DEVELOPMENT LABORATORIES 


Engineering Personnel Department 





Culver City, Los Angeles County, California 


Assurance is required that the relocation of the applicant 


will not cause the disruption of an urgent military project. 














Engineers and Senior Scientists 
needed to work on the University of Chicago 
campus in the field of Electronics. Various 
projects include such topics as servo sys 
tems, magnetic amplifiers, computers, 
electronic and transistor circuitry 


Research 


and 


Complete facilities and excellent associations 
are available in this academic atmosphere. 
Various research projects deal with long 
range problems of the Tactical Air Com 
mand. 

We offer salaries generally prevailing in 
industry as well as the security of a con 
tinuing position with this military laboratory. 
Applicants must be U. S. citizens 


= 
For information write to: 


Director of Scientific Personnel 


Chicago Midway Laboratories 
6040 South Greenwood Avenue 
Chicago 37, Illinois 








MN Wanted 


ENGINEERS and 
SCIENTISTS 


Unusual opportunities for outstanding 
and experienced men 


rhese top positions involve preliminary and pro 

duction design in advanced military aircraft and 
special weapons, including guided mis iles. 
Immediate positions include: 
Boundary lay er research scientists * Electronic pre ect 
engineers * Electronic instrumentation engineers * 
Radar enigneers * Flight test engineers * Stress en 
gineers * Weight control engineers * Aero- and ther 
modynamicists * Servo-mechanists * Power plant 
installation des'gners * Structural designers Electro 
mechanical designers * Electrical installation designers 
* Engineering drawing checkers. 

Excellent location in Southern California. Generous 
allo wance jor travel expenses. 

Write today for complete information on these 
essential, long-term positions. Please include resume 
of your experience and training. Address inquiry to 
Director of Engineering, 


NORTHROP AIRCRAFT, Inc. 
1019 E. Broadway 
Hawthorne (Los Angeles County) California 
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POSITIONS OPEN 





Massachusetts Institute of Technology’s Digital Computer Labora- 
tory of the Department of Electrical Engineering has staff openings 
for research and development engineers and scientists, either with or 
without experience, for work involving logical design theoretical an aly 
sis, component and circuit research and devel 


pment (including work 
on transistors, ferromagnetic and ferroelectric memory cells, magnetic 
drums, transmission of coded information, and analog-digital con 
version ) 


There are also staff openings for experienced people 


and recent 
graduates for work on use of h 


igh-speed digital computers to control 
large physical systems. This involves study of the control require 
ments of the whole system, reduction of these requirements to a 
simple pattern or sequence of control instructions, and translation of 
the pattern into computer code. Position requires appreciation of 
physical systems, ingenuity, and imagination Prior experience with 
digital computers unnecessary, and training in computer principles 
will be provided. 

Persons transferring from other fields to acquire 
digital computers for engineering and military uses 
apply 


experience in 
are encouraged to 
and may come on leave of absence from their permanent or- 


ganizations. Position carries opportunity for academic study. Salary 
appropriate to candidate’s experience and training. Address: Digital 
Computer Laboratory, MIT, 211 Massachusetts Avenue, Cambridge 


39, Mass 





TECHNICAL RESEARCH ENGINEER 


Experienced man with mechanical and chemi- 
cal engineering background. Should have 
strong bent for converting research results in- 
to workable industrial equipment; should also 
be able to carry out essential research in this 
connection. Versatility and energy are prime 
requisites. Initial effort will be in the field of 
high vacuum continuous coating. 


Please send resume to: 
NATIONAL RESEARCH CORPORATION 
70 Memorial Drive Cambridge 42, Mass. 








A highly successful company located in southern New England 
is conducting progressive, forward looking research and devel 
opment in copper, titanium and other metals. We have a 
permanent position on our staff for a Physical Metallurgist 
or Physicist with a doctor’s degree While up to about 3 
years’ experience is desirable, we are looking more for a man 
of high potentialities rather than experience. If this career 
opportunity appeals to you, please give us full details of 
your technical education, experience and interests. Write Box 
1052A, 57 East 55 St., New York 22, New York 








PHYSICIST 


Experience in some branch of Solid State or Chemical 
Physics required. To formulate and conduct research 
on semi-conductors in conjunction with an active de 
velopment program in transistors. Excellent oppor- 
tunity for qualified person. Pleasant working condi 
tions and associations. Send resume in confidence t 


The Brush Development Co. 
Employee Relations Dept. 
3405 Perkins Ave. Cleveland 14, Ohio 














AVAILABLE 





PHYSICIST—14 yrs. res. & dev. exp. in lab., theory, 
and management; thorough graduate training with ®BK 
quality. Exp. in tubes, electron physics, ultrasonics, in- 
strumentation, EM theory with top-notch research teams. 
N.Y.C. area only. Salary: $800 per month. Box 1052C, 
57 East 55 Street, New York 22, New York. 
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Continuous Radioactivity Measurements 





with the <> Counting-Rate Meter 
for NUCLEAR RESEARCH * CHEMISTRY * MEDICINE & BIOLOGY 


GEOLOGY * METALLURGY * AGRICULTURE 


The G-R Type 1500-B Counting-Rate Meter, 
with Geiger-Mueller Counter, is a complete pre- 
cision instrument for the continuous visual, aural 
and graphic measurement of the rate of random 
radiation. It is basically a laboratory instrument 
rather than a field survey device. 


Four response speeds control meter fluctua- 
tions for varying conditions — change in rate of 
count occurring in a fraction of a second can be 
recorded or measured accurately —high input 















Type 1500-B 


The Type 1500-B Counting-Rate Meter 
is being used to drive the Esterline- 
Angus 5 ma model pen recorder... 
particularly useful for obtaining a per- 
manent graphical record of changes in 
rate. Visual and aural indication of 
radiation intensity are provided by panel 
meter and loud speaker. 


Counting-Rate Meter 


* MINERALOGY 


sensitivity permits use of long cable to counter 
tube — calibration adjustment on panel — accu- 
racy unaffected by +10°% changes in line voltage. 


WITH THIS INSTRUMENT the geologist 
has observed the disintegration of mineral deposits 
to learn the age of the earth... the metallurgist 
has compiled valuable data on case hardening, 
welding and alloying...chemists have studied 
photosynthesis by tracer techniques... biologists 
have determined the effects of dosage of food or of 
medicine on a specific organ, and have applied 
irradiation selectively . . . the mineralogist has tabu- 
lated the relative abundance of natural radio- 
active isotopes. 


Crystallography, oil surveying, glass and plastic 
manufacturing, combustion engineering design, ore 
assaying and turbulence research are 

but few of the many fields 
where measurement of radio- 
activity is proving very 
valuable. 








Range: full-scale values of 200, 600, 
2000, 6000 and 20,000 counts per 
minute — minimum rate readable on 
meter scale 1s 5 counts per minute 
Pre-amplifier: buzit into hand probe at end 
of 6-foot cable—adapter permits use of ei- 
ther self-quenched or internally quenched 
counter tubes of any design 








GENERAL RADIO Company 


275 Massachusetts Avenue, Cambridge 39, Massachusetts 


) West St., mew vorn 6 


ABRIDGED SPECIFICATIONS 

Accuracy: + 3% of full scale 

Response: Four response speeds for wider 
range of meter damping 

Counter Circuit Voltage: continuously variable 
from 400 to 2,000 volts, and available at 
rear of instrument — can be read from 
8-position switch and calibrated dial — 
means provided for standardizing voltage 


120 S. Michigan Ave 


CHICAGO 5 1000.N. Seward 





Sy 


Output: trigger circuit output — recorder 
jack on front panel 

Accessories Supplied: plug for connecting 
recorder, counter tube adapter, line cord 
and spare fuses (counter tubes extra) 


Type 1500-P4 Beta-Gamma-Ray Counter Tube $40 
Type 1500-P5 Beta-Gamma-Ray Counter Tube $50 
Type 1500-P11 Probe Mounting Stand . . . $12.50 
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Above: Close-up of the con- Accuracy .. . day in and day out... 
yon pct mama ’round the clock dependability ae that’s 
the sate tieiaatiai a. what you get in a Cenco Mercurial 
cnintiine with tien ine. Barometer. Cenco features . . . patented 
quered metal mounting improvements . . . precision manufac- 
ture . . . plus an effective method of 
filling under vacuum . . . combine to provide an instrument 

of unusual quality at a remarkably low price. 
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MSA: shaper 
% 3’ * 








These instruments are built with the tube completely enclosed 
in hexagonal brass tubing to which the metric and English 
scales are attached. Patented construction of the mercury well 
permits fine adjustment and its transparent glass wall admits 
plenty of light for good visibility. 


Cenco Mercurial Barometers are constructed as prescribed by 
the U. S. Weather Bureau and conform to correction charts 
established by the Bureau. 


Order today for prompt delivery 


No. 76890 Cenco Mercurial Barometer for altitudes 0 to 4000 ft. 
with scales ranging from 600 to 800 mm and 24.5 to 31.5 inches— § 
verniers for reading to 0.1 mm or 0.005 inch. Each 47.16 


No. 76891 Cenco Mercurial Barometer, same as No. 76890 but 


for altitudes from 1500 up to 10,000 feet. Scale ranges from § 
500 to 700 mm and 19.5 to 27.5 inches. Each 55.15 


No. 76892 Barometer Mounting made of sheet metal for safe and convenient 
mounting of Cenco barometers. Finished in white lacquer to provide 

a light background for adjusting the zero index and vernier. With ¢ 
conversion table. Length, 37/2 inches, width 31% inches. Each 7.57 





CENTRAL SCIENTIFIC COMPANY 
1700 IRVING PARK ROAD * CHICAGO 13, ILLINOIS 
+ one dependable source of supply for 


ciaviliien ap aed to etettite tubasente CHICAGO NEWARK BOSTON WASHINGTON DETROIT SAN FRANCISCO 
and laborotory supplies. Over 15,000 items SANTA CLARA LOS ANGELES TORONTO MONTREAL VANCOUVER OTTAWA 


. 14 branch offices and warehouses 
REFINERY SUPPLY COMPANY 
624 EAST FOURTH STREET @ TULSA 3,O0KLAHOMA 
2215 McKINNEY AVENUE ” HOUSTON 3,TEXAS 





